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BMBJ-neutrosophic ideals in BC Kk / BC I-algebras 
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E-mail: bordbar.amirh @ gmail.com (H. Bordbar), borzooei@sbu.ac.ir (R.A. Borzooei) 
?Department of Mathematics Education, Gyeongsang National University, Jinju 52828, Korea. 
E-mail: skywine @ gmail.com 
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Abstract: The concepts of a BMBJ-neutrosophic o-subalgebra and a (closed) BMBJ-neutrosophic ideal are intro- 
duced, and several properties are investigated. Conditions for an MBJ-neutrosophic set to be a BMBJ-neutrosophic 
ideal in BC K/BCI-algebras are provided. Characterizations of BMBJ-neutrosophic ideal are discussed. Relations 
between a BMBJ-neutrosophic subalgebra, a BMBJ-neutrosophic 0o-subalgebra and a (closed) BMBJ-neutrosophic 
ideal are considered. 


Keywords: MBJ-neutrosophic set; BMBJ-neutrosophic subalgebra; BMBJ-neutrosophic ideal; BMBJ-neutrosophic 
o-subalgebra. 


1 Introduction 


Smarandache introduced the notion of neutrosophic set which is a more general platform that extends the 
notions of classic set, (intuitionistic) fuzzy set and interval valued (intuitionistic) fuzzy set (see [11, 12]). 
Neutrosophic set theory is applied to various part which is refered to the site 


http://fs.gallup.unm.edu/neutrosophy.htm. 


Jun and his colleagues applied the notion of neutrosophic set theory to BC Kk / BC I-algebras (see [4, 5, 6, 7, 10, 
13, 14]). Borzooei et al. [2] studied commutative generalized neutrosophic ideals in BC'K-algebras. Mohseni 
et al. [9] introduced the notion of MBJ-neutrosophic sets which is another generalization of neutrosophic 
set. They introduced the concept of MBJ-neutrosophic subalgebras in BC'K / BC I-algebras, and investigated 
related properties. They gave a characterization of MBJ-neutrosophic subalgebra, and established a new MBJ- 
neutrosophic subalgebra by using an MBJ-neutrosophic subalgebra of a BC'I-algebra. They considered the 
homomorphic inverse image of MBJ-neutrosophic subalgebra, and discussed translation of MBJ-neutrosophic 
subalgebra. Bordbar et al. [1] introduced the notion of BMBJ-neutrosophic subalgebras, and investigated 
related properties. 

In this paper, we apply the notion of MBJ-neutrosophic sets to ideals of BC K/BI-algebras. We intro- 
duce the concepts of a BMBJ-neutrosophic o-subalgebra and a (closed) BMBJ-neutrosophic ideal, and in- 
vestigate several properties. We provide conditions for an MBJ-neutrosophic set to be a BMBJ-neutrosophic 
ideal in BCK/BCT-algebras, and discuss characterizations of BMBJ-neutrosophic ideal. We consider rela- 
tions between a BMBJ-neutrosophic subalgebra, a BMBJ-neutrosophic o-subalgebra and a (closed) BMBJ- 
neutrosophic ideal. 
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2 Preliminaries 


By a BC I-algebra, we mean a set X with a binary operation * and a special element 0 that satisfies the 
following conditions: 


(1) ((@ *y) * (4 *z)) * (z*y) =0, 
(Ql) (ex (284)) + y=, 

dW) «xx =0, 

(IN 225] 0 ee a0 So Sy 

for all x,y,z € X. Ifa BC T-algebra X satisfies the following identity: 
(V) (Va € X) (Ox x2 =0), 


then X is called a BC'K-algebra. 
By a weakly BC'K-algebra (see [3]), we mean a BC'I-algebra X satisfying 0 * x < x forall x € X. 
Every BC K/BCI-algebra X satisfies the following conditions: 


Woe X) (GeO =a) (2.1) 
VE OCeKT Ee Y= gee yee Sey < Sm) (2.2) 
(Vz,y,z © X)((vxy)*z= (x2 *z)*y), (2.3) 
(Va,y,2 © X)((x*z)*(y*x2z) < ay) (2.4) 


where x < y if and only if x * y = 0. Any BC J-algebra X satisfies the following conditions (see [3]): 


(Va, eX \(a* (oe (ee y)) = 2 ¥ y); (25) 
(Va,y © X)(0* (wv *y) = (0 * x) * (0 *y)). (2.6) 


A BC I-algebra X is said to be p-semisimple (see [3]) if 
(Vz € X)(0* (Ox x) = 2). OAD 
In a p-semisimple BC'J-algebra X, the following holds: 
(Vaeye XK Oe tae) axa, oe (ey) Sy), (2.8) 
A BC I-algebra X is said to be associative (see [3]) if 
(Vise XE ey) ee es (ye 2): (2.9) 
By an (S)-BC K-algebra, we mean a BC K-algebra X such that, for any x,y € X, the set 
{zEX|zxx<y} 


has the greatest element, written by x © y (see [8]). 
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A nonempty subset S of a BC K/BCI-algebra X is called a subalgebra of X ifxxy € S forall x,y € S. 
A subset J of a BCK/BCI-algebra X is called an ideal of X if it satisfies: 


Oe7: (2.10) 
(VaeX) (Wy Eel) (axyel > rel). (2.11) 


A subset I of a BC'I-algebra X is called a closed ideal of X (see [3]) if it is an ideal of X which satisfies: 


(Vee X)(xel => Oxrel). (2.12) 


By an interval number we mean a closed subinterval @ = [a~,a*] of I, where 0 < a~ < at < 1. Denote 
by [J] the set of all interval numbers. 


Let X be a nonempty set. A function A : X — [J] is called an interval-valued fuzzy set (briefly, an IVF set) 
in X. Let [J]* stand for the set of all IVF sets in X. For every A € [J]* and x € X, A(x) = [A~(z), At (2) 
is called the degree of membership of an element x to A, where AT : X — I and At : X — J are fuzzy sets 


in X which are called a lower fuzzy set and an upper fuzzy set in X, respectively. For simplicity, we denote 
A=[A7,A‘]. 
Let X be a non-empty set. A neutrosophic set (NS) in X (see [11]) is a structure of the form: 


A := {(z; Ar(xz), Ar(x), Ar(x)) | « © X} 


where Ar : X — {0, 1] is a truth membership function, Ay : X — [0,1] is an indeterminate membership 
function, and A; : X — [0,1] is a false membership function. For the sake of simplicity, we shall use the 
symbol A = (Ar, A;, Ar) for the neutrosophic set 


A := {(x; Ar(x), Ar(x), Ar(x)) | x € X}. 


We refer the reader to the books [3, 8] for further information regarding BC'K /BC I-algebras, and to the 
site “http://fs.gallup.unm.edu/neutrosophy.htm” for further information regarding neutrosophic set theory. 


Let X be anon-empty set. By an MBJ-neutrosophic set in X (see [9]), we mean a structure of the form: 
A := {(x;Ma(x), Ba(x), Ja(x)) | x © X} 


where 1/4 and J, are fuzzy sets in X, which are called a truth membership function and a false membership 
function, respectively, and B, is an IVF set in X which is called an indeterminate interval-valued membership 
function. 


For the sake of simplicity, we shall use the symbol A = (M4, Ba, J) for the MBJ-neutrosophic set 


Ase 1 Ma(a), Ba(a), Ja(x)) | aE X}. 


Let X be a BCK/BCI-algebra. An MBJ-neutrosophic set A = (My, Ba, J4) in X is called a BMBJ- 
neutrosophic subalgebra of X (see [1]) if it satisfies: 


(Vx € X)(Ma(x) + Ba(x) < 1, BY(x) + Ja(z) < 1) (2.13) 
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and 


oe x Ne > aes ey 
x*y) < max x), Baly 
(x «y) > min{ BY( aan , (2.14) 


Ma 

(Vax, y € X) nA 
By 4 OF 

(c*y) < max{Ja(x), Ja(y 


JA 


bold 
uw 


3. BMBJ-neutrosophic ideals 


Definition 3.1. Let X be a BCK/BCI-algebra. An MBJ-neutrosophic set A = (Ma, Ba, Ja) in X is called 
a BMBJ-neutrosophic ideal of X if it satisfies (2.13) and 


Ma(0) 2 Ma(x) 
wrenn( BSH |. 7 
Ja(0) < Ja(z) 


M — 2 aeaee * i se 

B(x) < maxi By(2 *y), Baly 
MUST Beto) = min(Batee) BAW) J i 
Ja(a) < max{J4(x * y), Ja(y)} 


A BMBJ-neutrosophic ideal A = (Ma, Bil A) of a BC I-algebra X is said to be closed if 


(Va € X) a (3.3) 


Example 3.2. Consider a set X = {0,1,2,a} with the binary operation *« which is given in Table |. Then 


oy 99 


Table 1: Cayley table for the binary operation “x 





aBaNrF oO! * 
Snr oOo 
enod»dqr 
goo oO], 
coe 8 8/8 


(X; *,0) is a BCI-algebra (see [3]). Let A = (Ma, Ba, J,4) be an MBJ-neutrosophic set in X defined by 
Table 2. It is routine to verify that. A = (My, By, Ja) is a closed MBJ-neutrosophic ideal of X. 
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Table 2: MBJ-neutrosophic set A = (M4, Ba, Ja) 





X Ma(z) Ba(x) wate) 
0 0.7 (0.02, 0.08] 0.2 
1 0.5 (0.02, 0.06] 0.2 
2 0.4 (0.02, 0.06] 0.7 
a 0.3 (0.02, 0.06] 0.7 


Proposition 3.3. Let X be a BCK/BCI-algebra. Then every BMBJ-neutrosophic ideal A = (Ma, Ba, Ja) 
of X satisfies the following assertion. 


Ma(a) > min{Ma(y), Ma(2)}. 
By (2) < max{By(y), Ba (2)}. Be 
By (2) > min{ Bi (y), BA(2)}. : 
Ja(e) < max{ Jaly), Ja(2)} 


reySz=> 


forall x,y,z EX. 


Proof. Let x,y,z € X be such that x * y < z. Then 


Ma(ax *y) > min{ Ma((ax * y) * z), Ma(z)} = min{M,(0), Ma(z)} = Ma(z), 
Bala *y) S max{ By ((x * y) * 2), Ba(z)} = max{ By (0), Ba(z)} = Ba(z), 


Ba(u*y) 2 min{ By (x *y) * 2), By(z)} = min{B4 (0), By(z)} = Bal2), 
and 
Jala ey). Smart Ja((e¥y) #2), Jale)) = max {J 40), Jae} = Sale): 
It follows that 


Ma() = min{Ma(a * y), Ma(y)} = min{Ma(y), Ma(z)}, 
By(x) < max{Bya(x *y), Bay) = max{By(y), Ba(z)}, 


By(x) > min{BA(x *y), By(y)} = min{Ba(y), B4(z)}, 
and 


Ja(x) < max{Ja(w * y), Ja(y)} = max{Ja(y), Ja(z)}- 





M. Mohseni Takallo, Hashem Bordbar, R.A. Borzooei, Y.B. Jun, BMBJ-neutrosophic ideals in 
BCK/BCI-algebras. 


6 Neutrosophic Sets and Systems, Vol.27, 2019 














This completes the proof. 





We provide conditions for an MBJ-neutrosophic set to be a BMBJ-neutrosophic ideal in BC K/BCT- 
algebras. 


Theorem 3.4. Every MBJ-neutrosophic set ina BCK/BCI-algebra X satisfying (3.1) and (3.4) is a BMBJ- 
neutrosophic ideal of X. 


Proof. Let A = (Ma, Ba, Ja) be an MBJ-neutrosophic set in X satisfying (3.1) and (3.4). Note that x * (x * 
y) < y forall z,y € X. It follows from (3.4) that 


Ma(x) 2 min{Ma(a*y), Ma(y)f, 
By(x) < max{ Ba (x *y), Bayh, 


B(x) = min{ B(x *y), Ba(y)}, 
and 


Ja(x) < max{Ja(x * y), Ja(y)}- 














Therefore A = (Ma, Ba, J 'A) is a BMBJ-neutrosophic ideal of X. 


Given an MBJ-neutrosophic set A = (My, By, J) ina BCK/BC1I-algebra X, we consider the following 
sets. 


U(My;t) := {2 € X | Ma(az) = t}, 


L(By;a7) = {x € X | By(z) <a}, 
U(B4 a") = {x € X | By(z) > a}, 
L(Ja;s) := {x € X | Ja(x) < s} 


where t, s,a~,at € [0,1]. 


Theorem 3.5. An MBJ-neutrosophic set A = (Ma, Ba, Ja) ina BCK/BCI-algebra X is an MBJ-neutrosophic 
ideal of X if and only if the non-empty sets U(M,;t), L(By;a7~), U(B4;a*) and L(Ja; 8) are ideals of X 
for all t, s,a~.a* € (0, 1]. 

Proof. Suppose that A = (M4, By, J4) is an MBJ-neutrosophic ideal of X. Let t,s,a~,at € [0,1] be such 
that U(M,4;t), L(By;a7), U( By; a7) and L(J,; s) are non-empty. Obviously, 0 € U(M,4;t)  L(By;a7) 
U(Bi;at)AL(J4; 8). For any x, y, a,b, p,q, u,v € X,ifxxy € U(My;t), y € U(Ma;t), axb € L(By;a7), 
be L(By;07-),p*q € U(Bi; at), q € U(By; at), w*v € L(Ja;s) andv € L(J4; 8), then 


Ma(x) > min{Ma(x * y), Ma(y)} > min{t, t} = ¢, 


By(a) < max{By (a * b), By (b)} < max{a”,a } =a, 
Bi(p) > min{ Bi (p « g), Bx(@)} = min{at,at} = alt, 
Ja(u) < max{Ja(u * v), Ja(v)} < min{s, s} = s, 
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and soz € U(My;t), a € L(Bj;a7), p € U(By; a‘) and u € L(Ja;s). Therefore U(Ma;t), L(By;a07), 
U(Bi;at) and L(J4; s) are ideals of X. 

Conversely, assume that the non-empty sets U(M,;t), L(Bq;a~), U(B4 A at) and L(J,;s) are ideals 
of X for all t,s,a~,at € [0,1]. Assume that M4(0) < Ma(a), By(0) > By(a), BY(0) < By(a) and 
J4(0) > Ja(a) for some a € X. Then 0 ¢ U(My; Ma(a)) N L( By; By(a)) u(B Ae Bia) OL a(a)s 
which is a contradiction. Hence M4(0) > Ma(x), BA(0) < By(x), BX(0) > By(a : and J4(0) < Ja(z) 
for all x € X. If Ma(ao) < min{Ma(ao * bo), Ma(bo)} for some ao, bo € X, then ag * bo € U(M,4; to) 
and bp € U(Ma;to) but ag ¢ U(Ma; to) for to := min{ M4(ao * bo), Ma(bo)}. This is a contradiction, and 
thus M,(a) > min{ M,(a « b), M4(b)} for all a,b € X. Similarly, we can show that J4(a) < max{J,(a * 
b), Ja(b)} for all a,b € X. Suppose that By (a9) > max{ By (ao * bo), By (bo) } for some ag, by) € X. Taking 
a” = max{ By (do * bo), By (bo) } implies that ap * bp € L(By; a7) and by € L(By; a7) but ag ¢ L(By; a7). 
This is a contradiction. Thus By(z) < max{By(x * y), By(y)} for all x,y € X. Similarly, we obtain 
Bi (a) > min{ Bi(«*y), Bi(y)} for all x, y € X. Consequently A = (M4, Ba, J4) isa BMBJ-neutrosophic 
ideal of X. 


Theorem 3.6. An MBJ-neutrosophic set A = (M4, Ba, J4) ina BCK/BCI-algebra X is a BMBJ-neutrosophic 
ideal of X if and only if (M4, By) and (BX, Ja) are intuitionistic fuzzy ideals of X. 


























Proof. Straightforward. 


Theorem 3.7. Given an ideal I of a BCK/ BC I-algebra X, let A= (Ma, Ba, J) be an MBJ-neutrosophic 
set in X defined by 





t if~el, ,,, [a> ifxel, 
Ma(z) = { 0 otherwise, a(%) = { 1 otherwise, 


a” 
4 le ifz ET, is iaae-ed, 
By(z) = { 0 — otherwise, Jala) = { 1 otherwise, 


where t,a* € (0,1), s,a~ € [0,1). Then A = (Ma, Ba, Ja) is a BMBJ-neutrosophic ideal of X such that 
U (Mat) = (85a) 0 (Bia) = Las) 

Proof. It is clear that U(M,4;t) = L(By;a7) = U(By; 07%) = L(Ja;s) = 1. Let x,y € X. Ife xy € I and 
y € I, then x € J and so 


Ma(x) =t = min{Ma(zx * y), Ma(y)} 
x) =a” =max{B;(x*y), Ba(y)}, 
So" Smnl Bi axey).Byy)}, 
(x) = s = max{Ja(x * y), Ja(y)}. 


If any one of x * y and y is contained in J, say x xy € J, then My(axy) =t, Ba(axy) =a, Ja(axy) = 8, 
Ma(y) = 0, Ba(y) = 1, Bi(y) = 0 and Ja(y) = 1. Hence 


Ma(x) > 0 = min{t,0} = min{Ma(a « y), Ma(y)} 
Ba(x) <1 = max{ By (2 *y), Baly)}, 

By(x) 20 = min{By(r *«y), By(y)}, 

JAS) <1 = max s; 1} =maxtJale xy) alu: 
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Ifexy,y ¢ I, then Ma(x*y) = 0 = Maly), Baw *y) = 1 = By(y), Balw*y) = 0 = By(y) and 
Ja(x* y) =1= Ja(y). It follows that 


Ma(z) = 0= min{Ma(z * y), Ma(y)} 
Ba(@) <1 = max{BA(2*y), Bay}, 
By(x) > 0 = min{By(x*y), Ba(y)}, 
date) = latest dae ey) od lg) } 


It is obvious that M4(0) > Ma(x), By(0) < Ba(x), BA(0) > By(x) and J4(0) < Ja(a) for all x € X. 
Therefore A = (Ma, Ba, Ja) is a BMBJ-neutrosophic ideal of X. 














Theorem 3.8. For any non-empty subset I of X, let A = (Ma, Ba, J,4) be an MBJ-neutrosophic set in X 
which is given in Theorem 3.7. If A= (Ma, Ba, Ja) is a BMBJ-neutrosophic ideal of X, then I is an ideal of 
x. 


Proof. Obviously, 0 € I. Let x,y € X be such that x x y € Tandy € J. Then My(x xy) = t = Ma(y), 
Bi(exy) =a =B iy), Bi (ary) ]o* = By) and J4(o sy) =] 3 = Jy). Thus 





Ma(x) 2 min{Ma(x * y), Ma(y)} = t, 
Ba(x) <max{By(r*y), Baypaa, 


( 
By(z) > min{ By (2 *y), Ba(y)} = a7, 


Ja(x) < max{Ja(x* y), Ja(y)} = 8, 











and hence x € J. Therefore J is an ideal of X. 





Theorem 3.9. In a BC'K-algebra, every BMBJ-neutrosophic ideal is a BMBJ-neutrosophic subalgebra. 


Proof, Let A = (Mu, Ba, J4) be a BMBJ-neutrosophic ideal of a BC'K-algebra X. Since (1 *y) «a < y for 
all x,y € X, it follows from Proposition 3.3 that 


Ma(x*y) = min{Ma(x), Ma(y)}, 
By(x*y) < max{By (x), Ba(y)}, 
Bala xy) = min{ B4(x), Ba(y)}, 
Ja(x *y) < max{Ja(x), Ja(y)} 





for all x,y € X. Hence A = (Ma, Ba, J,) is a BMBJ-neutrosophic subalgebra of a BC K-algebra X. 











The converse of Theorem 3.9 may not be true as seen in the following example. 


Example 3.10. Consider a BC K-algebra X = {0, 1, 2,3} with the binary operation « which is given in Table 
3. Let A = (My, Ba, J) be an MBJ-neutrosophic set in X defined by Table 4. Then A = (My, Ba, Ja) is 
a BMBJ-neutrosophic subalgebra of X, but it is not a BMBJ-neutrosophic ideal of X since 


ACL) 2 mm By (dk 2), Bi (2)}. 


We provide a condition for a BMBJ-neutrosophic subalgebra to be a BMBJ-neutrosophic ideal ina BC K- 
algebra. 
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soy ” 


Table 3: Cayley table for the binary operation “x 





WwWnNmr Cl] * 
WNrF O]O 
Or Oo OF 
wnoao o;bd 
CONF Ow 


Table 4: MBJ-neutrosophic set A = (Ma, Pj oh A) 





Xx Ma(z) Ba(x) fale) 
0 0.7 (0.03, 0.08] 0.2 
1 0.4 (0.02, 0.06] 0.3 
2 0.4 (0.03, 0.08} 0.4 
3 0.6 (0.02, 0.06] 0.5 


Theorem 3.11. Let A = (Ma, Ba, J) be a BMBJ-neutrosophic subalgebra of a BC K-algebra X satisfying 
the condition (3.4). Then A = (Ma, Ba, Ja) is a BMBJ-neutrosophic ideal of X. 


Proof. For any x € X, we get 


M,(0) = Ma(x * x) > min{M,(x), My(x)} = Ma(z2), 
By (0) = Ba(x*2) $ max{By(c), By(x)} = By(c), 


BA(0) = By(@* a) > min{By(x), By(x)} = By(2), 
and 
JatO) =a (ew) << etd As da (ae) aa): 
Since x * (x xy) < y forall z,y € X, it follows from (3.4) that 


Ma(x) > min{Ma(x *y), Ma(y)}, 
By(x) < max{By(z*y), Bay}, 
B(x) = min{ Ba(x *y), Ba(y)}, 
Jala) < maxt Ja ceu), Jay} 











for all x,y € X. Therefore A = (My, Ba, J,) is a BMBJ-neutrosophic ideal of X. 
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Theorem 3.9 is not true ina BC’ J-algebra as seen in the following example. 


Example 3.12. Let (Y,*,0) be a BCI-algebra and let (Z, —,0) be an adjoint BC I-algebra of the additive 
group (Z,+,0) of integers. Then X = Y x Zisa BCI-algebra and I = Y x N is an ideal of X where N is 
the set of all non-negative integers (see [3]). Let A = (Ma, B A, Ja) be an MBJ-neutrosophic set in X which 
is given in Theorem 3.7. Then A = (My, Ba, J4) isa BMBJ-neutrosophic ideal of X by Theorem 3.7. But it 
is not a BMBJ-neutrosophic subalgebra of X since 


Ma((0,0) * (0, 1)) = Ma((0,-1)) = 0 <# = min{Ma((0,0)), Ma(0, 1))}, 
B4((0,0) * (0,2)) = Ba ((0,-2)) =1> a> = max{ By ((0,0)), Ba (0, 2))}, 


Bi ((0,0) * (0,2)) = B4((0, —2)) =0 < a* = min{B4((0,0)), B4(0, 2))}, 
and/or 
J4((0, 0) * (0,3)) = Ja((0, —3)) = 1 > s = max{Ja((0,0)), Ja(0, 3))}. 
Definition 3.13. A BMBJ-neutrosophic ideal A = (My, By, J,) of a BCI-algebra X is said to be closed if 
(Vz € X)(Ma(0* x) > Ma(x), BG (O*x) < By(x), B(O*x) > By(x), Ja(O*x x) < Ja(x)). (3.5) 


Theorem 3.14. In a BC I-algebra, every closed BMBJ-neutrosophic ideal is a BMBJ-neutrosophic subalge- 
bra. 


Proof. Let A = (Ma, Ba, J) be a closed BMBJ-neutrosophic ideal of a BC'I-algebra X. Using (3.2), (2.3), 
(I) and (3.3), we have 


Ma(x*y) > min{ Ma((x * y) * x), Ma(x)} = min{M,4(0 * y), Ma(xz)} > min{ Ma(y), Ma(x)}, 
By(x*y) < max{By((u*y) « x), Ba(x)} = max{B,(0*y), Ba(z)} < max{By(y), Ba(2)}, 


By(w*y) > min{B4((a *y) * x), By(w)} = min{B}(0* y), Ba(x)} > min{ Bj (y), B4(x)}, 
and 


Ja(w *y) < max{Ja((w *y) * x), Ja(x)} = max{Ja(0 * y), Ja(a)} < max{Ja(y), Ja()} 














for all x,y € X. Hence A = (M4, By, J4) is a BMBJ-neutrosophic subalgebra of X. 
Theorem 3.15. /n a weakly BC K-algebra, every BMBJ-neutrosophic ideal is closed. 


Proof. Let A= (Ma, Ba, J,4) be a BMBJ-neutrosophic ideal of a weakly BC’ K-algebra X. For any x € X, 
we obtain 


Ma(0*« x) > min{M,((0 * x) * x), Ma(x)} = min{ M,4(0), Ma(x)} = Ma(z), 
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By(0* x) < max{By((0* x) * x), Ba(x)} = max{ By (0), Ba(x)} = Bala), 


BA(O* x) > min{BA((0* x) * x), By(x)} = min{B4 (0), By(x)} = By(2), 
and 


JAl0¥%) < max{ J a( (Ose) * a), Jala) )}—maxt J4(0), Sale) ) = dale). 





Therefore A = (Ma, Bal ‘A) is a closed BMBJ-neutrosophic ideal of X. 











Corollary 3.16. In a weakly BC K-algebra, every BMBJ-neutrosophic ideal is a BMBJ-neutrosophic subal- 
gebra. 


The following example shows that any BMBJ-neutrosophic subalgebra is not a BMBJ-neutrosophic ideal 
ina BC'I-algebra. 


Example 3.17. Consider a BC I-algebra X = {0, a, b,c, d, e} with the *-operation in Table 5. 


oe 99 


Table 5: Cayley table for the binary operation “x 





volacrsg ox 
oAlQaereg ao 
rora crods 
eecronoaolst 
aanaonncraa 
ge omon ofa 
Cea TOO Alea 


Let A= (Ma, Ba, J A) be an MBJ-neutrosophic set in X defined by Table 6. 


Table 6: MBJ-neutrosophic set A = (M4, Ba, Ja) 





xX Ma(z) Bale) Pale) 
0 Os 0.14, 0.19 0.3 
a 0.4 0.04, 0.45 0.6 
b Uf 0.14, 0.19 0.3 
c 0.7 0.14, 0.19 0.3 
d 0.4 0.04, 0.45 0.6 
e€ 0.4 0.04, 0.45 0.6 
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It is routine to verify that. A = (Ma, Ba, J A) is a BMBJ-neutrosophic subalgebra of X. But it is not a 
BMB3J-neutrosophic ideal of X since 


Ma(d) < min{ My4(d*c), Ma(c)}, 
By(d) > max{By(d*c), Ba(o}, 


By(d) < min{ By (d* c), By(o)}, 
and/or 
Ja(d) > max{Ja(d* c), Ja(c)}. 
Theorem 3.18. In a p-semisimple BC I-algebra X, the following are equivalent. 
(1) A=(M4g, Ba, J4) is a closed BMBJ-neutrosophic ideal of X. 


(2) A=(Mag, By, J,) is a BMBJ-neutrosophic subalgebra of X. 


Proof. (1) = (2). See Theorem 3.14. _ 
(2) = (1). Suppose that A = (My, Ba, J) is a BMBJ-neutrosophic subalgebra of X. For any x € X, we 
get 


M,(0) = Ma(a2 * x) > min{M,(x), Ma(x)} = My(zx), 
By (0) = Ba(w* x) < max{ By (x), Ba(w)} = Baa), 


BA(0) = Ba(x* x) = min{B4(2), By(x)} = BA(2), 
and 
JaO) = d4lae ey Smet Sale) dale) = dala). 


Hence M4(0*x) > min{M,(0), Ma(x)} = Ma(x), By (O*xr) < max{B(0), By(x)} = B(x) BY(Oxx) > 
min{B}(0), By(z)} = By(a) and J4(0 * x) < max{J,4(0), Ja(x)} = Ja(x) for all x € X. Let z,y € X. 
Then 


Ma(®) = Maly * (y*@)) 2 min{ Ma(y), Ma(y * x)} 
min{Ma(y),Ma(0* (a * y))} 


min{ M4(a * y), Ma(y)}, 


IV 


By (x) = Bay * (y*2)) < max{Bz(y), Bay * 2)} 
= max{B,(y), By (0 * (x *y))} 
< max{B, (a * y), By(y)} 





M. Mohseni Takallo, Hashem Bordbar, R.A. Borzooei, Y.B. Jun, BMBJ-neutrosophic ideals in 
BCK/BCI-algebras. 


Neutrosophic Sets and Systems, Vol. 27, 2019 13 





By(x) = By(y* (y*«)) > min{B}(y), By(y *x)} 
= min{B4(y), Ba (0 * (x * y))} 
> min{By(x *« y), By(y)} 





and 


Ja(x) = Jaly * (y* @)) < max{Ja(y), Ja(y * x) } 
= max{Ja(y), Ja(0 * (a * y))} 
< max{J4(x * y), Ja(y)}.- 











Therefore A = (Ma, Ba, J A) is a closed BMBJ-neutrosophic ideal of X. 





Since every associative BC’ [-algebra is p-semisimple, we have the following corollary. 
Corollary 3.19. In an associative BC'I-algebra X, the following are equivalent. 
(1) A= (Mua, Ba, Ja) is a closed BMBJ-neutrosophic ideal of X. 
(2) A= (Mag, Ba, Ja) is a BMBJ-neutrosophic subalgebra of X. 


Definition 3.20. Let X be an (S)-BC K-algebra. An MBJ-neutrosophic set A = (M4, By, J,) in X is called 
a BMBJ-neutrosophic 0-subalgebra of X if the following assertions are valid. 


Ma(voy) = min{Ma(x), Ma(y)}, 


(x), M. 
By : oy) < max{Bj(z), By(y)}, (3.6) 


a(xoy) > min{By(x), Baly)}, 


Ja(zoy) < max{Ja(zx), Ja(y)} 
forallz,yEX. 
Lemma 3.21. Every BMBJ-neutrosophic ideal of a BCK/BCI-algebra X satisfies the following assertion. 


(Va,y € X) («Sy = Ma(x) > Maly), Bale) < Baty), Ba(@) = BAY), Ja() < Jaly)). GB.) 
Proof. Assume that x < y for all x,y € X. Then x * y = 0, and so 


Ma() 2 min{ Ma(x * y), Ma(y)} = min{Ma(0), Ma(y)} = Maly), 
Ba(@) < max{ By (a *y), Ba(y)} = max{ By (0), Ba(y)} = Bay), 


By(x) > min{Ba(x *y), By(y)} = min{ BA (0), Bi(y)} = Baly), 
and 


Ja(x) < max{Ja(x *y), Ja(y)} = max{Ja(0), Jay) = Ja(y). 











This completes the proof. 
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Theorem 3.22. In an (S)-BC K-algebra, every BMBJ-neutrosophic ideal is a BMBJ-neutrosophic o-subalgebra. 


Proof, Let A = (Ma, By, J) be a BMBJ-neutrosophic ideal of an (')-BC'K-algebra X. Note that (x 0 y) * 
x <y forall z,y € X. Using Lemma 3.21 and (3.2) inplies that 


Ma(xoy) 2 min{Ma((x oy) * x), Ma(x)} > min{ Ma(y), Ma(2)}, 
By(roy) < max{ By ((r0y) * 2), Ba(x)} < max{ By (y), Ba(x)f, 


Ba(woy) > min{BA((r oy) * x), Ba(x)} > min{BA(y), By(a)}, 
and 


Jaleo y) < max{Ja((e oy) +2), Ja(e)} < max{ daly); Ja(e)t: 














Therefore A = (Ma, Bio A) is a BMBJ-neutrosophic o-subalgebra of X. 


We provide a characterization of a BMBJ-neutrosophic ideal in an (.5')- BC K-algebra. 


Theorem 3.23. Let A = (Ma, Ba, Ja) be an MBJ-neutrosophic set in an (S)-BCK-algebra X. Then 
A = (Ma, Ba, Ja) is a BMBJ-neutrosophic ideal of X if and only if the following assertions are valid. 


Ma(x) 2 min{Ma(y), Ma(z)}, Ba(@) < max{By(y), Ba(z)f, 


Bi(c) > min{ BY (y), BY(2}, Ja(x) < max{Ja(y), Ja(2)} 8) 


forall x,y,z € X withx <yoz. 


Proof. Assume that A = (My, B A, Ja) is a BMBJ-neutrosophic ideal of X and let x,y,z € X be such that 
x<yoz. Using (3.1), (3.2) and Theorem 3.22, we have 


Ma(x) > min{M a(x *« (yo z)), Ma(yo z)} 
= min{M4(0), Maly z)} 
= Ma(yo z) > min{Ma(y), Ma(z)}, 


By (a) < max{ By (x * (yo z)), Balyoz)} 
= max{B4(0), Balyo z)} 
= Balyoz) < max{By(y), Ba(z)}, 


B(x) > min{ By (2 * (yo z)), Ba(y o z)} 
= min{B{(0), By (yo z)} 
= By(yoz) > min{BA(y), Ba(z)}, 
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and 


Ja(x) < max{Ja(x * (yo z)), Ja(yo z)} 
= max{J,(0), Ja(y o z)} 
= Jalyoz) < max{Ja(y), Ja(z)}- 


Conversely, let. A = (M4, By, Ja) be an MBJ-neutrosophic set in an (5)-BC K-algebra X satisfying the 
condition (3.8) for all x,y,z € X witha < yo z. Sine 0 < xox forall x € X, it follows from (3.8) that 


Ma(0) > min{ Ma(x), Ma(x)} = Ma(z), 
By,(0) < max{ B(x), Ba(x)} = Ba(z), 


BY(0) > min{ B4(c), BY(x)} = BY (2), 
and 
FeO) < raat Jae ed (ep = ale) 
Note that x < (x * y) oy for all x, y € X. Hence we have 


Ma(x) > min{Ma(2 *y), Ma(y)}, Bale) < max{By(2 *y), By(y)}. 
BY (x) > min{ Bi(«*y), BY(y)} and Ja(x) < max{ Jaa *y), Jaly)}. 





Therefore A = (Ma, Ba, J A) isa BMBJ-neutrosophic ideal of X. 











4 Conclusions 


As a generalization of neutrosophic set, Mohseni et al. [9] have introduced the notion of MBJ-neutrosophic 
sets, and have applied it to BC kK /BCI-algebras. BMBJ-neutrosophic set has been introduced in [1] with an 
application in BC'K/ BC I-algebras. In this article, we have applied the notion of MBJ-neutrosophic sets to 
ideals of BCK/BI-algebras. We have introduced the concepts of a BMBJ-neutrosophic o-subalgebra and 
a (closed) BMBJ-neutrosophic ideal, and have investigated several properties. We have provided conditions 
for an MBJ-neutrosophic set to be a BMBJ-neutrosophic ideal in BC-kK/BCI-algebras, and have discussed 
characterizations of BMBJ-neutrosophic ideal. We have considered relations between a BMBJ-neutrosophic 
subalgebra, a BMBJ-neutrosophic o-subalgebra and a (closed) BMBJ-neutrosophic ideal. Using the results and 
ideas in this paper, our future work will focus on the study of several algebraic structures and substructures. 
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Abstract: The constructions of finite switchboard state automata is known to be an extension of finite automata in the 
view of commutative and switching automata. In this research, the idea of a neutrosophic is incorporated in the general 
fuzzy finite automata and general fuzzy finite switchboard automata to introduce neutrosophic general finite automata 
and neutrosophic general finite switchboard automata. Moreover, we define the notion of the neutrosophic subsystem 
and strong neutrosophic subsystem for both structures. We also establish the relationship between the neutrosophic 
subsystem and neutrosophic strong subsystem. 


Keywords: Neutrosophic set, General fuzzy automata; switchboard; subsystems. 


1 Introduction 


It is well-known that the simplest and most important type of automata is finite automata. After the introduction 
of fuzzy set theory by [47] Zadeh in 1965, the first mathematical formulation of fuzzy automata was proposed 
by[46] Wee in 1967, considered as a generalization of fuzzy automata theory. Consequently, numerous works 
have been contributed towards the generalization of finite automata by many authors such as Cao and Ezawac 
[9], Jin et al [18], Jun [20], Li and Qiu [27], Qiu [34], Sato and Kuroki [36], Srivastava and Tiwari [41], 
Santos [35], Jun and Kavikumar [21], Kavikumar et al, [22, 23, 24] especially the simplest one by Mordeson 
and Malik [29]. In 2005, the theory of general fuzzy automata was firstly proposed by Doostfatemeh and 
Kermer [11] which is used to resolve the problem of assigning membership values to active states of the fuzzy 
automaton and its multi-membership. Subsequently, as a generalization, the concept of intuitionistic general 
fuzzy automata has been introduced and studied by Shamsizadeh and Zahedi [37], while Abolpour and Zahedi 
[6] proposed general fuzzy automata theory based on the complete residuated lattice-valued. As a further 
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extension, Kavikumar et al [25] studied the notions of general fuzzy switchboard automata. For more details 
see the recent literature as [5, 12, 13, 14, 15, 16, 17]. 

The notions of neutrosophic sets was proposed by Smarandache [38, 39], generalizing the existing ordinary 
fuzzy sets, intuitionistic fuzzy sets and interval-valued fuzzy set in which each element of the universe has the 
degrees of truth, indeterminacy and falsity and the membership values are lies in ]0~, 1*[, the nonstandard unit 
interval [40] it is an extension from standard interval [0,1]. It has been shown that fuzzy sets provides limited 
platform for computational complexity but neutrosophic sets is suitable for it. The neutrosophic sets is an 
appropriate mechanism for interpreting real-life philosophical problems but not for scientific problems since 
it is difficult to consolidate. In neutrosophic sets, the degree of indeterminacy can be defined independently 
since it is quantified explicitly which led to different from intuitionistic fuzzy sets. Single-valued neutrosophic 
set and interval neutrosophic set are the subclasses of the neutrosophic sets which was introduced by Wang et 
al. [44, 45] in order to examine kind of real-life and scientific problems. The applications of fuzzy sets have 
been found very useful in the domain of mathematics and elsewhere. A number of authors have been applied 
the concept of the neutrosophic set to many other structures especially in algebra [19, 28], decision-making 
[1, 2, 10, 30], medical [3, 4, 8], water quality management [33] and traffic control management [31, 32]. 


1.1 Motivation 


In view of exploiting neutrosophic sets, Tahir et al. [43] introduced and studied the concept of single val- 
ued Neutrosophic finite state machine and switchboard state machine. Moreover, the fuzzy finite switchboard 
state machine is introduced into the context of the interval neutrosophic set in [42]. However, the realm of 
general structure of fuzzy automata in the neutrosophic environment has not been studied yet in the literature 
so far. Hence, it is still open to many possibilities for innovative research work especially in the context of 
neutrosophic general automata and its switchboard automata. The fundamental advantage of incorporating 
neutrosophic sets into general fuzzy automata is the ability to bring indeterminacy membership and nonmem- 
bership in each transitions and active states which help us to overcome the uncertain situation at the time of 
predicting next active state. Motivated by the work of [11], [36] and [38] the concept of neutrosophic general 
automata and neutrosophic general switchboard automata are introduced in this paper. 


1.2} Main Contribution 


The purpose of this paper is to introduce the primary algebraic structure of neutrosophic general finite au- 
tomata and neutrosophic switchboard finite automata. The subsystem and strong subsystem of neutrosophic 
general finite automata and neutrosophic general finite switchboard f automata are exhibited. The relationship 
between these subsystems have been discussed and the characterizations of switching and commutative are 
discussed in the neutrosophic backdrop. We prove that the implication of a strong subsystem is a subsystem of 
neutrosophic general finite automata. The remainder of this paper is organised as follows. Section 2 provides 
the results and definitions concerning the general fuzzy automata. Section 3 describes the algebraic properties 
of the neutrosophic general finite automata. Finally, in section 4, the notion of the neutrosophic general finite 
switchboard automata is introduced. The paper concludes with Section 5. 


2 Preliminaries 


For a nonempty set X, P (X) denotes the set of all fuzzy sets on X. 
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Definition 2.1. [11] A general fuzzy automaton (GFA) is an eight-tuple machine F= (Q), 2, R, Z, 6 ,W, Fy, Fy) 
where 

(a) Q isa finite set of states, Q = {q@, q2,°°* 5 Qn} 

(b) Sis a finite set of input symbols, © = {a1, a2,--+ , am}, 

(c) Ris the set of fuzzy start states, Rc P(Q), 

(d) Z isa finite set of output symbols, Z = {bj, bo,--- , by}, 

(e) w: Q > Z is the non-fuzzy output function, 

(f) Fy : [0,1] x [0,1] — [0, 1] is the membership assignment function, 


(g) 6: (Q x [0,1])x Ux Q geen [0, 1] is the augmented transition function, 


(h) Fy : [0, 1]* — [0, 1] is a multi-membership resolution function. 


Noted that the function F)(ju, 6) has two parameters jy. and 6, where jz is the membership value of a pre- 
decessor and 0 is the weight of a transition. In this definition, the process that takes place upon the transition 
from state q; to q; on input a, is represented as: 


uw **(q;) = (ai, H (Gi), On, G) = File’ (Gi), 5(Gi, Oe, G5). 


This means that the membership value of the state q; at time ¢ + 1 is computed by function F{ using both 
the membership value of q; at time ¢ and the weight of the transition. The usual options for the function 
F (uw, 6) are max{y,d}, min{j,d} and (y+ 6)/2. The multi-membership resolution function resolves the 
multi-membership active states and assigns a single membership value to them. 

Let Qact(ti) be the set of all active states at time t;,Vi > 0. We have Qact(to) = R, 


Qact (ti) = {(¢, w(@)) : Ag’ € Qact(ti_1), Ja € U, 6(q',a,q) € A}, Vi > 1. 


Since Qact(t;) is a fuzzy set, in order to show that a state q belongs to Qacz+(t;) and T is a subset of Qact(ti), 
we should write: ¢q € Domain(Qac(t;)) and T C Domain(Qace(ti)). Hereafter, we simply denote them 
as: ¢ © Qac(t;) and T C Qact(t;). The combination of the operations of functions F and F2 on a multi- 
membership state q; leads to the multi-membership resolution algorithm. 








Algorithm 2.2. [11] (Multi-membership resolution) If there are several simultaneous transitions to the active 
state q; at time ¢ + 1, the following algorithm will assign a unified membership value to it: 


1. Each transition weight 6(q;, ax, q;) together with ju’(q;), will be processed by the membership assignment 
function Ff), and will produce a membership value. Call this v;, 


= 6( (gi, u°(G:)), Ox, a3) = Filue'(a), 6(G:, an, G))- 


2. These membership values are not necessarily equal. Hence, they need to be processed by the multi- 
membership resolution function F5. 
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3. The result produced by F> will be assigned as the instantaneous membership value of the active state q;, 


wig) = Fahy lo] = Ril (u'(q), 6(q, an, a))], 


where 
e nis the number of simultaneous transitions to the active state q; at time ¢ + 1. 
© 0(q;, 4x, q;) is the weight of a transition from gq; to q; upon input a,,. 
e ,i'(q;) is the membership value of q; at time tf. 


e y'**(q;) is the final membership value of q; at time t + 1. 


Definition 2.3. Let F = (QO, 2, R, Z, 6 ,wW, F\, Fy) be a general fuzzy automaton, which is defined in Definition 
2.1. The max-min general fuzzy automata is defined of the form: 


= (Q,, R, va 6*,w, Fy, Fy), 
where Qact = {Qact(to); Qact(t1),- ++ } and for every i, i > 0: 


ae 1, q= 
0*((q,u(q)), A, p) = { 0 oie ae 


and for every i, i > 1: 6*((q, u*(q)), ui, P) = 4((q, H*(q)), Wis P)» 
(qu (q)), witisrsp) = \Yo (6((q,u'*(q)), wi, ') A (dH (7)), Witt, P)) 
q' €Qact (ti) 


and recursively 


5°((q, w'° (q)), tata tm, p) = \/{5((g, w?(@)), ta, Pr) A O((pi, we (pr), ta, p2) A+ A 
)((Pn— 1; ie "(Diz ) ); thas P) [Pi € Qact (ti), P2 S Qact (te), sty DPn-1 € ac tnt) by 


in which u; € &,V1 <i < nand assuming that the entered input at time t; be u;, V1 <7 <n—1. 


Definition 2.4. [13] Let /* be a max-min GFA, p € Q,q € Qact(ti),7 = 0 and 0 < a < 1. Then p is called a 
successor of q with threshold a if there exists x € }* such that 6*((q, 9 (q)),v,p) > a 


Definition 2.5. [13] Let F* be a max-min GFA, g € Qact(ti),7 > O and 0 < a < 1. Also let S,(q) denote the 
set of all successors of g with threshold a. If T C Q, then S,,(7) the set of all successors of T’ with threshold 
a is defined by S.(T) = U{Sa(q) : ¢ € TH. 


Definition 2.6. [38] Let X be an universe of discourse. The neutrosophic set is an object having the form 
A = {(x, 11 (2), fo(x), U3(x))|V2 € X} where the functions can be defined by 11, fu2, wg : X —]0,1[ and uy 
is the degree of membership or truth, jg is the degree of indeterminacy and /13 is the degree of non-membership 
or false of the element x € X to the set A with the condition 0 < juy(x) + fo(x) + pg(ax) < 3.” 
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3  Neutrosophic General Finite Automata 


Definition 3.1. An eight-tuple machine F = (Q, 4, R,Z, 60, Fi, F) is called neutrosophic general finite 
automata (NGFA for short), where 


1. Qisa finite set of states, Q = {q1,q2,--: Qn}, 
2. Nisa finite set of input symbols, © = {u1, u2,--- , Um}, 
3. R= {(q, we (q), wie (q), wie (q)\q € R} is the set of fuzzy start states, R C P(Q), 


4. Z isa finite set of output symbols, Z = {b,, bo,--- , be}, 


5. 5: (Q x [0,1] x [0,1] x [0,1])) xbxQ-S gates [0,1] x [0,1] x [0,1] is the neutrosophic augmented 
transition function, 


6. w: (Q x [0,1] x [0,1] x [0,1]) + Z is the non-fuzzy output function, 


7. By = (FR, BN, FY), where Fy : [0,1] x [0,1] — [0,1], FY : [0,1] x [0,1] > [0,1] and FY : [0,1] x 
D, 1] > (0, = are the truth, indeterminacy and false membership assignment functions, respectively. 
F(t, 01), FSY (112, 62) and FY (13, 63) are motivated by two parameters 11, 12, [43 and dy , d2, 63 where 
41, [lg and jug are the truth, indeterminacy and false membership value of a predecessor and O1, by and 63 
are the truth, indeterminacy and false membership value of a transition, 


8. Fy = (FY, FSY, Fy’), where FY : (0, 1]* > [0,1], YY : [0, 1]* — [0, 1] and FY : [0, 1]* — [0, 1] are the 
truth, indeterminacy and false multi-membership resolution function. 


Remark 3.2. In Definition 3.1, the process that takes place upon the transition from the state q; to q; on an 
input wu, is represented by 


pe (qj) = 81((ais 1 (Gi) Us 5) = FHT (ai), 64 (Gis ees G5)) = HE (ai), 61 (Gis Mes W))s 


tk : 
tet b5((q; th ‘ |) = PAY (Ee 6), 624; aN { V (Eg (di), 62(Gi, Ue, G5) if th < trey 
bo (q i) = ((q » He (q )) thes qj) 1 (U3 (q }); 2(q » Uk, qj)) A(us (ai), 69( qi, dc q;)) if tp > a ; 


pes" (qj) = b3( (di, U3! (i), Wes 95) = FY (3! (ai), 63 (gis Wes G3) = \V HS! (ai), 63 (Gis Mes I); 


HB 





where 
5 ((qi-'(Gi)), Ues a) = (Or((Gis M4 (d:)), Wes WG), 52((Gi, HS (Gi), Ue, 93), O3((Gis H5(Gi)), Ue» G3) and 


O(Gi, Uk; qj) = (01 (Gi; Uk) a) 62(4i, Uk, ay) 63(di Uk, Op) 


Remark 3.3. The algorithm for truth, indeterminacy and false multi-membership resolution for transition 
function is same as Algorithm 2.2 but the computation depends (see Remark 3.2) on the truth, indeterminacy 
and false membership assignment function. 
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Definition 3.4. Let F — 


[0,1] x [0,1] x [0, 1] and define a ientosopliic set 0* = 
and for every 2,7 > 0: 


(57, 03, 63) in (Q x [0,1] x 


t (Q,, R, Z, 6, w, F, Fh) be a NGFA. We define the max-min neutrosophic general 
fuzzy automaton F* = (Q,», R, Z, 6* ,W, F\, Fy), where O* : 


(Q x [0,1] x [0,1] x [0,1]) x B*x Q > 


(0,1) « [O1)) « =* x OQ 


Si((au(a)). AP) = { : a ; 
Ss(aurla)Av)={ 152 
(COs eee 


and for every 2,7 > 1: 


ot ((q, w1(q)), ui, P) = d1((4, H(@)), Ui,p),6 


03((q, uo 


63((g, u-*(q)), ui, D) = 40((g, (gq), Ui, P) 


-1(q)), wi, p) = d3((g, w*(q)), Ui, P) 


and recursively, 


b7((q, u?(q)), urtia = = \/{6.((@, w°(@)), a, Pu) A 1 ( (1, (1), Ua, P2) Av A 
81((Pn—1, H!"-* (Pn—1))1 Uns P)IPr © Qact(tr), P2 € Qact(t2),*** ;Pn—1 © Qact(tn—1)}, 
63((q, H'° (q)), tata + + Uns) = [\{50((a, #'°(q)), Wa D1) V 42((Pi, #4 (Pi); Ua, Pa) Vee V 
§2((Pn—1, #1 (Pn—1))s Uns PIPL © Quet(tr), P2 © Qact(t2),°** Pai © Qact(tn—1)}, 
03((q, 1°°(q)), tata = [\{6s((q #'° (q)), 1, Pr) V 53((pu, 4 (pi), U2, p2) V+ V 

§3((Pa—1; 1" (Pn—1)); Uns P) [Pr © Qace(t1), P2 © Qact(t2),**- ;Pn—1 © Qact (tn), 


in which u; € &,V1 <7 <n and assuming that the entered input at time ¢; be u;, V1 <2 <n—1. 


- Un; P) 


- Un; P) 


Example 3.5. Consider the NGFA in Figure | with several transition overlaps. Let F= 


(Q, Be Z,6,w, Fy, Fo), 
where 


© Q = {G. U1; 4; %; 14; Ws; 16; 97; Is; G9} be a set of states, 


y= {a, b} be a set of input symbols, 


R = {(qo, 0.7, 0.5, 0.2), (qu, 0.6, 0.2, 0.45)}, set of initial states, 


e the operation of Fy‘, F'\Y and FY’ are according to Remark 3.2, 


Z = () and w are not applicable (output mapping is not of our interest in this paper), 


© 5: (Q x [0,1] x [0,1] x [0,1)))xoxQq "4 
transition function. 


“ —+* [0,1] x [0,1] x [0,1], the neutrosophic augmented 


Assuming that F starts operating at time to and the next three inputs are a, b, b respectively (one at a time), 
active states and their membership values at each time step are as follows: 
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(b,0.2,0.4,0.6) 







(b,0.5,0.3,0.7) 








0.3,0.35,0.5 
(a,0.3,0.35,0.5) (a,0.3,0.4,0.5) 







(a,0.2,0.5,0.6) 





(a,0.7,0.1,0.2) (b,0.4,0.1,0.3) 





oa 
(u(@4),0.6,0.2,0.45) 





(b,0.5,0.6,0.2) 
















(a,0.8,0.2,0.3) 
(a,0.7,0.4,0.1) 










a,0.3,0.4,0.1) 
(b,0.1,0.3,0.6) 










(b,0.9,0.1,0.25) 


(a,0.3,0.6,0.5) 








(b,0.1,0.4,0.6) 
















(a,0.3,0.1,0.2) 


0),0.7,0.5,0.2 
(1u(q0) ) (b,0.5,0.3,0.45) 





(a,0.4,0.2,0.3) 





start 


Figure 1: The NGFA of Example 3.5 


e At time to: Qact(to) = R = {(qo, 0.7, 0.5, 0.2), (qu, 0.6, 0.2, 0.45)} 


e At time ¢,, input is a. Thus q;, g5 and qg get activated. Then: 


w(q1) = ae (go), (do), 8 (qo)); a, 1) 
= [FY (m1? (ao), 61(q0, 2, 11)), FY” (ue (qo), 62(G0, @, 1), Fi’ (HS (qo), 53(go, @, 1) ] 


= [F/(0. 7 0.4), F/Y (0.5, 0.2), FY (0.2, 0.3)] = (0.4, 0.2, 0.3), 


wu (qs) = Aye (Go), 15 (do), 8 (do)); @; 98) 
=| FR (u (qo); 51 (qo, a, 98)), Fy’ (3 (qo), 62(go, a, 98)), Fy’ (14° (qo), 63(Go, @, qs))| 


= [FO 0. 7 07), F050). Fe (0.2.02)| = 0.7,04,02), 
but gs is multi-membership at t,. Then 


(Gs) = Fa [Fil#'°(a), 6(as4, a5)]] 


Fy [Fy[u (qo), 6(go, @, 45)|, File’? (go), 5( a4, @, 95)]| 
= F, [F,{(0.7, 0.5, 0.2), (0.3, 0.4, 0.1)], F;[(0.6, 0.2, 0.45), (0.4, 0.6, 0.5)]] 
= (FAFN(0.7,0.3), F(0.6,0.4)], FO” [FAY (0.5, 0.4), FAY (0.2, 0.6)], 
FY [FY (0.2, 0.1), FY (0.45, 0.5)]) 


= (F}(0.3, 0.4), FY (0.4, 0.2), Fy (0.2, 0.5)) = (0.3, 0.2, 0.5). 
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Then we have: 


Qact(t1) = {(q1, #(41)), (a5, H'*(ds)), (as, Ht (as) } 
= {(q1, 0.4, 0.2, 0.3), (gs, 0.3, 0.2, 0.5), (gg, 0.7, 0.1, 0.2)}. 


e At tf, input is b. qo, ds, Gg and gg get activated. Then 


Hw? (qs) = cee (a1), Ha (q1), M3! (41), 8, 45) 
= 


FY (um (a1); O1(H, b, q5)) FY (us (m1), dod, b, qs); Fy (us (a1), 63(d1, b, q5))| 
= [FA (0. 4, 0.1), FY” (0.2, 0.4), FY (0.3, 0.6)] = (0.1, 0.2, 0.6), 


1? (qe) = 6((qs, cay 15 (45); L43' (ds); Bs Ge) 
= [FX (ui (ds), 61(ds, 6, a6), FY (443! (G5), 62(g5, b, a6)), FY (43! (45), 53 (4s, 6, a6))| 
= ae 3, 0.5), F)Y (0.2, 0.6), FY (0.5, 0.2)] = (0.3, 0.2, 0.5), 

1? (qo) = 5((as, : 15 (qs); L43' (ds)); b, 9) 


6 
= [FY (ut (as), 61(as, 6, a9), FYY (uo! (as), 62(as, 6, G9), Fi” (145! (qs), 63(as, 6, G9))| 
= [FA(0. 7 0.5), F/Y (0.1, 0.3), FY (0.2, 0.7)] = (0.5, 0.1, 0.7), 


but gz is multi-membership at ¢2. Then: 


Uw? (qo) = Fe File (ai), 6(ai, 6, a2)]] 


i=1& 


=f, Fre 1), 6(q1; 6, d2)}, File" (45), 5 (4s, 2, 2) 
= F,[F,[(0.4, 0.2, 0.3), (0.5, 0.3, 0.45)], F,[(0.3, 0.2, 0.5), (0.1, 0.4, 0.6)]] 
= (FL F/(0.4, 0.5), F/(0.3, 0.1)], FAY [F/Y (0.2, 0.3), FAY (0.2, 0.4)], 
FY [FY (0.3, 0.45), Fy’ (0.5, 0.6)]) 
= (FS (0.4, 0.1), FSY (0.2, 0.2), FY (0.3, 0.5)) = (0.1, 0.2, 0.5). 


Then we have: 


Qact(to) = {(42, H'? (G2); (a5, (45), (a6, (G6), (a9, (G9) $ 
= {(q2,0.1, 0.2, 0.5), (gs, 0.1, 0.2, 0.6), (gg, 0.3, 0.2, 0.5), (gg, 0.5, 0.1, 0.7)}. 


e At ts input is b. go, gg, 7 and go get activated and none of them is multi-membership. It is easy to verify 
that: 


Qact(ts) = {(q2, H? (G2); (des "3 (G6), (ar, H"? (47), (Go, #3 (G9) } 
= {(q2,0.1, 0.1, 0.6), (gg, 0.1, 0.2, 0.6), (q7, 0.3, 0.1, 0.5), (qg, 0.3, 0.1, 0.5)}. 
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Proposition 3.6. Let F bea NGFA, if F* is a max-min NGFA, then for every’ > 1, 








(an (q), cup) = VV [Oi ((p, ni (p)), 0,7) Ad (r, we *(r)), 9.9) 
rE Qact (ti 

(aug), cy.p)= /\ 155 ((p, pi (p)), 0,7) V 83((r, n*(r)),9,.0)] , 
reQact(ti 7 

an @)).cyp)= A [x(n @).2.7) V5.0 0).9.0) ; 
rE Qact (ti 





for all p,q € Q and x,y € &*. 


Proof. Since p,q € Q and x,y € &*, we prove the result by induction on |y| = n. First, we assume that n = 0, 
then y = A and so zy = cA = x. Thus, for all r © Qace(ti) 














V [dtr 2"@)), 2,7) Ar nM). ¥.@)] = V [E(D, wh), 2,7) AdE(r, HE), A) 

Soo ‘®) yr) =01((Gn"4(@) yp). 

A [55((P, 2"), 2,7) V(r HEM). ¥.@)] = A [5((D, Hh), 2,7) V I5(r, WC), AL) 
_ = 63((p, "1 (p)), #17) = 03((g, we (Q)), £y,), 

A [65((P,n@), 2.7) V 55 (rw (7), 9. 0] = A [85(@.Hh @)), 2.7) V 5H HEM), A) 
= 63((p, ue" (p)), ©, 7) = 63((q, H"(q)), 2Y, P)- 


The result holds for n = 0. Now, continue the result is true for all uw € %* with |u| = n — 1, where n > 0. Let 
y = ua, where a € Sand u € &*. Then 


7 ss rEQact (ti 5 
= V (¢ VV (61((q, Hq), 2, 8) A d1((s, w"-*(s)), ur) A di((r, uw’ (7), @, p)) 
rEQact(ti) s€Qact (ti) 


= A ae x, 8) A d1((s, *(s)), eee 4; P)) 


sa 
= V (i((au(g)),2,8)AC Vi (r((s,u#(s)), 4,7) A di((r, ne (r)), a, )))) 
) 


) 
8EQact (ti ) aaa ) 
) 


= Vi (d((q,u""(q)),@,8) Adi((s, u(r), ua,p))) = Yo (b1((q, *(q)),@, 8) AO1((s, 2" (r)), 9,2), 


8EQact (ti ) s8EQact (ti) 


dt ((q, w*(q)), zy, p) = O4((q, we-2(q)), cua,p)= VY (x((a, w*(q), 20,7) A di((r, we (r)), a,p)) 


63((q, w*(q)), zy, p) = 63((q, u4(q)), vua, p) = ~ (alla u-1(q)), vu, r) V da((r, H*(r)), a,p)) 


= lal OMG w*(q)), &, 8) seid ‘(s a r)) V d0((r, w"(r)),@,p)) 
= yclhigg w*(q)),@, 8) V d2((s, u1(s)),u,7) V da((r, H(r)), a P)) 

= veo Ne) OO p1(q)),@,8) V eden ( ba((s, w(s)), ur) V da((r, u"(r)),a,p)))) 

= A (b2((q, w*-*(q)), @, 8) V d2((s, u(r), ua,p))) = A (b2((q, w*(q)), ©, 8) V da((s, 2" (r)), 9,2), 


8EQact (ti) 8EQact (ti) 
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03((q, u-*(q)), zy, p) = 63((q, u*4(q)), vua, p) = i. 7 (ds((a, u-4(q)), cu, r) V 63((r, u(r), a,p)) 
= NAN ( A (63((q,u%*(q)), 2,8) V 63((s, p(s), ur) V 43((r, u(r), a, p)) 


r€Qact (ti) 8€Qact (ti) = 
s)),u,r) V d3((r, u(r), @, p)) 


( 

A (43((q, w2(q)), &, 8) V b3((s, 12 ( ) 
A (63((q, n2(q)), 2,8) VC A (63((s, u2(s)), ur) V 43((r, u(r), a, p)))) 

) ( 


r,8€Qact (ti), 


= ) 
8EQact (ti) a Joe ) be . 
= ol op BMG EO) ,8) V 63((s, u(r), ua, p))) = an ae (q, w-*(q)), @, 8) V 03((s, w(r)), y, p)))- 











Hence the result is valid for |y| = n. This completes the proof. 





Definition 3.7. Let F* be a max-min NGFA, p € Q,q € Qact(ti),7 => Oand0 <a <1. Then p i is called a 
successor of q with threshold a if there exists 2 € D* such that 6*((q, 1’(q)), 7, p) > a, 08 ((q, 105 (q)), 2, p) < 


a and 63((q, uy (q)), 2.) < 


Definition 3.8. Let F* be a max-min NGFA, g € Qact (t;),2 > O0and0 <a <1. Also let S,(q) denote the set 
of all successors of q with threshold a. If T C Q, then S(T’) the set of all successors of T with threshold a is 
defined by S.(T) = U{Sa(q) : q € TH. 


Definition 3.9. Let /* be a max-min NGFA. Let pu = (ju, 12, Juz) and d* = (6%, b3, 63) in (Q x [0, 1] x [0, 1] x 

[0, 1]) x &* x Q be a neutrosophic set in Q. Then 1 is a neutrosophic subsystem of F™*, say 4 C F* if for every j, 
: t; Sx tj tj x tj tj 3k tj 

1 <j <k such that pu’ (p) > 6; ((¢, Hy’ (q)), @ P)s Ma (p) < 63((4, M2 (Q)), #, P), Ms (P) S 03((a, Hs (9), @, P). 

Va,p € Qandaz € X*. 


Example 3.10. Let Q = {p,q}, © = {a}. Let u = (p11, 2, M3) and 6* = (67, 65, 65) in (Q x [0, 1] x [0, 1] x 
(0, 1]) x * x Q be a neutrosophic set in Q such that j1;’(p) = 0.8, p13 (p) = 0.7, ye (p) = 0.5, ny? (q) = 0.5, 
ps (q) = 0.6, ps) (q) = 0.8, d1(¢, 2, p) = 0.7, d2(g, x, p) = 0.9 and 63(q, x, p) = 0.7. Then 


oF 


; 51 ((q, uy (@)), @,p) = FY (HY (@), (4, 2, p)) = min{0.5, 0.7} = 0.5 < py(p), 
53((q, us (q)), @, p) = FY (5 (q), 02(4, 2, p)) = max{0.6, 0.9} = 0.9 > yu (p), (since t < t;) 
53((q, us (@)), 2, p) = FY (us (@), 63(¢, 2, p)) = max{0.8, 0.7} = 0.8 > py (p). 


Hence ju is a neutrosophic subsystem of F*. 


Theorem 3.11. Let F* be a NGFA and let js = (j11, [12, 3) and 0* = (0%, 0%, 6%) in (Q x [0,1] x [0,1] x 
[0, 1]) x &* x Q be a neutrosophic set in Q. Then 1 is a neutrosophic subsystem of F* if and only if 1) (p) > 


d¥((q, #1 ()), 2D), HS (p) < 63((q, 9 (Q)), 2. P)» Ms (D) < 43((a, Hy (Q)), @, p), for all g € Q(act) (tj), Pp € Q 
and x € X*. 


Proof. Suppose that ji is a neutrosophic subsystem of F*. Let q¢ € Qvact)(t;), p € Q and x € D*. The 
proof is by induction on a =n. Ifn = 0, then x = A. Now if gq = p, then Ot ((p, Whi (p )), A, ®) = 
Fh (ut (p), d1(p, A, p)) = 1 (), 63 ((p, #3'(p)), Ay) = FY (uo (p), 62(p, Ay) = 12 (Pp), 63 ((p, #3 (p)), AvP) = 
FY (13 (p), 63(p, A, p)) = 13 (p)- : : 

If q # p, then d¢((g,u'(q)), Ap) = FY (ui(@),51(g,A,p)) = 0 < pi (p), 63((a, ws 
FLY (us (q), 60g, A,p)) =1 > : : ) 


fm 
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Hence the result is true form = 0. For now, we assume that the result is valid for all y € &* with |y| = n—1, 
n > 0. For the y above, let x = u,--- uy, where u; € U,i = 1,2,---n. Then 


5i((q, ui'(a)).2,P) = F(a. wi (q)), 1 ++ Uns) = (5a, Honor A+ KBE (rnay Ht?" (Prt): tins P)) 
< VV (Crna, Hi (Pe-1)), bed) ae 1€ Q( aan itn )\< VV Hi (p) (p), 


53((4, 03 (a)),2,p) = 55((a, wh (q)), 11 ++ Uns) = JA (53((a, Have) Vo VBR((rn ts He" nt): ths P)) 
< [\ (55 (rats He" nat), tons P)ltrnt € Qtaay (tien) < \ HYP) = ©), 


53((a, 08 (a), 2.) = 55((a, wi (@), t+) = A (50a, 08(@), sr) Ven wnat lai 
< \ (B5((rnas 1G" (n-1))s tn P)IPn—a © Qtact(toan)) < 28! (0) = HY), 


where ry € Qacty (test) **-Tn—1 © Qact) (tisn)- Hence pi! (p) > 57((4, u1'(q)), ©, p)» #3 (p) S 65((, #3 (@)), 2D), 
us (p) < 6%((q, us (q)),@, p). The converse is trivial. This proof is completed. 














Definition 3.12. Let F* be a NGFA. Let pi = (j11, fiz, fs) and d* = (dt, 03, 03) in (Q x [0, 1] x (0, 1] x [0, 1]) x 

u* x @ be a neutrosophic set in @. Then ju is a neutrosophic strong subsystem of F*, say fu C F*, if for 

every i, 1 < i < k such that p € S,(q), then for g,p € Q and x € S, w(p) > wh (a), p(y) < pe), 
ti ts és 

Ls (p) < Ms (q), for every 1 <j <k. 


Theorem 3.13. Let F* be a NGFA and let ju = (11, [l2, 13) and 6* = (d*,08,0%) in (Q x [0,1] x [0,1] x 
[(0, 1]) x U* x Q be a neutrosophic set in Q. Then 1 is a strong neutrosophic subsystem of F* if and only 
if there exists « € S* such that p € Sq(q), then w)(p) > pi (9), HS (p) < Hq), HS (P) < M3 (Q), for all 
GS Qeenlt; a) ped. 


Proof, Suppose that jz is a strong neutrosophic subsystem of F*. Let q € Qact)(t;), p € Qand x € d*. 
The proof is by induction on |a| = n. If n = 0, then x = A. Now if g = p, then df((p, uii(p)), A, p) = 
O 53((p, #3 (p)),.A,p) = 0, 53 ((P, 43 (P )),A,p) = 0 and pi’(p) = 14'(p), 1 (p)_= = py (); 13 (p) 
13 (p). If q & p, then d3((q, 4(q)),A,p) = FM (a ),6.(g,A,p)) = © < my (p), 63((a, #3 (a), ASP) 


tj 


Fi" (u3(q),60(a,4,p)) = d > p2'(p), 63((4, 43 (9), A.) = Fy’ (H3(q), 63(g, A,p)) = € > hy (p). Hence 
the result is true for n = 0. For now, we assume that the result is valid for all wu € &* with |u| = n — 1, 


n > 0. For the u above, let x = ie - Un Where u; € X*,i = 1,2,---n. Suppose that 5*((q, pi'(q)),v,p) > 


Ot((q, Mi (q)), U1 ++ Uns P) ere ((q, ui (q)), U1, P1) A+ NBE(Pa-ts Hi” (Pn—1)); Uns P)} > ¢, 
05((q, u5(q)), Ui += Un, P) = A {8 ((q, w5'(q)), U1, D1) Ver V 53((Pa—1, 15°" (Pn1));tmsP)} <a; 
d3((q, usi(q)), U4 arias iD) ac /\ {55((a, 3'(q)), U1; Pr) ree, 53((Pn—1; 18°" (Pn1)); Uns) } <é, 


where Pre Disab) 7) Pn-1 © Q (act) (Lin): 
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This implies that di (4, uis'(q)), U1, Pi) > 
d,-++ ,63((Pr— 1H" "(Pn-1)), wins?) <d, 
Hence i’ (p) > ui" Pat), a (p) 2 ya 
Ha" (D2) “ea (By) S Hg (9), Hs 
Thus p1;(p) > 1'(q), us (p) < Hs (@), 


> 501 nate Onc) ten) o 3((q, #5 (q)), U1, D1) < 
Baik )), tn, Pr) < e+ 03((Pn—t, ee "(Pn—1));Un,P) < 
ee" (Pp—2)s° #1 (Pa) ee (0) jis (D) = tis axis @) = 
py = ie @i4), sO) = ns, ee Py) = ue ©): 
J (p) < pe 3 (q). The converse is trivial. The proof is completed. 





( 











4 Neutrosophic General Finite Switchboard Automata 


Definition 4.1. Let F* be a max-min NGPA. Let pu = (11, /l2, [u3) and 6* = (0%, 03, 0%) be a neutrosophic set 
in (Q x [0,1] x [0,1] x [0,1]) x U x Qin Q. Then 


1. F* is switching, if it satisfies VPs q € Q, a € & and for every 7, 1 > 0, 


Or ((q, '(q)),@,P) = Ot ((p, '(P)), 4,4), 63((q, u3'(q)), 4, P) = 93((p, U3 (p)), a9), 
63((q, 5 (q)), a, ) = 03((p, u5(p)), a, @). 


2. Fr is commutative, if it satisfies Vp,q € Q, a,b € B and for every i, i > 1, 0*((q, wi'1(q)), ab, p) = 


or((q, ae "(q)), ba, p), 93 ((q, wa oC )), ab, p) = 03((q, ws *(q)), ba, p), 
63((q, U3 '(q)), ab, p) = 43((q, Hs (q)), ba, D). 


3. F* is Neutrosophic General Finite Switchboard Automata (NGFSA, for short), if F* satisfies both 
switching and commutative. 


Proposition 4.2. Let F be a NGFA, if F* is a commutative NGFSA, then for everyi > 1, 


*((q, Hy "(q)), va, p) = 4} 
3((q; Ms (q)), 2a, p) = 63((q, u3*(q)), a, p); 
3((q, us (q)), 2a, p) = 65((a, H3 


Giri Grr_Crr 


for all q © Qact(ti_-1), p € Sc(q), a € Nand x € X*. 


Proof. Since p € S.(q) then g € Qact(ti_1) and |x| = n. If n = 0, then x = A. Thus 


dt ((q, Hy 1(q)), 2a, p) = O4((g, ui" (q)), Aa, p) = 63((¢, WE" (@)), 4, P) = 


ds ((@;us (@)), na, p) = 63((a, us" (@)); Aap) = (Gs @), a, P) = 


63((q, #3" (q)), 2a, p) = 43((a, 3 1(q)), Aa, p) = 63((g, Hs (@)), a, P) = 
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Suppose the result is true for all w € %* with |u| =n — 1, where n > 0. Let x = ub, where b € N. Then 


b7((q, Hi *(@)), 2a, P) = OF ((g, wt *(q)), uba,p) = \f (.((a, w*(@)), 47) A dy ((r, ui (r)),ba,p)) 


rEQact (t;) 


b1((q, ui *(q)), U7) A d1((r, Whi (r)), ab, r)) = 51((q, uy" (q)), uab, p) 


re Qact tj 


b1((q, ey 1(q)), au, r) A d1((r, phi (r)), b, P)) = 61((q, ny '(q)), aub, p) = dt ((q, ny *(q)), ax, p), 








r€Qact tj 


53((4,w3*(q)),2a, p) = 53((g, w3"(@)),uba,p) = (2((a, WF *(@)), 4.7) V Bar, WE (”)), ba, p)) 


rE Qact (ti) 
= WN (52((a, 03"(@), 4") V 52((r, nhi(r)), ab, p)) = 03((q; #2 *(q)), uab, p) 
reQact (ti 
= A (5n((a.n3*(a)). 0,7) v da (rn), 2.0)) 
reQact (ti 
= a (Ge((a, w*(@)), aur) V da((r, pus} (r)),b .p)) = 63((g, u9*(q)), aub, p) = 63((q, Ha *(@)), 2, P); 
reQact (ti 








63((a; #3 '(@)), 2a, p) = 63((4, 43 *(q)), uba,p) = f\ “pera V d3((r, wi (7), ba, p)) 


r€Qact(t 


= A (539s *(@)), 457) V dal(r, HS (7 —_ ((q,u3"* (a), wad, p) 
reEQact (ti 

= i (ds((a, u*(@)). ua,r) V d3((r, U3 (7 b,p)) 
reQact (ti 

= iN (ds((a, u*(4)). au,r) V d3((r, 13 (7 b,p)) =6 ((q, 43 '(q)), @ub, p) = 43((4, #3 *(@)), a2, D). 
reQact (ti 




















This completes the proof. 


Proposition 4.3. Let F be a NGEA, if F* is a switching NGFSA, then fos every i > 0, d*((q, Hi (q)),@ pl z= 


dt ((p, HY'(p)), 9), 63((4@, HS (q)), 2p) = 43((p, uS'(p)), ©, 9), 63((g, WS'(@), &, D) = 63((p, Hy (p)), 2, Q), for 
all p,¢ © Qact(ti) and x € &*. 


Proof. Since p,q € Qact(t;) and x € &*, we prove the result by induction on |x| = n. First, we assume that 
z — A, whenever n = 0. Then we have Or ((q, ai ‘(q)), 2p) = 61((¢, 4 (q); AvP) = OF((p, ui (p)), Ag) = 
5r((p, mi'(p)),« 9)» 05((4, us (q)),2,P) = O3((, 113 (4), A :p) = 03((p, wy (p)), Ag) = 03((p, Ha (p)), ©, 4) 


03((q, us (q)),@,p) = 03((4, Hs (a )) A,p) = 03((p, us (p)),A,@) = 03((p, u3(p)),,¢)- Thus, the theorem 
holds for x = A. Now, we assume that the results holds for all u € U* such that |u| = n — 1 and n > 0. Let 
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a € Sand x € &* be such that x = ua. Then 


5i((a, wi'(a)), 2,7) = 5i((q, nq), ua,p) = P(g, nit (@)), 4,7) AGC(r, w'*(7)),a,)) 

r€Qact (ti+1) 
= Vi (Ara), 4.) ArH D),a,7)) = Yo (B,D), a7) AD(r,(),u, 9) 
r€Qact (ti) r€Qact(ti+1) 


= 51 ((p, mi'(p)), au, g) = 5 ((p, wii (p)), wa, g) = OF ((p, HY (p)), &, @), 


53((a, wi'(q)), 2.) = 53((a, 05 (q)),ua,p) = A (6a((a,08(@)), 4,7) V d2C(r, 18°"(7)),4,0)) 

r€Qact (ti+1) 
= A (5(r, w(r)), 9) V dal, u3"(D),a,7)) = A (Bal (9, Hi (P)),a,7) V d2U(r,*("), 0,9) 
r€Qact (ti) r€Qact(ti+1) 


= 63((p, 13 (p)), au, g) = 5((p, n3 (p)), ua, 7) = 03((p, u3(p)), 2, @), 


55((q, u§ (4)),t,P) = 45 ((q, ws'(q)),ua,p) = (5s((a, wi(q)), usr) V d5((r, jes(r )),a,p)) 
r€Qact (ti+1) 
= (Ss((r, wi (r )),u,q) V d3(p, "'(p)),a,7)) = as (5s((p, 14'(p)),,7) V a((r, ps (r )),u,4)) 
r€Qact (ti) r€Qact(ti+1) 


= 03((p, u3 (p)), au, q) = 63((p, 13 (p)), ua, g) = 3((p, HS (p)), x, @)- 











Hence, the result is true for |u| = n. This completes the proof. 





Proposition 4.4. Let F be a NGFA, if F* is a NGFSA, then for ne i> 1, & tte; as (q)),27;9) = 
bi i((P, Hy (p)),yx,q), 63((4, us *(q)), 2ys P) = 43((p, Ha *(p)), 92,9)» 03((as Hs *(Q),@Y, P) = 
03((p, #3 ‘(p)), yx, q) for all p,q € Q and x,y € &*. 


Proof. Since p,q € Q and x, y € &*, we prove the result by induction on |x| = n. First, we assume that n = 0, 
then x = A. Thus 


dr((g, oy (@)), yp) = 93 ((a Hy (Q), TAP) = 94((a, 4" (Q)), Ae, P) = 8 ((g, WY *(@)) Ys), 

63((q, pi (q)), zy, p) = 63((¢, My “(g)), TA, Dp) = 03((g, He (q)), Aw, p) = 03((9, Ha" (4), yt, P)s 

b3((q, ws *(q)), 2y, P) = 43((g, 31 (@)), BA, p) = 05 ((q, ws *(q)), Aw, p) = 63((q, Hs" (@)), YD). 
Suppose that 





dr((g, py *(q)), wu, p) = OF ((p, oy" (p)), ar, @), 93((q, Ha" (), 4, P) = 93 ((p, Ha" (p)), Ue, 4), 
63((q, 3 (q)), 2u, p) = 68 ((p, ws '(p)), ux, g), for every u € &*. 


Now, continue the result is true for all u € “* with |u| = n — 1, where n > 0. Let y = ua, where a € ¥ 
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and wu € &*. Then 


d¥((q, en *(@)), zy, P) = OF (a, ey (q)), BUA, p) = wy - (.((a aii *(), 20,7) A oi((r, wi (r)), a,p)) 
= Vi (l(a (a), ux.) AS(r, wir), .P)) 


= V(t"), ux, 4) Adi((p,nY')).4,7)) 


r€Qact (ti 1) 


= V__ (Ki((r,n' (9), a.) Adi((r, Hi (7)), ux, @)) 


r€Qact (ti) 

= d4((p, py *(p)), aux, q) = “a | (il(p, ui *(p)), au, r) A dr((r, Hi(r)),@,4)) 
reEQact (ti 

= V_ _ (5((p,(p),ua,r) A51((r, 4487), 2,0) 

r€Qact (ti) 


= dt((p, wy" (p)), wax, q) = 63((q, uy *(q)), wax, p) = O3((q, ui" (@)), Y2,P), 


53((a, 3° (a), 2y,p) = 3((a,w*(@)),2ua,p) = A (dala, ws *(a)), eur) V dal (r, HS (r)), @,P)) 


reEQact (ti) 


(52((a, 02" (q)), we.) V 0((r, w8(r)),4,p)) 


= A (dal(r, #3" (7), ux, 4) V 62((p, 23 (P)),4,7)) 


r€Qact (ti 1) 


= A (d2(p,n3*(9)), 7) V dal (r,H3 (7), ux, @)) 


r€Qact (ti) 
=S3((p,ny Mp), arya) =A (Sale. n8"(P)), aur) A dal(rH¥ (0), 4)) 
re act 
= 4 if (d2((p, w3*(p)),wa,r) V da((r, n(r)),@,@)) 
r€Qact (ti) 


= 63((p, uy *(p)), wax, q) = 63((g, wy *(q)), wax, p) = 63((g, u3*(q)), yz, P), 


63((q, us '(@)), zy, P) = 63((q, Ms *(q)),zua,p) = A (5s((a. u5'*(q)), 20,7) V ds((r, 24 (r)),@,p)) 


r€Qact (ti) 
53((a, #5 *(q)), ue, r) V 55((r, 14 (r)), a9) 


“7 ™~ 


= A (dsl(7,H3*(7)), ux, a) V 53((P, 23 (P)),4,7)) 


r€Qact (ti-1) 


= A __ (ds((p, 08 (p)),a,r) V 5a((r, 4 (7), wr, 4) ) 


r€Qact (ti) 

= 63((p, uy (p)), aux, ¢q) = A (ds((p, is *(p)), au, 7) A d3((r, ne (r)), 2, 0) 
rE Qact ty 

= A _(5s((p, 8p), ua, r) Vv 5s((r, 14 (7), 2-4) 

r€Qact (ti) 


= 03((p, ws *(p)), wax, q) = 63((q, us (q)), wax, p) = 63((q, Hs" (@)), YP): 
This completes the proof. 














Definition 4.5. Let F* be a GNFSA. Let ju = (p11, 12, 113) and 0* = (d*, 03, 0%) in (Q x [0,1]) x 5* x Q be 
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a neutrosophic set in Q. Then ju is a neutrosophic switchboard subsystem of F*, say uu © FP", if for every 7, 


1 <j < k such that p1/(p) > d5((¢, u7 (@)), @, P), Hs (v) < 53((q, HS (@)), 2, D), Hy (P) < 5e((q, 13 (q)), 2, P)- 
Va,p € Qanda € &. 


Theorem 4.6. Let F* be a NGFSA and let js = (11, [12, [i3) and 6* = (d*,d%, 6%) in (Q x [0,1] x [0,1] x 
(0, 1]) x &* x Q be a neutrosophic set in Q. Then js is a neutrosophic switchboard subsystem of E* if and 
only if ty (p) 2 63 (9; Hy (q)), 2 P)s Ma! (P) S 63((4, Hy (Q)), 2%.) Ms (P) < 95((9, Ms (@)), 2, p), for all q € 
Qiact)(t;), p € Q and x € X*. 


Proof. The proof of the theorem is similar to Theorem 3.11 and it is clear that y satisfies switching and 
commutative, since F’* is NGFSA. This proof is completed. 














Definition 4.7. Let F* be a NGFSA. Let ju = (11, /42, 43) and 6* = (d*, 65, 63) in (Q x [0, 1] x [0, 1] x [0, 1]) x 

* x Q be a neutrosophic set in Q. Then pz is a neutrosophic strong switchboard subsystem of B say  C F*, 

if for every i, 1 <i < k such that p € S,(q), then for q,p € Q and x € ¥, pi (p) > w'(q), ws} (p) < ws (q), 
t; t; : 

Ls (p) < Hs (q), for every 1 <j <k. 


Theorem 4.8. Let F* be a NGFA and let ju = ([1, [12, 13) and 0* = (6%, 0%, 6%) in (Q x [0, 1] x [0, 1] x (0, 1]) x 
* x Q be a neutrosophic set in Q. Then p is a strong neutrosophic switchboard subsystem of F* if and only 
if there exists x € D* such that p € Sq(q), then py)(p) > wy (q), ws (p) < H3'(q), He (p) < Ls (q) for all 
d © Qeact) (tj), p € Q. 


Proof. The proof of the theorem is similar to Theorem 3.13 and it is clear that j1 satisfies switching and 
commutative, since F’* is NGFSA. The proof is completed. 














Theorem 4.9. Let F* be a NGFSA and let [= (}1, [2, U3) be a neutrosophic subset of Q. If 11 is a neutrosohic 
switchboard subsystem of F*, then Lt is a strong neutrosophic switchboard subsystem of ce 


Proof. Assume that 4;((q, 14'(q)),@,P) > 0, 65((q, #5'(@)),@,p) < 1 and 63((q, u3(q)),2,p) < 1, for all 
x € &. Since p is a neutrosophic switchboard subsystem of F’*, we have 


ui (p) > Ot((q, wi'(q)),@,P), Hs (p) < 63((q, wE(@), 2,7), Hs (P) < O3((a, HE (@)), 2p). 


for all ¢ € Q(act)(t;), p € Q and x € X. As js is switching, then we have 


Hy (p) = 9; ((g, 44'(9)), ©. 2) = 4: ((P, HY (B)), 2,9) = HQ); 
i (p) < 03((4, H3(9)). »P) = 03((P, U3 (Pp), 2,9) = 13 (q), 
us (p) < 53((q, HY (@)), @, P) = 63((p, US (p)), 2,4) = Hy (q)- 
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As ju is commutative, then x = wv, we have 





uy (p) > or ((q, ni (@)), ©.) = Of ((g, wii (@), we, D) 
— ot q, by q)),U,T) A Ot ((r, py (r 15 Vv ,p)|r = Q1 (aad) ( t3) 
),u,q) A dr(( 


T 
a 


} ) 
H'""(p)), v7) © Qyjacy (Hiss) } 
} I 

) 


Ot P, ui (p)),v,7) AO bs uy (r 3 U .Q\r . Qi oe te4d 


1(p)), vu, g) = 3((p, wy" (p)), ur, @) = OF ((p, ui (p)),2,@) > Hi (Q), 





=0; (it; 
13 (p) < 43((q, nS (4)), e, p) = 03((¢, HS (q)), wr, p) 

= A {554,08 (a), 047) V BE (r HE"), 0. B)IP E Qrtaco tn) } 

= [\ {55((r, #3 (7)), 2, 4) V 83 ((D, #3" (0)), 0. PIIF E Qrcacy (tis) } 

= \ {55(@. 15" (B)),0.7) V U(r, H(0)), te DI E Qrcacy (tis) f 

= 63((p, u3**(p)), vu, q) = 63((p, wy" (p)), uv, g) = 03((p, Hy **(p)), @, 4) < us (4), 
13 (p) < 63((q, oe ap) =x (Gte ey 


T 
2 


,U,p)|r i Q1 (aeiyl ti41) 


{55a we! r)) )} 

oo 

155(( ) | 
) 





= 63((p, u3*"(p)),v,7) V O3((r, HE (r)), u, air © Qrcacty (tis 
= 63((p, u3**(p)), vu, q) = 45((p, Hs" (p)), uv, @) = 95((p, ws" (p)), 2,4) < Hy (q)- 











Hence 1 is a strong neutrosophic switchboard subsystem of F. 





Theorem 4.10. Let F* be a NGFSA and let [ = (U1, [42, [3) be a neutrosophic subset of Q. If wis a strong 
neutrosophic switchboard subsystem of F*, then Lt is a neutrosophic switchboard subsystem of F*. 


Proof. Let q,p € Q. Since y is a strong neutrosophic switchboard subsystem of rE and pu is switching, we 
have for all x € ¥, since ot((g,ui(q)),2,p) > 0, 63((g, ue (a), vp) < 1 and 63((g,u3(@)),v,p) < 1, 
Va € Xd, 





Hy (p) > Hy (a) > dF ((p, ui (p)), 2,9) = OF (a, (@), 2), 

Hg (P) S 43 (9) S 63((p, uz (9), 2, 4) S 03((a, 43 (9)), 2), 

3 (p) < ms (a) < 93((p, HS (p)), 2,9) < 03 ((a, us), 2, P)- 7 
It is clear that 4 is commutative. Thus /. is a neutrosophic switchboard subsystem of Ff”. 











5 Conclusions 


This paper attempt to develop and present a new general definition for neutrosophic finite automata. The 
general definition for (strong) subsystem also examined and discussed their properties. A comprehensive 
analysis and an appropriate methodology to manage the essential issues of output mapping in general fuzzy 
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automata were studied by Doostfatemen and Kremer [11]. Their approach is consistent with the output which 
is either associated with the states (Moore model) or with the transitions (Mealy model). Interval-valued fuzzy 
subsets have many applications in several areas. The concept of interval-valued fuzzy sets have been studied 
in various algebraic structures, see [7, 26]. On the basis [11] and [7], the future work will focus on general 
interval-valued neutrosophic finite automata with output respond to input strings. 


6 Acknowledgments 


This research work is supported by the Fundamental Research Grant Schemes (Vote No: 1562), Ministry of 
Higher Education, Malaysia. 


References 


[1] M. Abdel-Basset, M.Saleh, A. Gamal, F. Smarandache. An approach of TOPSIS technique for developing supplier se- 
lection with group decision making under type-2 neutrosophic number. Applied Soft Computing, 77 (2019), 438-452. 
doi:10.1016/j.asoc.2019.01.035 


[2] M. Abdel-Basset, V. Chang, A. Gamal, F. Smarandache. An integrated neutrosophic ANP and VIKOR method for 
achieving sustainable supplier selection: A case study in importing field. Computers in Industry, 106 (2019), 94-110. 
doi: 10.1016/j.compind.2018.12.017 


[3] M. Abdel-Basset, G. Manogaran, A. Gamal, F. Smarandache. A group decision making framework based on neutrosophic 
TOPSIS approach for smart medical device selection. Journal of Medical Systems, 43:38 (2019), 1-13. doi:10.1007/s10916- 
019-1156-1 


[4] M. Abdel-Basset, M. Mohamed. A novel and powerful framework based on neutrosophic sets to aid patients with cancer. 
Future Generation Computer Systems, 98 (2019), 144-153. doi: 10.1016/j.future.2018.12.019 


[5] K. Abolpour and M. M. Zahedi, L-general fuzzy automata. 2015 4th Iranian Joint Congress on Fuzzy and Intelligent Systems 
(CFIS), Zahedan, 2015, p 1-5. doi: 10.1109/CFIS.2015.7391673 


[6] K. Abolpour and M.M. Zahedi. General fuzzy automata theory based on the complete residuated lattice-valued. Iranian Journal 
of Fuzzy Systems, 14(5)(2017), 103-121. doi: 10.22111 / IJFS.2017.3435 


[7] M. Akram, N. Yagoob, J. Kavikumar. Interval-valued (6, 6)-fuzzy KU ideals of KU-algebras. International Journal of Pure and 
Applied Mathematics, 92(3) (2014), 335-349. doi:10.12732/Ajpam.v92i3.2 


[8] M. Ali, L. H. Son, M. Khan, N. T. Tung. Segmentation of dental X-ray images in medical imaging using neutrosophic 
orthogonal matrices. Expert Systems with Applications, 91 (2018), 434-441. doi:10.1016/j.eswa.2017.09.027 


[9] Y. Cao and Y. Ezawac. Nondeterministic fuzzy automata. Information Sciences, 191(2012), 86-97. doi: 
10.1016/j.ins.2011.12.024 


[10] I. Deli. Some operators with IVGSVTrN-numbers and their applications to multiple criteria group decision making, Neutro- 
sophic Sets and Systems, 25 (2019), 33-53. doi: 10.528 1/zenodo.263 1496 


[11] M. Doostfatemeh and S. C. Kremer. New directions in fuzzy automata. International Journal of Approximate Reasoning, 
38(2005), 175-214. doi: 10.1016/j.ijar.2004.08.001 


[12] M. Doostfatemeh and S. C. Kremer. General Fuzzy Automata, New Efficient Acceptors for Fuzzy Languages. 2006 IEEE 
International Conference on Fuzzy Systems, Vancouver, BC, 2006, p. 2097-2103. doi: 10.1109/FUZZY.2006. 1681991 





J. Kavikumar, D. Nagarajan, Said Broumi, F: Smarandache and M. Lathamaheswari. Neutrosophic General 
Finite Automata. 


Neutrosophic Sets and Systems, Vol. 27, 2019 35 





[13] 


[14] 


[15] 


[16] 


[17] 


[18] 


[19] 


[21] 


[22] 


[23] 


[24] 


[29] 


[30] 


M. Horry and M. M. Zahedi. Some (fuzzy) topologies on general fuzzy automata. Iranian Journal of Fuzzy Systems, 10(2013), 
73-89. doi: 10.2211 1/AIJFS.2013.1317. 


M. Horry. Irreducibility on general fuzzy automata. Iranian Journal of Fuzzy Systems, 13(2016), 131-144. 
doi: 10.2211 1/IJFS.2016.2363. 


M. Horry. Bipolar general fuzzy automata. Journal of Linear and Topological Algebra, 5(2)(2016), 83-91. 


M. Horry. Applications of a group in general fuzzy automata. Journal of Algebraic Structures and their Applications, 
4(2)(2017), 57-69. doi: 10.29252/asta.4.2.57 


A. T. Jahromi, P. Karimaghaee, S. G. Haghighi, M. Doostfatemeh and M. J. Er. Intelligent selective packet discarding using 
general fuzzy automata. 2008 IEEE International Conference on Systems, Man and Cybernetics, Singapore, 2008, p. 3714- 
3720. doi: 10.1 109/ICSMC.2008.48 11877 


J. Jin, Q. Li and Y. Li. Algebraic properties of L-fuzzy finite automata. Information Sciences, 234(2013), 182-202. doi: 
10.1016/j.ins.2013.01.018 


Y. B. Jun, Seon Jeong Kim, Florentin Smarandache. Interval neutrosophic sets with applications in BCK/BCI-algebra. Axioms, 
7(2) (2018), 23. 


Y. B. Jun. Intuitionistic fuzzy finite switchboard state machines. Journal of Applied Mathematics and Computation, 20(1- 
2)(2006), 315-325. doi: 10.1007/BF0283 1941 


Y. B. Jun and J. Kavikumar. Bipolar fuzzy finite state machines. Bulletin of the Malaysian Mathematical Sciences Society, 
34(1)(2011), 181-188. 


J. Kavikumar, A. Khamis and R. Roslan. Bipolar-valued fuzzy finite switchboard state machines. Lecture Notes in Engineering 
and Computer Science, 2200(1)(2012), 571-576. 


J. Kavikumar, A. Khamis and M. S. Rusiman. N-structures applied to finite state machines. [AENG International Journal of 
Applied Mathematics, 43(3)(2013), 233-237. 


J. Kavikumar, S. P. Tiwari, Nor Shamsidah Amir Hamzah and S. Sharan. Restricted cascade and wreath products of fuzzy 
finite switchboard state machines. Iranian Journal of Fuzzy Systems, 16(1)(2019), 75-88. doi: 10.2211 1/IJFS.2019.4485 


J. Kavikumar, S. P. Tiwari, Nur Ain Ebas and Nor Shamsidah Amir Hamzah. General fuzzy switchboard automata. New 
Mathematics and Natural Computation (Article in Press) doi: 10.1142S1793005719500157 


M. Kaviyarasu, K. Indhira, V.M. Chandrasekaran, J. Kavikumar. Interval-valued fuzzy subalgebra and fuzzy INK-ideal in 
INK-algebra. In: Madhu V., Manimaran A., Easwaramoorthy D., Kalpanapriya D., Mubashir Unnissa M. (eds) Advances in 
Algebra and Analysis. Trends in Mathematics. Birkhauser, Cham, 2018, 19-25. doi: 10.1007/978-3-030-01 120-83 


L. Li and D. W. Qiu. On the state minimization of fuzzy automata. IEEE Transactions on Fuzzy System, 23(2)(2015), 434-443. 
doi: 10.1109/TFUZZ.2014.23 15620 


K. Mohana, V.Christy, F. Smarandache. On multi-criteria decision making problem via bipolar single-valued neutrosophic 
settings, Neutrosophic Sets and Systems, 25 (2019), 125-135. doi: 10.528 1/zenodo.2631512 


J.N. Mordeson and D.S. Malik, Fuzzy automata and languages: Theory and Applications, Chapman and Hall/CRC, Lon- 
don/Boca Raton, 2002. 


N.A. Nabeeh, N. A, F Smarandache, M. Abdel-Basset, H.A. El-Ghareeb, A. Aboelfetouh. An integrated neutrosophic-TOPSIS 
approach and its application to personnel selection: A new trend in brain processing and analysis. IEEE Access, 7 (2019), 
29734-29744. 





J. Kavikumar, D. Nagarajan, Said Broumi, F: Smarandache and M. Lathamaheswari. Neutrosophic General 
Finite Automata. 


36 


Neutrosophic Sets and Systems, Vol. 27, 2019 





[31] D. Nagarajana, M. Lathamaheswari, Said Broumi, J. Kavikumar. A new perspective on traffic control management us- 
ing triangular interval type-2 fuzzy sets and interval neutrosophic sets. Operations Research Perspectives, (2019). doi: 
10.1016/j.orp.2019. 100099 

[32] D. Nagarajan, M. Lathamaheswari, Said Broumi, J. Kavikumar. Dombi interval valued neutrosophic graph and its role in 
traffic control management. Neutrosophic Sets and Systems, 24 (2019), 114-133. doi: 10.528 1/zenodo.2593948 

[33] R. G. Ortega, M. L. Vazquez, J. A. S. Figueiredo, A. Guijarro-Rodriguez. Sinos river basin social-environmental prospective 
assessment of water quality management using fuzzy cognitive maps and neutrosophic AHP-TOPSIS, Neutrosophic Sets and 
Systems, 23 (2018), 60-171. doi: 10.528 1/zenodo.2158501 

[34] D. W. Qiu. Automata theory based on complete residuated lattice-valued logic. Science in China (Series F: Information 
Sciences), 44(6)(2001), 419-429. doi: 10.1007/BF027 13945 

[35] E.S. Santos. Fuzzy automata and languages. Information Sciences, 10(1981), 193-197. doi: 10.1016/0020-0255(76)90040-2 

[36] Y. Sato and N. Kuroki. Fuzzy finite switchboard state machines. J. Fuzzy Mathematics, 10(4) (2002), 863-874. 

[37] M. Shamsizadeh and M.M. Zahedi. Intuitionistic general fuzzy automata. Soft Computing, 20(9) (2016), 3505-3519. doi: 
10.1007/s00500-015-1969-x 

[38] F. Smarandache. A unifying Field in logics: Neutrosophy, neutrosophic probability, set and logic, Rehoboth, American Re- 
search Press, 1999. 

[39] F. Smarandache. Neutrosophic set - a generalization of the intuitionistic fuzzy set. Granular Computing 2006 IEEE Interna- 
tional Conference, 8-42, 2006. doi:10.1109/GRC.2006.1635754 

[40] U. Rivieccio. Neutrosophic logics: Prospects and problems. Fuzzy sets and systems, 159(14)(2018), 1860-1868. 
doi:10.1016/j.fss.2007.11.011 

[41] A. K. Srivastava and S. P. Tiwari. On relationships among fuzzy approximation operators, fuzzy topology, and fuzzy automata. 
Fuzzy Sets and Systems, 138(1)(2003), 197-204. doi: 10.1016/S0165-0114(02)00442-6 

[42] M. Tahir and Q. Khan. Interval neutrosophic finite switchboard state machine. Afrika Matematika, 27(2016), 1361-1376. doi: 
10.1007/s13370-016-0416-1 

[43] M. Tahir, Q. Khan, K. Ullah and N. Jan. Single valued neutrosophic finite state machine and switchboard state machine. New 
Trends in Neutrosophic Theory and Applications, IT, 2018, p. 384-402. 

[44] H. Wang, F. Smarandache, Y.Q. Zhang, R. Sunderraman. Single-valued neutrosophic sets. Multispace and Multistructure, 4 
(2010), 410-413. 

[45] H. Wang, F Smarandache, R. Sunderraman, Y. Q. Zhang. Interval neutrosophic sets and logic: Theory and applications in 
computing, Hexis, Phoenix, AZ, 2005. 

[46] W. G. Wee. On generalizations of adaptive algorithm and application of the fuzzy sets concept to pattern classification; Ph.D. 
Thesis, Purdue University, 1967. 

[47] L. A. Zadeh. Fuzzy sets. Information and Control, 8(1965), 338-353. doi: 10.1016/S0019-9958(65)90241-X 

Received: March 12, 2019. Accepted: April 30, 2019. 





J. Kavikumar, D. Nagarajan, Said Broumi, F: Smarandache and M. Lathamaheswari. Neutrosophic General 
Finite Automata. 


TEV G) 
Ya N SS Neutrosophic Sets and Systems, Vol.27, 2019 37 


i 
NM University of New Metco <p 





Generalized Neutrosophic Exponential map 


'* R.Dhavaseelan,’R. Subash Moorthy and °S. Jafari 


! Department of Mathematics, Sona College of Technology, Salem-636005,Tamil Nadu, India. E-mail: dhavaseelan.r @ gmail.com 
? Department of Mathematics, Amrita School of Engineering,Coimbatore-641112,Tamil Nadu,India. E-mail: subashvnp @ gmail.com 
3 Department of Mathematics, College of Vestsjaelland South, Herrestraede 11, 4200 Slagelse, Denmark. E-mail: jafaripersia@ gmail.com 


“Correspondence: Author (dhavaseelan.r@ gmail.com) 
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discussed. 


Keywords: gX locally Compact Hausdorff space; gX product topology; gX compact open topology; g& homeomor- 
phism; gX evaluation map; gX Exponential map. 


1 Introduction 


Ever since the introduction of fuzzy sets by Zadeh [12] and fuzzy topological space by Chang [5], several 
authors have tried successfully to generalize numerous pivot concepts of general topology to the fuzzy setting. 
The concept of intuitionistic fuzzy set was introduced are studied by Atanassov [1] and many works by the 
same author and his colleagues appeared in the literature [[2],[3],[4]]. The concepts of generalized intuitionistic 
fuzzy closed set was introduced by Dhavaseelan et al[6]. The concepts of Intuitionistic Fuzzy Exponential Map 
Via Generalized Open Set by Dhavaseelan et al[8]. After the introduction of the neutrosophic set concept [[10], 
[11]]. The concepts of Neutrosophic Set and Neutrosophic Topological Spaces was introduced by A.A.Salama 
and S.A.Alblowi[9]. 

In this paper the concept of gX compact open topology are introduced. Some interesting properties are 
discussed. In this paper the concepts of gX local compactness and generalized N— product topology are 
developed. We have Throughout this paper neutrosophic topological spaces (briefly NTS) (51, €1),(S2, €2) 
and (53, €3) will be replaced by 5,52 and 53, respectively. 


2 Preliminiaries 


Definition 2.1. [10, 11] Let T,I,F be real standard or non standard subsets of |0~, 1*|, with supr = tsup, infr = 
tinf 

SUPT = tsup, Nfl = ling 

SUPP = oe inf r = Tag 

n — Sup = C sup + via + T stig 

n—inf = ting + ting + fing . T,L.F are N— components. 
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Definition 2.2. [10, 11] Let 5; be a non-empty fixed set. A N— set (briefly N-set) A is an object such that 
A = {(@, 1, (x), 0,(@),y,(@)) : « € Si} where w,(x),0,(x) and y,(2) which represents the degree of 
membership function (namely j,(x)), the degree of indeterminacy (namely o,(x)) and the degree of non- 
membership (namely 7, (x)) respectively of each element x € Sj to the set A. 


Remark 2.1. [10, 11] 


(1) An N-set A = {(x, u,(@),0, (x), P,(x)) : « € Sy} can be identified to an ordered triple (uw,,0,,0,) in 
]O~,1*[ on $4. 


(2) In this paper, we use the symbol A = (,,0,,0°,) for the N-set A = {(x, ,(%),0,(%),P,(x)) : 2 € 
Si}. 


Definition 2.3. [7]Let S; 4 @ and the N-sets A and I be defined as 
A= {(X, Hy (%), 0, (z), T(z) :HE Si}, P= {{X, (x), 0, (x), T(x) :LE Si}. Then 


(a) A CT iff p(x) < p,(x),0,(2) <o,(x) andT, (x) > 2, (2) forall x € Sy; 
(b) A=TiffA Cl andl CA; 
(c) A= {(x,T, (x), 0, (x), (2) : « € $1}; [Complement of A] 
(d) ANT = {(a, 4, (2) A Hp (2), 04 (2) Ao, (2), Py (2) VT ,(@)) 2 2 € Si}; 
(ce) AUT = {(x, (2) V My (2), 04 (2) V 0, (2), P(e) Ay (2): & € Si}; 
(f) [JA = {(z, uy (2), 0, (@), 1 — py (x)) s & € Si}; 
(g) QA ={(e,1—T, (@),0,(@),T,(@)) : 2 © Si}. 
Definition 2.4. [7] Let {A; : 7 € J} be an arbitrary family of N-sets in S;. Then 
(a) (Ai = {(2, Ava, (2), Ao,, (2), VP g, (&)) 2 & € Si}; 
(b) UA: = {(2, Vey, (2), Von, (2), AT, (@)) 2 & © Si}. 


Since our main purpose is to construct the tools for developing NTS, we must introduce the N— sets 0,, 
and 1, in X as follows: 


Definition 2.5. [7] 0, = {(z,0,0,1): a2 ¢€ X}and1, = {(z,1,1,0): a2 € X}. 


Definition 2.6. [7]A X— topology (briefly N-topology) on S, 4 @) is a family €, of N-sets in 5; satisfying the 
following axioms: 


(i) Dis de € Cis 
(ii) G11 Ge, € T for any Gi, Go € &1, 
(iii) UG; € & for arbitrary family {G; | i € A} C &. 


In this case the ordered pair (51, €) or simply 5; is called an NT’S and each N-set in € is called a N— open set 
(briefly N-open set) . The complement A of an N-open set A in S} is called a N— closed set (briefly N-closed 
set) in Sj. 
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Definition 2.7. [7] Let A be an N-set in an NT'S' S,. Then 
Nint(A) = Uf{G | Gis an N-open set in S; and G C A} is called the N— interior (briefly N-interior ) of A; 
Ncl(A) = (\{G | G is an N-closed set in S; and G D A} is called the N— closure (briefly N-cl) of A. 


Definition 2.8. [7] Let X be a nonempty set. If r, t, s be real standard or non standard subsets of }0~, 1*| then 
the X— set x,4,, 1s called a N— point(in short NP )in X given by 


les (67S), iy, 
LrtslXLp) = 
- (0,0, 1), if x # Up 


for x, € X is called the support of ,.4,,.where r denotes the degree of membership value, t denotes the degree 


of indeterminacy and s is the degree of non-membership value of 7,.;.s. 


Definition 2.9. [7] Let (S;,&,) be a NTS. A X— set A in (.51, €;) is said to be a gX closed set if Nel (A) CT 
whenever A C [I and [ is a X— open set. The complement of a gX closed set is called a gX open set. 


Definition 2.10. [7] Let (X, 7) be a N— topological space and A be a X— set in X. Then the N— generalized 
closure and X— generalized interior of A are defined by, 
()NGc(A) = f){G: Gis a generalized X— closed 
set in S; and A C G}. 
(ii) NGint(A) = lU{G: Gisa generalized N— open 
set in S; and A D G}. 


3 Neutrosophic Compact Open Topology 


Definition 3.1. Let S, and Sp be any two NTS. A mapping f : S; — Sy» is generalized neutrosophic[briefly 
gX] continuous iff for every gX open set V in 5S», there exists a gX open set U in S; such that f(U) C V. 


Definition 3.2. A mapping f : S; — Sz is said to be gX homeomorphism if f is bijective,gX continuous and 
gX open. 


Definition 3.3. Let S; be a NTS. 5S; is said to be gX Hausdorff space or T> space if for any two N— sets A and 
Bwith AN B = Ox,there exist gX open sets U and V, such that AC U,B CV andU NV =O0Q. 


Definition 3.4. A NTS 5S; is said to be gX locally compact iff for any & set A, there exists a gX open set G, 
such that A C G and G is gX compact. That is each gX open cover of G has a finite subcover. 


Remark 3.1. Let S; and S_ be two NTS with S; N— compact. Let z,;, be any N— point in S;. The X— 
product space S; x S2 containing {x,4,,} x S2. It is cleat that {x4} x Sp is N— homeomorphic to 55 


Remark 3.2. Let S; and S; be two NTS with S,; N— compact. Let z,,, be any N— point in S;. The X— 
product space S; x S2 containing {7,45} < So. {X45} So is N— compact. 


Remark 3.3. A %— compact subspace of a N— Hausdorff space is N— closed. 
Proposition 3.1. A gX Hausdorff topological space S,,the following conditions are equivalent. 


(a) Sj; is gX locally compact 
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(b) for each 8 set A, there exists a gX open set G in S; such that A C G and NGcl(G) is gX compact 


Proof. (a) = (b) By hypothesis for each X— set A in Sj, there exists a gX open set G, such that A C G and 
G is gX compact.Since S is gX Hausdorff, by Remark 3.3(gX compact subspace of gX Hausdorff space is gX 
closed),G is gX closed,thus G = NG‘cl(G). Hence A C G = NGcl(G) and NGcl(G) is gX& compact. 

(b) = (a) Proof is simple. 


Proposition 3.2. Let 5S; be a gX Hausdorff topological space. Then 5} is gX locally compact on an N— set A 
in S, iff for every gX open set G containing A, there exists a gX open set V, such that A C V,NGcl(V) is g& 
compact and NGcl(V) C G. 
Proof. Suppose that S is gX locally compact on an N— set A. By Definition 3.4,there exists a gX open set G, 
such that A C G and G is gX compact. Since S; is gX Hausdorff space, by Remark 3.3(gX compact subspace 
of gX Hausdorff space is gX closed ),G is gX closed,thus G = NGcl(G).Consider an N— set A C G.Since 
S, is gX Hausdorff space, by Definition 3.3, for any two N— sets A and B with AN B = OQ, there exist 
a gX open sets C' and D,such that A C C, B C DandC OD = 0,. Let V = CNG. Hence V CG 
implies NGcl(V) C NGcl(G) = G. Since NGcI(V) is gX closed and G is gX compact,by Remark 3.3(every 
gX closed subset of a gX compact space is gX compact) it follows that NGcI(V) is N— compact. Thus 
AC NGcl(V) C G and NGclI(G) is gX& compact. 

The converse follows from Proposition 3.1(b). 


Definition 3.5. Let S, and Sj be two NTS. The function T : S; x S23 — S2 x S; defined by T(x, y) = (y, 2) 
for each (x, y) € S1 x S is called a N— switching map. 


Proposition 3.3. The N— switching map T': S, x S, — S_ x S defined as above is gX continuous. 


We now introduce the concept of gX compact open topology in the set of all gX continuous functions from 
aNTS Si toaNTS So. 


Definition 3.6. Let S and S2 be two NTS and let S3! = {f : 5, — $2 such that f is gX continuous}. We give 

this class $3! a topology called the gX compact open topology as follows:Let K = {K € I° : K is gX compact 

Si} and V = {V € I? : V is gX open in $2}. Forany K €KandV €YV,let S,,={f € See Ve 
The collection of all such {5,.,,: K € K,V € V} generates an X— structure on the class $3". 


4 Generalized Neutrosophic Evaluation Map and Generalized Neutro- 
sophic Exponential Map 


We now consider the gX product topological space $3! x 5S, and define a gX continuous map from S3! x Si 
into Sp. 


Definition 4.1. The mapping e : S3! x S; — S> defined by e(f,A) = f(A) for each X— set A in S; and 
fe Se * is called the gX evaluation map. 


Definition 4.2. Let S),52 and_S3 be three NTS and f : S3 x S; — So be any function. Then the induced map 


a~ 


f:S,7 S53 is defined by (f(Ai))(A2) = f(Ae, Ax) for N— sets Ay of S; and A2 of S3. 
2 am 


Conversely,given a function f : S; — S>*, a corresponding function f can be also be defined be the same 
rule. 
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Proposition 4.1. Let S; be a gX locally compact Hausdorff space. Then the gX evaluation map e : is *x S13 
S2 is gX continuous. 
Proof. Consider (f,A,) € S>! x Si,where f € $3! and N— set A, of S;. Let V be a gX open set containing 
f(A1) = e(f, A1) in So. Since S} is gX locally compact and f is gX continuous,by Proposition 3.2, there exists 
an gX open set U in S;, such that A; C NGcl(U) and NGcl(U) is gX compact and f(NGcl(U)) CV. 
Consider the gX open set $6.4), X U in oF x 51.(f, A1) is such that f € Sxeewyv and A; C U. Let 
(g, Az) be such that g € Sxeeuyv and Az C U be arbitrary, thus g(NGd(U)) C V. Since Ag C U,we have 
g(A2) C V and e(g, Az) = g(A2) C V.Thus e(S x U) CV. Hence e is gX continuous. 


NGel(U),V 


Proposition 4.2. Let S; and Sj be two NTS with S2 is gX compact. Let A; be any N— set in S; and N bea 
gX open set in the gX product space S; x S2 containing {A,} x Sy». Then there exists some gX open W with 
Ay C W in Si, such that {A,} x So Cc W x So c N. 

Proof. It is clear that by Remark 3.1, {A,} x S_ is gX homeomorphism to Sj and hence by Remark 3.2, 
{Ai} x S_ is gX compact. We cover {A,} x 5S» by the basis elements {U x V }(for the gX product topology) 
lying in V.Since {A,} x Sz is gX compact,{U x V } has a finite subcover, say a finite number of basis elements 
U, x Vi,...,Un < Vn. Without loss of generality we assume that {A,;} C U; for each i = 1,2,...,n.Since 
otherwise the basis elements would be superfluous. 

Let W = ()j_, Uj. Clearly W is gX open and A, C W. We show that W x 5S, C Ui, (U; x Vj). Let 
(A,, B) be an N— set in W x Sy. Now (A,,B) C U; x V; for some i, thus B C V;. But A, C U; for 
every i = 1,2,...,n(because A; C W). Therefore, (A;, B) C U; x V; as desired. But U; x V; C N for all 
i=1,2,...,nandW x Sp CU, (U; x Vi), therefore W x Sp CN. 


Proposition 4.3. Let S3 be a gX locally compact Hausdorff space and 5), Sy be arbitrary NTS. Then a map 
fe: S3 x S; — Sp» is gX& continuous iff f: 5S, > oe is gX continuous,where 7 is defined by the rule 
(f(A1)) (Az) = f(A2, Ai). 

Proof. Suppose that fis gX continuous. Consider the functions $3 x 9, > x fS3 x SPs + S23 x Ss > So, 
where iz denote the N— identity function on Z,t denote the N— switching map and e denote the gX evaluation 
map. Since et(iz x f)(A2, A1) = et(Ae, f(A1)) = e(f(A1), A2) = (f(A1))(A2) = f(A2, A1) it follows that 
Peng x f) and f being the composition of gX continuous functions is itself gX. 

Conversely,suppose that f is gX continuous,let A; be any arbitrary N— set in S;. We have F(Ay) € 
S3°.Consider S,,,, = {g € 53°: g(K) C U,K € 1%? is gX compact and U € I? is gX open}, containing 
f(A). We need to find a gX open W with A; C W,such that f(A) Cas 
a gX continuous map. oe 

For any X— set Ay in K, we have (f(A,))(A2) = f(Ae, Ai) € U thus f(K x {A;}) C JU, that is 
K x {Ai} © f7!(U). Since f is gX continuous, f~!(U) is a gX open set in S3 x $).Thus f~'(U) is a gX 
open set S3 x S; containing K x {A,}. Hence by Proposition 4.2, there exists a gX open W with A; C W 
in S;, such that K x {A,;} C K x W C f-l(U). Therefore f(K x W) C U. Now for any A, C W and 
Ay © K,f (Ao, A1) = (f(A1))(Az) C U-Therefore f(A1)(K) C U for all Ay C W. That is f(A1) € Sy, for 
all A; C W.Hence f(W) CS, ,, as desired. 


; this will suffice to prove fi to be 


Proposition 4.4. Let S; and 53 be two gX locally compact Hausdorff spaces. Then for any NTS So, the 
function E : S5°**" — (9$8)* defined by E(f) = f(that is E(f)(A1)(A2) = f(A, Ar) = (f(A1))(Aa)) for 
all f : S3 x X — S> is a gX homeomorphism. 

Proof. 


(a) Clearly F is onto. 
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(b) 


(c) 


(d) 


For E to be injective. Let E(f) = E(g) for f,g : S3 x Sy; — S>.Thus f = g,where f and g are 
the induced maps of f and g respectively. Now for any X— set A; in S; and any X— set Ap in S3, 
f (Aa, Ai) = (f(A1))(A2) = (9(A1)) (Az) = g(Ae, Ai)sthus f = g. 


For proving the gX continuity of &,consider any gX subbasis neighbourhood V of fin (S45 that is 
V is of the form S,, ,, where K is a gX compact subset of S; and W is gX open in S3%. Without loss of 
generality we may assume that W = S, ,, where L is a gX compact subset of 3 and U is a gX open set in 
S'y.Then f(K) CS, = W and this implies that f(K)(L) C U. Thus for any N— set A; C K and for all 
N— sets Ap C L. We have (f(A1))(Ap) C U, that is f(A2, A) C U and therefore f(Z x k) C U. Now 
since Lis gX compact in S3 and K is gX compact in S$), x K is also gX compact in $3 x 5S; [6] and since 
U is a gX open set in Sy, we conclude that f € S44, C S9°°"". We assert that E(S,,¢y) C Sy Let 
9 © S..¢y be arbitrary. Thus g(L x Kk) C U, that is g(/A2, Ai) = (g(A1))(A2) © U for all X— sets 
A, C Lin $3 and for all N— sets A; C K in S;.So (g(A1))(L) C U for all N— sets A, C K in S} , that 
is g(A1) CS, = W for all N— sets A; C K in U.Hence we have g() C W, that is ¢ = E(g) € Shy 
for any g € S, Thus E(S ) SS, w- This proves that F is gX continuous. 


LxK,U" LxK,U 


For proving the gX continuity of E~', we consider the following gX evaluation maps: e; : (S3%)* x 
S, > S3% defined by er(f, Ai) = f(A1) where f € (S33)"* and A, is an N— set in S, and eg : 
S38 x Sx —» Sy defined by e2(g,A2) = g(A2) where g € S3* and Ay is a N— set in 3. Let 
~ denote the composition of the following gX continuous functions { : (S3 x Si) x x (S83) a 
(S$3)™ x ($3 x $1) “5 (S89) x (51 x Ss) S ((S82)™ x $1) x Sg 2S (88) x Sy So, 
where i, iz denote the N— identity maps on (53 3)" and S33 respectively and 7’, t denote the N— switch- 
ing maps.Thus 7 : (S3 x Si) x a Oa) — > Sy that is w € {SxS We consider the map 
E: gfSs%S)™(S29)"7 — (95 ($31)($39)° * (as defined in the statement of the proposition in fact it is £). 
So E(w) : (S83) > Birenel) Now for any X— sets A» in S3,A) in S; and f € ghee again to check 
that (E(2) o E)(f)(Az, Ai) = f (Ao, Ar); hence E(w) 0 E=identity. Similarly for any g € (See) 
and N— sets A; in S},A in 53, again to check that (EF o E(w))(G g)(Ai, A2) = (g(A1))(A2);hence 
EoE (w))=identity. Thus E is a gX homeomorphism. 


Definition 4.3. The map £ in Proposition 4.4 is called the gX exponential map. 


As easy consequence of Proposition 4.4 is as follows. 


Proposition 4.5. Let S,,.52 and S3 be three g& locally compact Hausdorff spaces. Then the map N : $3" x 
S3°? — 3°" defined by N(f,g) = g 0 f is gX continuous. 


Proof. Consider the following compositions: Si X he x 3°? z 2359! x S35 x $; —> S33 x So os SS 


S 
S35 


txtx 


x (Se? x $,;) — wae, S3°2 x Sy => S3 where T,t denote the N— switching maps, ix,i denote the N— 


identity functions on S, and $3} respectively and e2 denote the gX evaluation maps. Let y = e€2 0 (i X €2) 0 


Ss ; ; 
(t x ix) oT. By proposition 4.4, we have an exponential map. E : Gxes Oe (5351) 52'*538 Since 
S 
yp € 9351%52"582 B(y) © ($351)52'*599, Let N = E(y),that is N : S$" x $3 — S35" is an gX continuous. 
For f € 93!,g € $33 and for any X— set A, in Sj, it is easy to see that N(f,g)(A1) = g(f(A1)). 
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5 


Conclusions 


In this paper, we introduced the concept of gX compact open topology and Some characterization of this 
topology are discussed. 
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Abstract. Membership function (MF) plays a key role for getting an output of a system and hence it influences system’s per- 
formance directly. Therefore choosing a MF is an essential task in fuzzy logic and neutrosophic logic as well. Uncertainty is 
usually represented by MFs. In this paper, a novel Matlab code is derived for trapezoidal neutrosophic function and the validity 
of the proposed code is proved with illustrative graphical representation 


Keywords: Membership function, Matlab code, Trapezoidal neutrosophic function, Graphical representation 


1 Introduction 


The membership function (MF) designs a structure of practical relationship to relational structure 
numerically where the elements lies between 0 and 1. By determining the MFs one can model the relationship 
between the cognitive and stimuli portrayal in fuzzy set theory [1]. The computed MF will provide a solution to 
the problem and the complete process can be observed as a training and acceptable approximation to the function 
from the behavior of the objects [2]. This kind of MFs can be utilized for the fuzzy implication appeared in the 
given rules to examine more examples [3]. 

The MFs of fuzzy logic is nothing but a stochastic representation and are used to determine a 
probability space and its value may be explained as probabilities. The stochastic representation will to know the 
reasoning and capability of fuzzy control [4]. MFs which are characterized in a single domain where the 
functions are in terms of single variable are playing a vital role in fuzzy logic system. FMFs determine the 
degree of membership (M/S) which is a crisp value. Generally MFs are considered as either triangular or 
trapezoidal as they are adequate, can be design easily and flexible [5]. 

MFs can be carried out using hardware [6]. MFs are taking part in most of the works done under fuzzy 
environment without checking their existence for sure and also in the connection between a studied characteristic 
for sure and its reference set won’t be problematic as it is a direct measurement [7]. It is adorable to have 
continuously differentiable MFs with less parameters [8]. MFs plays an important role in fuzzy classifier (FC). 
In traditional FC, the domain of every input variable is separated into various intervals. All these intervals is 
assumed to be a FS and a correlated MF is determined. Hence the input space is separated again into various sub 
regions which are all parallel in to input axes and a fuzzy rule is defined for all these sub regions if the input 
belongs to the sub region then it is also belongs to the associated class with the sub region. 

Further the degrees of M/S of an unidentified input for all the FSs are evaluated and the input is 
restricted into the class with maximum degree of M/S. Thus the MFs are directly control the performance of the 
fuzzy classifier [10]. If the position of the MF is changed then the direct methods maximize the understanding 
rate of the training data by calculating the total increase directly [11]. Estimation of the MF is usually based on 
the level of information gained with the experiment transferred by the numerical data [12]. Due to the important 
role of MFs, concepts of fuzzy logic have been applied in many of the control systems for controlling the robot, 
nuclear reactor, climate, speed of the car, power systems, memory device under fuzzy logic, aircraft flight, 
mobile robots and focus of a camcorder. 
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There has been a habit of restrain the MFs into a well-known formats like triangular, trapezoidal and 
standard Gaussian or sigmoid types [13]. In information systems the incomplete information can be designed by 
rough sets [20]. Neutrosophy has established the base for the entire family of novel mathematical theories which 
generalizes the counterparts of the conventional and fuzzy sets [21]. The success of an approach depends on the 
MFs and hence designing MFs is an important task for the process and the system. Theory of FSs contributes the 
way of handling impreciseness, uncertainty and vagueness in the software metrics. The uncertainty of the 
problem can be solved b considering MFs in an expert system under fuzzy setting. Triangular and trapezoidal 
MFs are flexible representation of domain expert knowledge and where the computational complexity is less. 
Hence the derivation of the MF is need to be clarified. 

The MFs are continuous and maps from any closed interval to [0,1]. Also which are all either 
monotonically decreasing or increasing or both [22]. A connectively flexible aggregation of crisp and imprecise 
knowledge is possible with the horizontal MFs which are capable of introducing uncertainty directly [23]. There 
are effective methods for calculating MFs of FSs connected with few multi criteria decision making problem 
[25]. Due to the possibility of having some degree of hesitation, one could not define the non-membership 
degree by subtracting membership degree from | [26]. The degree of the fuzzy sets will be determined by FMFs. 
[30] Crisp value is converted into fuzzy during fuzzification process. If uncertainty exists on the variable then 
becomes fuzzy and could be characterized by MFs. The degree of MF is determined by fuzzification. 

In the real world problems satisfaction of the decision maker is not possible at most of the time due to 
impreciseness and incompleteness of the information of the data. Fuzziness exist in the FS is identified by the 
MF [27]. he uncertainty measure is the possible MF of the FS and is interpreted individually. This is the 
advantage of MFs especially one needs to aggregate the data and human expert knowledge. Designing MFs vary 
according to the ambition of their use. Membership functions influence a quality of inference [31]. 

Neutrosophy is the connecting idea with its opposite idea also with non-committal idea to get the 
common parts with unknown things [36]. Artificial network, fuzzy clustering, genetic algorithm are some 
methods to determine the MFs and all these consume time with complexities. The MFs plays a vital role in 
getting the output. The methods are uncertain due to noisy data and difference of opinion of the people. The 
most suitable shape and widely used MFs in fuzzy systems are triangular and trapezoidal [37]. Properties and 
relations of multi FSs and its extension are depending on the order relations of the MFs [38]. FS is the class of 
elements with a continuum of grades of M/S [39]. 

The logic of neutrosophic concept is an explicit frame trying to calculate the truth, IIndetrminacy and 
falsity. Smarandache observes the dissimilarity of intuitionistic fuzzy logic (IFL) and neutrosophic logic (NL). 
NL could differentiate absolute truth (AT) and relative truth (RT) by assigning 1* for AT and 1 for RT and is 
also applied in the field of philosophy. Hence the standard interval [0,1] used in IFS is extended to non- 
standard ]°0,1*[ in NL. There is not condition on truth, indeterminacy and falsity which are all the subsets of non- 


standard unitary interval. This is the reason of considering “0 ~0 <inf T <inf J <inf F <supT <sup/ <sup F <3* and 


which is useful to characterize para consistent and incomplete information [40]. The generalized form of 
trapezoidal FNs, trapezoidal IFNs, triangular FN and TIFNs are the trapezoidal and triangular neutrosophic 
fuzzy number [48]. 





2 Review of Literature 


The authors of, [Zysno 1] presented a methodology to determine the MFs analytically. [Sebag and 
Schoenauer 2] Established algorithms to determine functions from examples. [Bergadano and Cutello 3] 
proposed an effective technique to learn MFs for fuzzy predicates. [Hansson 4] introduce a stochastic perception 
of the MFs based on fuzzy logic. [Kelly and Painter 5] proposed a methodology to define N-dimensional fuzzy 
MFs (FMFs) which is a generalized form of one dimensional MF generally used in fuzzy systems. [Peterson et al. 
6] presented a hardware implementation of MF. [Royo and Verdegay 7] examined about the characterization of 
the different cases where the endurance of the MF is assured. 

[Grauel and L. A. Ludwig 8] proposed a class of MFs for symmetrically and asymmetrically in 
exponential order and constructed a more adaptive MFs. [Straszecka 9] presented preliminaries and methodology 
to define the MFs of FSs and discussed about application of FS with its universe, certainty of MFs and format. 
[Abe 10] examined the influence of the MFs in fuzzy classifier. [Abe 11] proved that by adjusting the slopes and 
positions the performance of the fuzzy rule classification can be improved [Pedrycz and G. Vukovich 12] 
imposed on an influential issue of determining MF. [J. M. Garibaldi and R. I. John 13] focused more MFs which 
considered as the alternatives in fuzzy systems [T. J. Ross 14] established the methodology of MFs. 

[Brennan, E. Martin 15] proposed MFs for dimensional proximity. [Hachani et al. 16] Proposed a new 
incremental method to represent the MFs for linguistic terms. [Gasparovica et al. 17] examined about the 
suitable MF for data analysis in bioinformatics. [Zade and Ismayilova 18] investigated a class of MFs which 
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conclude the familiar types of MFs for FSs. [Bilgic 19] proposed a method of measuring MFs. [Broumi et al. 20] 
established rough neutrosophic sets and their properties. [Salama et al. 21] proposed a technique for constructing. 
[Yadava and Yadav 22] proposed an approach for constructing the MFs of software metrics. [Piegat and M. 
Landowski 23] proposed horizontal MFs to determine the FS instead of usual vertical MFs. [Mani 24] reviewed 
the relation between different meta theoretical concepts of probability and rough MFs critically. 

[Sularia 25] showed their interest of multi-criteria decision analysis under fuzzy environment. [Ali and 
F. Smarandache 26] Introduced complex NS. [Goyal et al. 27] proposed a circuit model for Gaussian MF. [Can 
and Ozguven 28] proposed fuzzy logic controller with neutrosophic MFs. [Ali et al. 29] introduced 6 -equalities 
and their properties of NSs. [Radhika and Parvathi 30] introduced different fuzzification methods for 
intuitionistic fuzzy environment. [Porebski and Straszecka 31] examined diagnosing rules for driving data which 
can be described by human experts. [Hong et al. 32] accumulated the concepts of fuzzy MFs using fuzzy c- 
means clustering method. 

[Kundu 33] proposed an improved method of approximation of piecewise linear MFs with the support 
of approximation of cut function obtained by sigmoid function. [Wang 34] proposed the operational laws of 
fuzzy ellipsoid numbers and straight connection between the MFs which are located on the junctions and edges. 
[Mani 35] studied the contemplation of theory of probability over rough MFs. [Christianto and Smarandache 36] 
offered a new perception at Liquid church and neutrosophic MF. [Asanka and A. S. Perera 37] introduced a new 
approach of using box plot to determine fuzzy Function with some conditions. [Sebastian and F. Smarandache 
38] generalized the concepts of NSs and its extension method. [Reddy 39] proposed a FS with two MFs such as 
Belief and Disbelief. [Lupianeza 40] determined NSs and Topology. 

[Zhang et al. 41] derived FMFs analytically. [Wang 42] framed a framework theoretically to construct 
MFs in a hierarchical order. [Germashev et al. 43] proposed convergence of series of FNs along with Unimodal 
membership. [Marlen and Dorzhigulov 44] implemented FMF with Memristor. [Ahmad et al. 45] introduced 
MFs and fuzzy rules for Harumanis examinations [Buhentala et al. 46] explained about the procedure and 
process of the Takagi-Sugeno fuzzy model. [Broumi et al. 47-55] proposed few concepts of NSs, triangular and 
trapezoidal NNs. 


From this literature study, to the best our knowledge there is no contribution of work on deriving membership 
function using Matlab under neutrosophic environment and hence it’s a motivation of the present work. 


3 Preliminaries 


Definition: A trapezoidal neutrosophic number a= ((a,b,c.d);w uy ) is a special neutrosophic set on 
a a a 


the real number set R, whose truth-membership, indeterminacy— membership and falsity-membership functions 
are defined as follows: 














(x=a) | 5 pews (b-x)+u,(x-a) io eels 
(b= a)" (= «) 
w », b<x<ec Uu », b<xe 
Ha(x)= (d-x) als)= (x-c)+u (d-x) 
w , csSx<d a > CSx<d 
(d-c) a (d-c 
0 , otherwise 1 , otherwise 





ae , asx<b 
-a 
y , b<xe 
A (x)= . 
2 (x-c)+y (d-x) 
a , cesx<d 
(d-c) 
1 , otherwise 
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4. Proposed Matlab code to find Trapezoidal Neutrosophic Function 
In this section, trapezoidal neutrosophic function has been proposed using Matlab program and for the differennt 
membership values, pictorical representation is given and the Matlab code is designed as follows. 


Trapezoidal neutrosophic Function (trin) 
%x=45:70; 
%y,z]=trin(x,50,55,60,65, 0.6, 0.4,0.6)% 


U truth membership 
V indterminacy membership 
W :falsemembership 


function [y,z,t]=trin(x,a,b,c,d,u,v,w) 
y=zeros(1,length(x)); 
z=zeros(1,length(x)); 
t=zeros(1,length(x)); 
for j=1:length(x) 
if(x(j)<=a) 
yQ)=0; 
2Q)=1; 
t@=1; 
elseif(x(j)>=a)& &(x(j)<=b) 
y(=u*(((x(j)-a)/(b-a))); 
Z()=(((b-xG))+V*(xQ)-a))/(b-a)); 
tG)=(((b-xQ))+w*(x(Qj)-a))/(b-a)); 
elseif(x(j)>=b)&&(xG)<=c) 
yQ)=u; 
ZQ)=V; 
t@=w; 
elseif(x(j)>=c)& &(x(j)<=d) 
y(=u*(((d-x(Q))/(d-c))); 
ZQ)=(((XQ)-c)+v*(d-x(J)) /(d-c)); 
t()=(((xG)-c)+w*(d-x(j)))/(d-c)); 
elseif(x(j)>=d) 
yQ)=0; 
zQ)=1; 
t@=1; 
end 
end 
plot(x,y,x,z,x,t) 
legend('Membership function’','indeterminate function',"Non-membership function’) 


end 
4.1 Example 
The figure 1 portrayed the pictorical representation of the trapezoidal neutrosophic function 


a =((0.3,0.5,0.6,0.7);0.4,0.2,0.3) 


The line command to show this function in Matlab is written below: 


x=0:0.01:1; 
Ly,z,t]=trin(x,0.3,0.5,0.6,0.7, 0.4, 0.2,0.3) 
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Figure 1: Trapezoidal neutrosophic function for example 4.1 


4.2 Example 

The figure 2 portrayed the trapezoidal neutrosophic function of a= ((50,55,60,65);0.6,0.4,0.3) 
The line command to show this function in Matlab is written below: 

>> x=45:70; 

Ly,z]=trin(x,50,55,60,65, 0.6, 0.4,0.3) 








——— Membership function 
indterminate function 
Non-membership function 


























70 


Figure 2: Trapezoidal neutrosophic function for example 4.2 


4.3 Example 


The figure 3 portrayed the triangular neutrosophic function of a= ((0.3,0.5,0.5,0.7);0.4,0.2,0.3) 


The line command to show this function in Matlab is written below: 


x= 0:0.01:1; 
[y,z,t]=trin(x,0.3, 0.5,0.5,0.7, 0.4, 0.2,0.3) 
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Figure 3: Triangular neutrosophic function for example 3 


Remark: if b= c, the trapezoidal neutrosophic function degenerate to triangular neutrosophic function as 
protrayed in figure 3. 


5. Qualitative analysis of different types of graphs 


The following analysis helps to know the importance of the neutrosophic graph where 
the limitations are possible as mentioned in the table for fuzzy and intuitionistic fuzzy graphs. 





Types of graphs 


Advantages 


Limitations 





Graphs 


e Models of relations 

e describing information involving 
relationship between objects 

e Objects are represented by verti- 
ces and relations by edges 

e Vertex and edge sets are crisp 


e Unable to han- 
dle fuzzy rela- 
tion (FR) 





Fuzzy graphs (FGs) 


e Symmetric binary fuzzy relation 
on a fuzzy subset 

e Uncertainty exist in the descrip- 
tion of the objects or in the rela- 
tionships or in both 

e Able to handle FR with member- 
ship value 

e FGs models are more useful and 
practical in nature 


e Not able to deal 
interval data 





Interval valued FGs 


e Edge set of a graphs is a collec- 
tion of intervals 


e Unable to deal 
the case of non 
membership 








Intuitionistic 
(IntFGs) 


fuzzy 


graphs 





e Gives more certainty into the 
problems 

e Minimize the cost of operation 
and enhance efficiency 

e Contributes a adjustable model 
to define uncertainty and vague- 
ness exists in decision making 

e Able to deal non membership of a 
relation 





e Unable to han- 
dle interval da- 
ta 
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Interval valued IntFGs e Capable of dealing interval data e Unable to deal 











indeterminacy 





6. Conclusion 


Choosing a MF is an essential task of all the fuzzy and neutrosophic system (Control 


system or decision making process). Due to the simplicity (less computational complexity) 
and flexibility triangular and trapezoidal membership functions are widely used in many real 
world applications. In this paper, trapezoidal neutrosophic membership function is derived 
using Matlab with illustrative example. In future, this work may be extended to interval 
valued trapezoidal and triangular neutrosophic membership functions. 
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Abstract: In this paper, we introduce neutrosophic upper and neutrosophic lower almost pre-continuous-multifunctions 
as a generalization of neutrosophic multifunctions. Some characterizations and several properties concerning neutro- 

sophic upper and neutrosophic lower almost pre-continuous- multifunctions are obtained. further characterizations 

and several properties concerning neutrosophic upper (lower) pre-continuous continuous multifunctions are obtained. 

The relationship between these multifunctions and their graphs are investigated. 


Keywords: neutrosophic topology, neutrosophic pre-continuous multifunctions, neutrosophic pre open set, neutro- 
sophic continuous multifunctions, neutrosophic upper (lower) pre-continuous. 


1 Introduction 


The fundamental concept of the fuzzy sets was first introduced by Zadeh in his classical paper [12] of 1965. 
The idea of ’intuitionistic fuzzy sets” was first published by Atanassov [7] and many works by the same 
author and his colleagues appeared in the literature [15, 16]. The theory of fuzzy topological spaces was 
introduced and developed by Chang [6] and since then various notions in classical topology have been extended 
ta fuzzy topological spaces. In 1997, Coker [5] introduced the concept intuitionistic fuzzy multifunctions and 
studied their lower and upper intuitionistic fuzzy semi continuity from a topological space to an intuitionistic 
fuzzy topological space. F. Smarandache defined the notion of neutrosophic topology on the non-standard 
interval [13, 14, 18, 19, 20]. Also in various recent papers, F. Smarandache generalizes intuitionistic fuzzy 
sets (IFSs) and other kinds of sets to neutrosophic sets (NSs). Also, (Zhang, Smarandache, and Wang, 2005) 
introduced the notion of interval neutrosophic set which is an instance of neutrosophic set and studied various 
properties. Recently, Wadei Al-Omeri and Smarandache [9, 10, 14, 21, 22] introduce and study a number of 
the definitions of neutrosophic continuity, neutrosophic open sets, and obtain several preservation properties 
and some characterizations concerning neutrosophic functions and neutrosophic connectedness. the theory of 
multifunctions plays an important role in functional analysis and fixed point theory. It also has a wide range of 
applications in artificial intelligence, economic theory, decision theory,non-cooperative games. 

The concepts of the upper and lower pre-continuous multifunctions was introduced in [17].In this paper 
we introduce and study the neutrosophic version of upper and lower pre-continuous multifunctions. Inspired 
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by the research works of Smarandache [13, 2], we introduce and study the notions of neutrosophic upper 
pre-continuous and neutrosophic upper pre-continuous multifunctions in this paper. Further, we present some 
characterizations and properties. 

This paper is arranged as follows. In Section 2, we will recall some notions which will be used throughout 
this paper. In Section 3, neutrosophic upper pre-continuous (resp. neutrosophic lower pre-continuous) are in- 
troduced and investigate its basic properties. In Section 4, we study upper almost neutrosophic pre-continuous 
(lower almost neutrosophic pre-continuous) and study some of their properties. Finally, the applications are 
vast and the researchers in the field are exploring these realms of research and proved. 


2 Preliminaries 


Definition 2.1. [4] Let Z be a non-empty fixed set. A neutrosophic set (VS for short) S' is an object having 
the form S = {(r, wa(r),o8(r), yg(r)) : r © B}, where pug(r), 7g(r), and yg(r) are represent the degree of 
member ship function, the degree of indeterminacy, and the degree of non-membership, respectively, of each 
element r € & to the set S. 


Neutrosophic sets in .7% will be denoted by S,A,v,W, B,G, ete., and although subsets of # will be 
denoted by R, B, ZT By Ma, Fe ete. 

A neutrosophic set S = {(r, we(r),o8(r), ye(r)) : 7 € #} can be identified to an ordered triple (g(r), og (r) 
,yga(r)) in |O-,1t| on Z&. 


Remark 2.2. [4] A neutrosophic set S is an object having the form S = {r, a(r), 
oa(r), ya(r)} for the NS S = {(r, ws(r), oa(r), ya(r)) 2 7 € B}. 


Definition 2.3. [1] Let S = (wg(r),og(r),y5(r)) be an NS on Z. Maybe the complement of the set 
S(C(S), for short) definitionned as follows. 


@) C(S) = {(r,1 — war), 1 — yg(r)) © B}, 
Gi) C(S) = {(r, 79(r), og(r), ug(r)) 2 7 © B} 
iii) C(S) = {(r, 29(r), 1 — o9(r), ng(r)) sr © B} 


Definition 2.4. [4] Let r be a non-empty set, and GN S's S and B be in the form S = {r, g(r), og(r), yg(r)}, 
B= {r,ua(r),on(r), yea(r)}. Then (S C B) definitionned as follows. 


(i) Type 1: SCBsS par) < pa(r),og(r) > op(r), and yg(r) < ya(r) or 
(ii) Type 2: SCBs La(r) < pa(r),og(r) > op(r), andyg(r) > ya(r). 
Definition 2.5. [4] Let {5; : j € J} be an arbitrary family of an Ns in Z. Then 


(i) AS; definitionned as: 
-Type 1: NS; = (r, A pail)s A aaj(r), V Va,(")) 


J 
-Type 2: NS; = (r, pails ¥ 05507) V Yas"). 
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(ii) US; definitionned as: 
“Type 1: US; = (r V p43j(0)s Va5y()> Avr99(0)) 


EI 
-Type 2: US; FS (r, Na) Aralh)s Ayag?)) 


Definition 2.6. [2] A neutrosophic topology (VT for short) and a non empty set @ is a family 7 of neutro- 
sophic subsets of Z& satisfying the following axioms 


(i) On, ln € T 
(ii) GN G2 € T for any G1, G2 € T 
(iii) UG; € T, V{Gilj € J} CT. 
The pair (#%, 7) is called a neutrosophic topological space ( N7'S for short). 
Definition 2.7. [4] Let S be an NS and (#, T) an NT where S = {r, g(r), 75(r), yg(r) }. Then, 
(i) NCL(S) =A{K : K isanNCS in Z and S$ C K} 
(ii) NInt(S) = U{G : G is an NOS in Z andG C S} 
It can be also shown that NC1(S) is an NC'S and NInt(S$) is an NOS in &. We have 
(i) Sisin & iff NCI(S). 
(ii) S isan NCS in & iff NInt(S) = S. 


Definition 2.8. [4] Let S = {j1g(r), 7g(r), yg(r)} be a neutrosophic open sets and B = {p(r), o2(r), ya(r)} 
a neutrosophic set on a neutrosophic topological space (%, 7). Then 


(i) S is called neutrosophic regular open iff S = NInt(NC1(S)). 
(ii) The complement of neutrosophic regular open is neutrosophic regular closed. 
Definition 2.9. [9] Let S be an NS and (#,T) an NT. Then 
(i) Neutrosophic semiopen set (NSOS) if § C NCIU(NInt(S)), 
(ii) Neutrosophic preopen set (N POS) if S C NInt(NCI(S)), 
(iii) Neutrosophic a-open set (NaOS) if § C NInt(NCI(NInt(S))) 
(iv) Neutrosophic G-open set (NGOS) if S C NCI(NInt(NCI(S))) 


Definition 2.10. [11] Let (%, 7) be a topological space in the classical sense and (.%, 7) be a neutrosophic 
topological space. F' : (#%,T) —> (.%,7;) is called a neutrosophic multifunction if and only if for each 
r € &, F(r) is aneutrosophic set in 7. 





Wadei F- Al-Omeri and Saeid Jafari, NEUTROSOPHIC PRE-CONTINUOUS MULTIFUNCTIONS AND 
ALMOST PRE-CONTINUOUS MULTIFUNCTIONS. 


56 Neutrosophic Sets and Systems, Vol.27, 2019 





Definition 2.11. [11] For a neutrosophic multifunction F' : (%,7) —> (.%,7;), the upper inverse F'*(A) and 
lower inverse F(A) of a neutrosophic set \ in .Y are dened as follows: 


FT(A) ={r € &|F(r) < A} (2.1) 


and 
F(A) = {re B@lFi(r)q\} (222) 


Lemma 2.12. [11] In a neutrosophic multifunction F : (#,T) —> (7,71), we have F~(1— A) = &- 
F'* (A), for any neutrosophic set » in S. 


A neutrosophic set .Y in .7 is said to be q-coincident with a neutrosophic set w, denoted by Squw, if and 
only if there exists p € Y such that S(p) + w(p) > 1. A neutrosophic set .Y of Y is called a neutrosophic 
neighbourhood of a fuzzy point p, in .Y if there exists a neutrosophic open set ~ in .Y such that p. € w < S. 


3  Neutrosophic Pre-continuous multifunctions 
Definition 3.1. In a neutrosophic multifunction F’ : (2,7) — (.%,7;) is said to be 


(i) neutrosophic lower pre-continuous at a point po € &, if for any neutrosophic open set W < 7 such 
that F'(p9)qW there exists R © NPO(@) containing po such that F(R)qW , Vr © R. 


(ii) neutrosophic upper pre-continuous at a point po € #, if for any neutrosophic open set W < .” such 
that F'(po) < W there exists R € NPO(@) containing po such that F(R) < W. 


(111) neutrosophic upper pre-continuous (resp. neutrosophic lower pre-continuous) if it is neutrosophic upper 
pre-continuous (resp. neutrosophic lower pre-continuous) at every point of Z@. 


A subset R of a neutrosophic topological space (%,T) is said to be neutrosophic neighbourhood (resp. 
neutrosophic-preneighbourhood) of a point r € & if there exists a neutrosophic-open (resp. neutrosophic- 
preopen) set S such that r € S C R, neutrosophic neighbourhood (resp. neutrosophic pre-neighbourhood) 
write briefly neutrosophic nbh (resp. neutrosophic pre-nbh). 


Theorem 3.2. A neutrosophic multifunction F : (2,7) — (.%,7;), the the following statements are equiv- 
alent: 


(i) F is neutrosophic upper pre-continuous at po; 
(ii) F*(S) € NPO(X) for any neutrosophic open set S of F, 
(iii) F(T) is neutrosophic pre-closed in & for any neutrosophic closed set T of , 
(iv) pNCI(F-(W)) © F7(NCI(W)) for each neutrosophic set W of . 
(v) for each point po € & and each neutrosophic nbh S of F(r), F*(S8) is a neutrosophic pre-nbh of po, 


(vi) for each point po © & and each neutrosophic nbh SofF (r), there exists a neutrosophic pre-nbh of po 
such that F(R) < S, 





Wadei F: Al-Omeri and Saeid Jafari, NEUTROSOPHIC PRE-CONTINUOUS MULTIFUNCTIONS AND 
ALMOST PRE-CONTINUOUS MULTIFUNCTIONS. 


Neutrosophic Sets and Systems, Vol.27, 2019 57 





(vii) F+(NInt(W)) C pNInt(F*(W)) for every neutrosophic subset W of I”, 





(viii) F+(S) C NInt(NCI(F*(S))) for every neutrosophic open subset § of I”, 
(ix) for each point py) € & and each neutrosophic nbh S of F(r), Cl(F*(S)) is a neighbourhood of r. 


Proof. (i) => (it): Let S be any arbitrary NOS of YF and po € F+($). Then F(po) € Y. There exists an 
NPO set R of & containing po such that F(R) C S. Since 


po € RC NInt(NCIUR)) C NInt(NCUF*(S))) (3.1) 


and so we have 7 7 
F*(S) C NInt(NCUFT(S))). G2) 


Hence F't(S) is an N PO in &. 

(ii) = (iti): It follows from the fact that F'*(.Y — B) = @ — F~(W) for any subset W of 7. 

(iii) = (iv): For any subset W of Y%, NCI(W) is an NCS in Y and then F’ (NCI(W)) is neutrosophic 
pre-closed in #. Hence, 


pNCI(F~(W)) C pNCI(F~(NCI(R))) C F7(NCI(R)). (3.3) 
(iv) = (iii): Let 6 be any arbitrary NC'S of Y. Then 
pNCI(F(M)) € F-(NCI(B)) = F (8), (3.4) 


and hence fF (3) is NPC in &. - 
(ii) = (v): Let pp € Z and S be a nbh of F'(p,). There exists an NOS B of -Y such that 


F(pp) CB CS. (3.5) 


Then we have p) € F+(B) C Ft(.S) and since Ft (.Y) is neutrosophic pre-open in #, F'+(S) is a neutro- 
sophic pre-nbh of po. 

(v) > (vi): Let pp € & and S be any neutrosophic nbh of F (po). Put R = F*(S). By (v) Risa 
neutrosophic pre-nbh of pp and F(R) C S. 

(vi) > (i): Let pp € @ and S be any neutrosophic open set of .Y such that F(p9) C S 
neutrosophic nbh of F(o) and there exists a neutrosophic pre-nbh R of pp such that F(R) C 
there exists an NPO B in & such that py € B C Rand so F(B) eS. 

(ii) = (vit): Let W be an NOs set of Y%, NInt(W) is an NO in -Y and then F+(NInt(W)) is NPO in 
&. Hence, 


. Then Sisa 
S. Therefore, 


Ft(NInt(W)) C pNInt(F*(W)). (3.6) 
(vii) > (ii): Let S be any neutrosophic open set of .Y. By (vii) F*+(S) = F*+(Int(S)) C pNInt(F+(S)) 


and hence F’*(S’) isan NPO in &. 
(viii) = (ix): Let pp € & and S be any neutrosophic nbh of F'(r). Then 


po € F+(8) C NInt(NCUF*(S))) C NCW(F*(S)), (3.7) 


and hence NCl(F'*(S)) is a neutrosophic nbh of po. 
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(viii) > (ix): Let S be any open set of Y and 


po CFS), (3.8) 
Then - 
NCI(FT(S)) (3.9) 
is aneutrosophic nbh of yo and thus - 
NInt(NCIUF*(S))). (3.10) 
Hence, 7 7 
Ft(S) C NInt(NCI(F + (S))). (3.11) 














Theorem 3.3. For a neutrosophic multifunction F : (2,7) —> (.7%,7,), the following statements are equiv- 
alent: 


(i) F is neutrosophic lower pre-continuous at po; 
(ii) F*+(S) € NPO(X) for any NOs S of Y, 
(iii) F*+(T) € NPC(X) for any neutrosophic closed set T of S, 


(iv) for each po € & and each neutrosophic nbh S which intersects F (r), F~(S) is a neutrosophic pre-nbh 
of Po: 


(v) for each py © & and each neutrosophic nbh S which intersects F’ (r), there exists a neutrosophic pre- 
neighbourhood R of po such that F(u) 1S 4 ¢oranyu € R, 


(vi) pNCI(Ft+(W)) C Ft(NCI(W)) for any neutrosophic set W of 7. 
(vii) F~(NInt(W)) C pNInt(F- (W)) for every neutrosophic subset W of I”, 
(viii) F~(S) C NInt(NCl1(F~(S))) for any NOs subset S of 1%, 
(ix) for each point py € & and each neutrosophic nbh § of F(r), Cl(F~(S)) is a neighbourhood of r. 


Proof. (i) = (ii): Let S be any arbitrary NOS of -Y and po € F+(S). Then by (a), there exists an N PO set 
R of & containing po such that F(R) C S. Since 


po € RC NInt(NCI(R)) C NInt(NCIUF(S))) (3.12) 
and so we have - : 
F-(S) C NInt(NCI(F (S))), (3.13) 
and hence 7 
F-(S) € NPO(&). (3.14) 


(i7) => (cit): It follows from the fact that 


Ft(S\ B)=@\ F-(W) (3.15) 





Wadei F: Al-Omeri and Saeid Jafari, NEUTROSOPHIC PRE-CONTINUOUS MULTIFUNCTIONS AND 
ALMOST PRE-CONTINUOUS MULTIFUNCTIONS. 


Neutrosophic Sets and Systems, Vol.27, 2019 39 





for any W € FY. 
(iit) = (vi): Let W in Y, NCI(W) is an NCS in -Y. By (iii) F*(NCI(W)) is neutrosophic pre-closed 
in Z. Hence, 
pNCUFt(W)) C pNCI(Ft(NCUR))) C Ft(NCUR)). (3.16) 


(iv) => (iii): Let 6 be NCs of Y. Then 


pNC\(F*(M)) C pNCILFT(F*(NCI(B))) C F*(NCIU(B)) = F*(8) > F(8) (3.17) 
is NPC in&. ; : 
(ii) = (v): Let po € & and S be a neutrosophic nbh of F'(po). There exists an NOS B of Y such that 
F(po) C BCS. (3.18) 
Then we have 7 
po € F-(B) C F(A), (3.19) 


and since F (V) is neutrosophic pre-open in &, by (ii) F~(S S) is a neutrosophic pre-nbh of po. 

(v) > (vi): Let pp € & and S be any neutrosophic nbh of F (po). Put R = F~(S). By (v) Risa 
neutrosophic pre-nbh of pp and F(R) C S. 

(vi) > (i): Let pp € Z and S be any NOs of -Y such that F(po) C S. T 
of F(po) by (vi) there exists a neutrosophic pre-nbh R of pp such that F(R) C 
NPO B in & such that 


Then n S' is a neutrosophic nbh 
S. Therefore, there exists an 


pEeBCR (3.20) 


and so - 7 
SC F-(B). (3.21) 
(ii) => (vii): Let W be an NOs set of Y, NInt(W) is an NO in Y and then F*(NInt(W)) is NPO in 
&. Hence, F*(NInt(W)) C pNInt(F*(W)). 
(vii) = (i): Let S be any NOs of 7. By (vii) 


F+(S) = F-(Int($)) C pNInt(F-(S)), (3.22) 


and hence F’(S) is an NPO in &. 
(vi) = (vii): Let W be any neutrosophic open set of .Y, then 


[F-(NInt(W))|° = Ft(NCUW*)) D pNCI(FT(NInt(NCIUW*)))) (3.23) 
= pNCI(Ft(NCIUNInt(W)))°) = pNCIUF (NCI(NInt(W))))° (3.24) 
= [pNInt(F (NCIU(NInt(W))))]°. (3.25) 
Thus we obtained 
F(NInt(W)) D pNInt(FO (NCIUNInt(W)))). (3.26) 











(vi) = (vii): Obvious. 





We now show by means of the following examples that 
lower neutrosophic pre-continuous + upper neutrosophic pre-continuous. 
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Example 3.1. Let Z@ = {u,v,w} and Y = [0,1]. Let 7 and 7;, be respectively the topology on # and 
neutrosophic topology on .%,given by T{#y, on, {u, w}}, Tr = {Co, C, wg, 08, Vg, (ug U 08), (ug N og)}. 
Where pe(r) = 7, og(r) =I —r, forr € SY, and 


ae 
rT, ay O0< <> 
ire ; (3.27) 


We definitionne a neutrosophic multifunction F : (2,7) —> (7%, 7;) be letting F(u) = (ugNog), F(v) = og 
and F(w) = ¥¢. 

{u, w} is neutrosophic open set in Z and therefore {u, w} is neutrosophic pre-open set. The other neutro- 
sophic pre-open set in (#, 7) are {u,v}, {v, w}, {u} and {w}. Then {u} is not neutrosophic pre-open set in 
(Z, 7). From definitionnition of 1g and og we find that, 


; 1 
1—r, if USS 5 
(ug U og)(r) = 1 (3.28) 
r, af 5 = r = 1, 
2 
; 1 
Tr, if 0 < r <= 2? 
(ug Nog)(r) = i (3.29) 
1—r, ai 5 <r <l, 


Now og € J; but F*(og) = {v} which is not neutrosophic pre-open set in (#%,7). Hence F' is not 
upper neutrosophic pre-continuous. Then F” (ag) = {v} which is not neutrosophic pre-open set in (#, 7). 
Therefore F’ is not lower neutrosophic pre-continuous 


Remark 3.4. [11] A subset ~ of a topological space (#%, 7) can be considered as a neutrosophic set with 
characteristic function definitionned by 


_ | if WEB, 
pr) = fe ae, (3.30) 


Let (.%, 7,) be a neutrosophic topological space. The neutrosophic sets of the form yu x v with  € 7 and 
v € J, make a basis for the product neutrosophic topology T x 7; on & x .Y, where for any (u,v) € #x SF, 


(Hx v)(u,v) = min{u(u), v(v)}. 


Definition 3.5. [11] For a neutrosophic multifunction F’ : (#%,7) — (.%,7;), the neutrosophic graph multi- 
function Fg: & x & — FY of F is definitionned by Fg(r) =r, x F(r) for every r € &. 


Lemma 3.6. In a neutrosophic multifunction F : (2,7) —+ (.%,T,), the following hold: a) FAR x S)= 
OVE (8) 
b) F5(R x 8) = RN F*(S) forall subsets RE Band S € SF. 


Theorem 3.7. If the neutrosophic graph multifunction Fg of a neutrosophic multifunction F : (#,T) — 
(.Y, T1) is neutrosophic lower precontinuous, then F is neutrosophic lower precontinuous. 
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Proof. Suppose that Fg is neutrosophic lower precontinuous and s € @. Let B be an NOs € .¥ such that 
F'(r)qB. Then there exists r € -Y such that (F'(r))(r) + A(r) > 1. Then 


(Fe(r))(r,7) + (& x B)(r,r) = (F(r))(r) + Br) > 1. (3.31) 


Hence, Fo(r)q(# x B). Since Fe is neutrosophic lower precontinuous, there exists an open set A € & 
such that r € A and F¢(b)q(¥ x B) Va € A. Let there exists aj € A such that F'(ao)qB. Then Vr € -Y, 
(F'(ao))(r) + B(r) < 1. For any (b,c) € & x Y, we have 


(Fa(ao))(b, ¢) S (Fao) )(6), (3.32) 
and 
(4 XB) (be) Ble): G33) 
Since Vr € -Y, (F(ao))(r) + B(r) < 1, 
(Fa(ao))(b, c) + (Z x B)(b,c) < 1. (3.34) 


Thus, Fo(ao)q(Z x B), where ag € A. This is a contradiction since 


Fo(a)q(Z x B), Va € A, (3.35) 











Therefore, F’ is neutrosophic lower precontinuous. 





Definition 3.8. A neutrosophic space (#, 7) is said to be neutrosophic pre-regular (NP-regular) if for every 
NCs F anda point u € F, there exist disjoint neutrosophic-preopen sets R and S such that F C Randu € S. 


Theorem 3.9. Let F : (2,7) —> (7,71) be a neutrosophic multifunction and Fg : 2 —> & x SF the 
graph multifunction of F’. If Fg is neutrosophic upper pre-continuous (neutrosophic lower pre-continuous, 
then F is neutrosophic upper pre-continuous. (neutrosophic lower pre-continuous.) and & is NP-regular. 


Proof. Let Fg be a neutrosophic upper pre-continuous multifunction and Sbea neutrosophic open set contain- 
ing F'(r) such that r € F+(S). Then Z x S is a neutrosophic open set of Z x Y containing Fg(r). Since Fe 
is neutrosophic upper pre-continuous, there exists an VN POs RofB containing 7 such that Re CHAZ xS). 
Therefore we obtain 

Re Cet): (3.36) 


Now we show that & is NP-regular. Let Rbe any N POs of & containing r. Since 
Fo(r) Ee Rx S, (3.37) 
and R x .Y is neutrosophic open in Z x .Y, there exists an N POs set U of & such that 
Up CRB R SS): (3.38) 


Therefore we have : 
reUCU- CR. (3.39) 


This shows that @ is NP-regular. 
The proof for neutrosophic upper lower-continuous is similar. 
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Theorem 3.10. Let & is NP-regular. A neutrosophic multifunction F' : (#,T) —>+ (.%,7;) is neutrosophic 
lower pre-continuous iff g(r) is neutrosophic lower pre-continuous. 


Proof. => Letr € & and A be any NPOs of & x Y such that r € Fo(A). Since 
AN ({r} x F(r)) #9, (3.40) 
there exists s € F'(r) such that (r,s) € A. Hence 
(r,s)ERxSCA (3.41) 
for some NOs RC Zand S C.F. Since & is NP-regular, there exists B € NPO(&,r) such that 
reBCB CR. (3.42) 
Since F' is neutrosophic lower pre-continuous, there exists W € NPO(@&,r) such that 
W, C F°(S). (3.43) 
By Lemma 3.6, we have 
WB, CRIP (S)—Fe(h xs) Cra). (3.44) 


Moreover, we have BN W € NPO(&,r) and hence F(r) is neutrosophic lower pre-continuous. 
<= Letr € &and S be any NOs € .Y such that r € F(S). Then Z x Sis 


NOE&BX.S. (3.45) 
Since F¢ is neutrosophic lower pre-continuous and lemma, 


F3(& x 8) =&NF-(S) = F(S) (3.46) 











is NPOs € &. This shows that F' is neutrosophic lower pre-continuous. 





Definition 3.11. [11] A neutrosophic set A of a neutrosophic topological space .Y is said to be neutrosophic 
compact relative to Y if every cover {A)} c, of A by neutrosophic open sets of .Y has a finite subcover 


Theorem 3.12. Let F : (2,7) —> (.%,71) be a neutrosophic multifunction such that F'(r) is compact for 
eachr € &. And & is a NP-regular space. If F is neutrosophic upper pre-continuous then Fg is neutrosophic 
upper pre-continuous. 


Proof. Letr © # and A be any NOs € & x - containing Fg(r). For each s € F(r), there exist open sets 
R(s) C Band S(s) C SH such that - - 

(r,s) € R(s) x S(s) CA. (3.47) 
The family {S(s) : s € F(r)} is a neutrosophic open cover of F(r). Since F'(r) is compact, there exists a 
finite number of points {s;}"_, in F'(r) such that 


F(r) C U{S(s;) : 7 =1,...n}. (3.48) 
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Use R = M{R(s;) : j = 1,...,n} and § = {5(s;) : 7 = 1,...,n}. Then Rand S$ are NOs € & and Y, 
respectively and Lay 
{tt KET) ECRES CA (3.49) 


Since F is neutrosophic upper pre-continuous, there exists S € NPO(@,r) such that 
See P*(S); (3.50) 
Since & is NP-regular, there exists G € NPO(&,r) such that 
reGe Go Cf. (3.51) 


Hence, we have oa 
xSCRXSCA. (3.52) 


Then we have 





(SNG)S CSG,NG, C Ft(S)NG, = Fd(G, x $) C FS (A). (3.53) 











Moreover, we obtain SG € NPO(&,r) and hence Fg is neutrosophic upper pre-continuous. 





Proposition 3.2. Let B and &, be subsets of neutrosophic topological space (#, T). 
(i) If Be NPO(&) and &, is NSO in Z&, then BN & € NPO(Z,). 
(ii) If Be NPO(Z,) and &, € NPO(&), then B € NPO(&). 


Proposition 3.3. Let B and & be subsets of neutrosophic topological space (7,7), BC & C Z&. Let the 
neutrosophic pre-closure (B, )gz of B in the neutrosophic subspace Z,: 


(i) If is NSO in &, then (B>)g, C (Bp )z. 


(ii) If Bin NPO(Z,) and &, in NPO(&), then Be S (B; )a.- 


Theorem 3.13. A neutrosophic multifunction F : (@,T) —> (%,T,) is upper almost neutrosophic pre- 
continuous. (lower almost neutrosophic pre-continuous) if Vr € & there exists an NPOs &, containing r 
such that F\|2, : (#,T) —> (.%,T1) is upper almost neutrosophic pre-continuous. (lower almost neutro- 
sophic pre-continuous). 


Proof. Let r € & and S be an neutrosophic open set of ._Y containing F'(r) such that r € F*+(S) and there 
exists Z € NPO(&,r) such that 
PF\Bo : (2, ZT) —? (57a) (3.54) 


is upper almost neutrosophic pre-continuous. Therefore, there exists Rin NPO (Zo,7) such that 


(Ry )a, S (F|Bo)*(S). (3.55) 
By Proposition 3.2 and Proposition 3.3, R in NPO(X,r) and 


Ry S (R; )a.- (3.56) 


Therefore - - 7 7 
F(R, ) = (FIA )(R, ) © (F|B)(R; ) a.) © S: (3.57) 
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This shows that F’ is upper almost neutrosophic pre-continuous. 





4 Almost Neutrosophic pre-continuous multifunctions 


Definition 4.1. Let (%, 7) be a neutrosophic topological space and (.%, 7) a topological space. A neutro- 
sophic multifunction F’ : (2,7) —> (.%,7;) is said to be: 


(i) upper almost neutrosophic pre-continuous at a point r € & if for each open set S of I” such that ie 
F'+(S), there exists a neutrosophic pre-open set R of @ containing r such that R C F*+(NInt(NC1(S))); 


(ii) lower almost neutrosophic pre-continuous at a point r ¢ # if for each neutrosophic open set 5 € 
SY such thatr € F (S), there exists a neutrosophic pre-open Rof & containing r such that R C 
F- (NInt(NCI(S))); 


(iii) upper (resp. lower) almost neutrosophic pre-continuous if F’ has this property at each point of #. 


Theorem 4.2. Let (%, 7) be a neutrosophic topological space and F' : (#,T) —+ (.%,T) a neutrosophic 
multifunction from a neutrosophic topological space (&, T ) to a topological space (.Y, T,). Then the following 
properties are equivalent: 


(i) F is upper almost neutrosophic-pre-continuous; 


(ii) for any r € & and for all NOs S of F such that Fir) C S, there exists a neutrosophic pre-open R of 
& containing r such that if z € R, then F(z) C NInt(NCI(S)); 


(iii) for any r € & and for all NROs G of / such that F(r) © G, there exists a neutrosophic per-open R 
of & containing r such that F(R) C G; 


(iv) for any r © & and for all closed set F*(.Y — M), there exists a neutrosophic per-closed N of & such 
thatr € & — N and F-(NInt(NCIU(M))) CN; 


(v) F+(NInt(NCI(S))) is neutrosophic pre-open in & for any NOs S of S; 
(vi) F~(NCIU(NInt(F))) is neutrosophic pre-closed in & for each closed set F of 7; 
(vii) F'*(G) is neutrosophic pre-open in & for each regular open G of 7; 

(viii) F’*(H) is neutrosophic pre-closed in & for each regular closed H of ; 


(ix) for any point r € & and each neutrosophic-nbh § of F(r), F+(NInt(NCUS))) is a neutrosophic 
pre-nbh of r; 


(x) for any point r € & and each neutrosophic-nbh S of F'(r), there exists a neutrosophic pre-nbh R of r 
such that F(R) C NInt(NCI(S)); 


(xi) pNCI(F- (NCI(NInt(A)))) C FO (NCUNInt(NCI(A)))) for any subset A of 7; 


(xii) F*(NInt(NCUNInt(A)))) C pNInt( Ft (NInt(NCI(A)))) for any subset A of S. 
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Proof. (i) = (ii): Obvious. 
(72) = (aii): Letr € # and G be a regular open set of .7 such that F(r) C G. By (ii), there exists an 
N POs R containing r such that if z € R, then F(z) C NInt(NCUG)) = G. We obtain F(R) CG. 


(iii) > (i): Letr € Z and S be an NOs set of Y such that F(r) C S$. Then, NInt(NCI(S)) is NROs 
in .Y. By (iii), there exists an N POS of & containing r such that 


F(R) C NInt(NCUS)). (4.1) 


(ii) = (iv): Letr € # and M be an NCs of .Y such that r € F*(.Y — M). By (ii), there exists an 
NPOs R of & containing r such that 


F(R) C NInt(NCU.AM)). (4.2) 
We have 
NInt(NCIU(.Y — M)) = Y — NCI(NInt(M)) (4.3) 
nd 
: RC Ft(.Y — NCI(NInt(M))) = @ — F-(NCUNInt(M))). (4.4) 
We get 
F-(NCUNInt(M))) C&R. (4.5) 


Let N = @ — R. Then,r € # — N and N isan NPCs. 

(iv) = (ii): The proof is similar to (ii) = (iv). 

(2) = (v): Let S be any neutrosophic open set of Y andr € F+(NInt(NCI(S))). By (i), there exists an 
NPOs R, of & containing r such that 


R, C F*(NInt(NCI(S))). (4.6) 


Hence, we obtain 


F+(NInt(NCI(S))) =U, € Ft (NInt(NCI(S))) Rp. (4.7) 


Therefore, F'*(NInt(NCI(S))) isan NPOs of &. 
(3 ee ane Let S be any neutrosophic open set of .Y andr € F+(S8). By (v), Ft+(NInt(NCI(S))) is 
NPOsin &. Let R= F*(NInt(NCI(S))). Then, 


F(R) C NInt(NCI(S)). (4.8) 


Therfore, F’ is upper neutrosophic pre-continuous. 

(v) = (vi): Let F be any neutrosophic closed set of 7%. Then, Y — F is an NOs of 7%. By (v), 
F*(NInt(NCIUS — F))) is NPOs € &. Since NInt(NCI(.S — F)) = Y — NCI(NInt(F)), it follows 
that F+(NInt(NCI(.Y — F))) = F+(Y — NCI(NInt(F))) = @ — F-(NCIU(NInt(F))). We obtain that 
F-(NCIUNInt(F))) is NPCs € &. 

(vi) = (v): The proof is similar to (v) = (v7). 

(v) = (vii): Let G be any NROs of .%. By (v), 


F+(NInt(NCUG))) = Ft(G) (4.9) 
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is NPOs € &. 
(vii) > (v): Let S be any neutrosophic-open set of .%. Then, NInt(NCI(S)) is NROsin.Y. By (vii), 


F+(NInt(NCI(8))) (4.10) 


is NPOs € &. 
(vi) => (viii): The proof is similar to (v) = (viz). 
(viii) = (vi): The proof is similar to (viz) = (v). 


(v) > (ix): Let r € & and S be a neutrosophic nbh of F(r). Then, there exists an open set G of Y such 
that e 
F(r)CGCS. (4.11) 


Hence, we obtain r € F'*(G) C F*(S). Since Ft (NInt(NCIUG))) is NPOs € &, Ft(NInt(NCI(S))) is 
a neutrosophic pre-nbh of r. 


(iz) => (a): Letr € & and S bea neutrosophic nbh of F(r). By (ix), F+(NInt(NCIS))) is a 
neutrosophic-nbh of r. Let R = F'*(NInt(NCI(S))). Then, 


F(R) © NInt(NCUS)). (4.12) 


(x) > (i): Letr € Zand S be any NOs of Y such that F(r) C S. Then, S is a neutrosophic-nbh of 
F(r). By (r), there exists a neutrosophic pre-nbh FR of r such that 


F(R) C NInt(NCI(S)). (4.13) 
Hence, there exists an VN POs G of & such that 
reGCR, (4.14) 


and hence 


F(G) C F(R) C NInt(NCIUS)). (4.15) 
We obtain that F’ is upper almost neutrosophic pre-continuous. 


(vi) = (ai): For every subset A of .%, NCI(A) is NCs in .Y. By (vi), F~ (NCIU(NInt(NCI(A)))) is 
NPCs © &. Hence, we obtain 


pNClUF-(NCI(NInt(A)))) C F-(NCUNInt(NCIA)))). (4.16) 


(xi) => (vi): For any NC's F of .Y. Then we have 
pNCUFF)))) C F-(NCUNInt(NCI(F)))) = Fo (NCUNInt(F))). (4.17) 


Thus, F~(NCI(NInt(F))) is NPCs € &. 
(v) = (aii): For every subset A of Y%, NInt(A) is NO € %. By (v), 


F+(NInt(NCUNInt(A)))) (4.18) 
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is NPOs in &. Therefore, we obtain 
Ft(NInt(NCI(NInt(A)))) C pNInt(Ft(NInt(NCI(A)))). (4.19) 
(xii) > (v): Let S' be any subset of 7. Then 


F+(NInt(NCI(S))) C pNInt(F+(NInt(NCUS)))). (4.20) 











Therefore, F+(NInt(NCI1(S))) is NPOs € &. 





Remark 4.3. If F : (#,7) —> (.%,7;) are neutrosophic upper pre-continuous multifunctions, then F' is a 
neutrosophic upper almost pre-continuous multifunction. 


The implication is not reversible. 
Example 4.1. Let Z@ = {,v,w}and.Y = {u,v,w,t, h}. Let (@, T) be a neutrosophic topology on & and ag 
a topology on .Y given by T = {dn, {v}, {w}, {v, w}, By} and og = {Oyn, {u,v, w,t}, Av}. Definitionne 
the multifunction F : (#%,7) —> (.%,71) by F(u) = {w}, F(v) = {v,t} and F(w) = {u,h}. Then F is 
upper almost neutrosophic precontinuous but not upper neutrosophic precontinuous, since {u, v,w,t, h} € og 


and F'*({u, v, w, t, h}) = {u,v} is not neutrosophic pre-open in &. 


Theorem 4.4. Let F : (2,7) —> (.%,7T,) be a multifunction from a neutrosophic topological space (2, T ) 
to a topological space (.%, 7). Then the following properties are equivalent: 


(i) F is lower almost neutrosophic-precontinuous; 


(ii) for eachr € & and for each open set S of SY such that F(r JAS # 6, there exists a neutrosophic-preopen 
R of & containing r such that if z € R, then F(z) A NInt(NCI(S)) ¥ 4; 


(iii) for eachr € & and for each regular open set G of / such that F (r)AG F 4, there exists a neutrosophic- 
peropen R of & containing r such that if z € R, then F(z) NG 4 @; 


(iv) for eachr € & and for each closed set M of SY such thatr € F*+(.Y — M), there exists a neutrosophic- 
perclosed N of & such thatr € & — N and F*(NCIUNInt(M))) CN; 


(v) F~(NInt(NCI(S))) is neutrosophic-pre-open in & for any NOs S of ; 
(vi) F*(NCI(NInt(F))) is neutrosophic-pre-closed in & for any NC's F of 7; 
(vii) F'~(G) is neutrosophic-per-open in & for any N ROs G of 7; 
(viii) F'*(H) is neutrosophic-perclosed in & for any N RCs H of 7; 
(ix) pNCI(Ft+(NCI(NInt(B)))) C Ft(NCIUNInt(NCI(B)))) for every subset B of F; 


(x) F~(NInt(NCUNInt(B)))) C pNInt(F-(NInt(NCIUB)))) for every subset B of 7. 











Proof. It is similar to that of Theoremark 4.2. 








Wadei F- Al-Omeri and Saeid Jafari, NEUTROSOPHIC PRE-CONTINUOUS MULTIFUNCTIONS AND 
ALMOST PRE-CONTINUOUS MULTIFUNCTIONS. 


68 Neutrosophic Sets and Systems, Vol. 27, 2019 





5 Conclusions and/or Discussions 


Topology on lattice is a type of theory developed on lattice which involves many problems on ordered struc- 
ture. For instance, complete distributivity of lattices is a pure algebraic problem that establishes a connection 
between algebra and analysis. neutrosophic topology is a generalization of fuzzy topology in classical math- 
ematics, but it also has its own marked characteristics. Some scholars used tools for examining neutrosophic 
topological spaces and establishing new types from existing ones. Attention has been paid to define and char- 
acterize new weak forms of continuity. 

We have introduced neutrosophic upper and neutrosophic lower almost pre-continuous-multifunctions as 
a generalization of neutrosophic multifunctions over neutrosophic topology space. Many results have been 
established to show how far topological structures are preserved by these neutrosophic upper pre-continuous 
(resp. neutrosophic lower pre-continuous). We also have provided examples where such properties fail to be 
preserved. In this paper we have introduced the concept of upper and lower pre-continuous multifunction and 
study some properties of these functions together with the graph of upper and lower pre-continuous as well as 
upper and lower weakly pre-continuous multifunction. 
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Abstract: In this paper, the concept of NS contra continuous function is introduced. Several types of contra con- 
tinuous functions in NSR spaces are discussed. Some interesting properties of NSR contra strongly precontinuous 
function is established. 
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1 Introduction 


L. A. Zadeh introduced the idea of fuzzy sets in 1965[16] and later Atanassov [1] generalized it and offered the 
concept of intuitionistic fuzzy sets. Intuitionistic fuzzy set theory has applications in many fields like medical 
diagnosis, information technology, nanorobotics, etc. The idea of intutionistic L-fuzzy subring was introduced 
by K. Meena and V. Thomas [9]. R. Narmada Devi et al. [10, 11, 12] introduced the concept of contra strong 
precontinuity with respect to the intuitionistic fuzzy structure ring spaces and B. Krteska and E. Ekici [5, 7, 8] 
introduced the idea of intuitionistic fuzzy contra continuity. The concept of a continuity in intuitionistic fuzzy 
topological spaces was introduced by J. K. Jeon et al. [6]. F. Smarandache introduced the important and useful 
concepts of neutrosophy and neutrosophic set [[14], [15]]. A. A. Salama and S. A. Alblowi were established 
the concepts of neutrosophic crisp set and neutrosophic crisp topological space[13]. In this paper, the concept 
of NSR contra continuous function is introduced. Several types of contra-continuous functions in NS spaces 
are discussed. Some interesting properties of NS contra strongly precontinuous function is established. 


2  Preliminiaries 
Definition 2.1. [14, 15] Let 7, 7, F be real standard or non standard subsets of |O~, 1*[, with 


(i) SUPT = tsups infr a tinf 
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Gl): Supy = tea fr = ting 
(ii) supp = foup, infer = fing 
(iv) n — sup = tsup + tsup + sup 
GQ) — Uf = lige + tae ies 
Observe that 7’, /, F' are neutrosophic components. 


Definition 2.2. [14, |5]Let S; be a non-empty fixed set. A neutrosophic set (briefly N-set) A is an object 
such that A = {(u, 1, (u),o, (wu), 7, (u)) : uw € Si} where yw, (u),o,(u) and y, (u) which represents the degree 
of membership function (namely j1,(w)), the degree of indeterminacy (namely co, (w)) and the degree of non- 
membership (namely 7, (w)) respectively of each element u € Sj to the set A. 


Definition 2.3. [13] Let S, 4 0 and the N-sets A and I be defined as 
A= {(u, Hy (u),o,(u),T,(u)) su € Si}. PT = {(u, up (u), op (u), TP, (u)) : uw € Sy}. Then 


(a) A CT iff p.(u) < p,(u), ,(u) <o,(u) and T,(u) > P,(u) forall u € Sy; 
(b) A=Tiff A CP andl CA; 
(c) A= {(u,P,(u),04(u), 4 (u)) + « € Sy}; [Complement of A] 
(d) AAT ={(u, 14 (u) A p(w), 04 (u) Aon (u),T,(u) VE,(u)) su € Si}; 
(e:) AUD = {(u, 44 (u) V fp (u),04(u) V o,(u), Py (u) Arp (u)) su € Si}; 
() [IA = {(u, 1, (u),04(u),1— wy(u)) su € Si}; 
(2) QA ={(u,1—T,(u),04(u),P,(u)) 20 € Sy}. 

Definition 2.4. [13] Let {A; : 7 € J} be an arbitrary family of V-sets in S;. Then 
(a) MAL = {(u, Ady, (u), Aog, (u), VPg, (w)) 20 Si}; 
(b) UAi = {(u, Vit, (u), Voy, (u), AL, (u)) 24 € Sy}. 

Definition 2.5. [13] Ov = {(u,0,0,1): ue S} and ly = {(u,1,1,0) : ue S}. 


Definition 2.6. [4] A neutrosophic topology (briefly N-topology) on S; 4 @ is a family €, of N-sets in S; 
satisfying the following axioms: 


(1) es Ie € fis 
(ii) H, 0 Ag € & for any Hy, Ho € &, 
(iii) UH; € & for arbitrary family {G; |i € A} C &. 


In this case the ordered pair (5), €) or simply S; is called an NT’S and each N-set in €; is called a neutrosophic 
open set (briefly N-open set) . The complement A of an N-open set A in 5; is called a neutrosophic closed set 
(briefly N-closed set) in Sj. 
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Definition 2.7. [13] Let D be any neutrosophic set in an neutrosophic topological space S. Then the neutro- 
sophic interior and neutrosophic closure of D are defined and denoted by 


(i) Nint(D) =U{4 | 7 is an NS open set in Sand H C D}. 
(ii) Ncl(D) = (){H | H is aneutrosophic closed set in S and H D D}. 


Proposition 2.1. [13] For any neutrosophic set D in (5,7) we have 
Ncl(C(D)) = C(Nint(D)) and Nint(C(D)) = C(Nel(D)). 


Corollary 2.1. [4] Let D, D;(i € J) and U,U;(j € K’) IFSs in be 5; and S2 and ¢ : 5; — 5S) a function. Then 
(i) D Cd 1(G(D)) Af ¢ is injective,then D = ¢~'(¢(D))), 
(ii) d(@-1(U)) C U Cf ois surjective,then 6(¢~1(D)) = D), 
(iii) "(UY U;) = UG" (U5) and 9"(11U;) = 19" (Gj), 
(iv) @ (lay = le and 40.) =0,, 
(v) o*U) =o70). 
Definition 2.8. [5] 
AnJFS D of an IF'TS is called an intuitionistic fuzzy a-open set IFaOS) if D C int(cl(int(D))). The 
complement of an IFaOSis called an intuitionistic fuzzy a-closed set(IFaCS). 


Definition 2.9. [3] A @: X — Y bea function. 


(i) If B = {(v, up(v), ya(v)) : v fe rs an IFS in Y, then the preimage of B under ¢ (denoted by 6~!(B)) 
is defined by ¢~'(B N= {bu ~*(tun)(u), @* (Ye) (u)) we X}- 


(ii) If A = {(u, A4(u), Va(u)) : u € X} is an IFS in X, then the image of A under ¢ (denoted by ¢(A)) is 
defined by (A) = {(v, 6(Aa(v)), (1 — 6(1 — 8a))(v)) : 0 EY}. 


Definition 2.10. [3] Let (X,7) and (Y,c) be two JFTSs and ¢: X — Y bea function. Then ¢ is said to be 
intuitionistic fuzzy continuous if the preimage of each IFS in o is an IFS in 7. 


Definition 2.11. [8,9] Let R be aring. An intuitionistic fuzzy set A = (u, 44, ya) in Ris called an intuitionistic 
fuzzy ring on RF if it satisfies the following conditions: 


(Gi) pa(utv) 2 pa(u) A fa(v) and pa(uv) > pa(u) A Lav). 
(ii) ya(ut v) S yaw) V ya(v) and ya(uv) < Hau) V Ya(v). 


for all u,v € R. 
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3  Neutrosophic structure ring contra strong precontinuous function 


In this section, the concepts of neutrosophic ring, neutrosophic structure ring space are introduced. Also some 
interesting properties of neutrosophic structure ring contra strong precontinuous function and their characteri- 
zations are studied. 


Definition 3.1. Let be a ring. A neutrosophic set A = {(u, Ha(u),7A(u)s VA(u)) 2 U © R} in K is called a 
neutrosophic ring[briefly NR] on R if it satisfies the following conditions: 


(1) Haute) 2 Hata A Pav) and faa) 2 MA(u) A HA): 


(ii) TrA(ut) = TA(u) A FA(v) ANd Tau) = TA(u) A FAW): 





(tii) Yaquto) < Yau) V Ya) aNd Yacuv) < Yaa) V YA): 
for all u,v € FR. 


Definition 3.2. Let # be a ring. A family .Y of a N#’s in K is said to be neutrosophic structure ring on ¥ if it 
satisfies the following axioms: 


i) On, ln € SY. 
(ii) A, 1 He ‘< S for any A, He Ee YS. 
(iii) UH; € YS for arbitrary family {H;, | k € J} CY. 


The ordered pair (t, 7) is called a neutrosophic structure ring(NSR) space. Every member of 7 is called 
a X open ring (briefly NOR) in (KR, 7%). The complement of a NOR in (KR, .%) is a X closed ring (NCR)in 
(he). 


Definition 3.3. Let D be a X ring in NSF space (RK, 7%). Then NSR interior and NS¥ closure of D are defined 
and denoted by 


(i) Nintp(D) = U{A | Hisa NOR in RK and H C D}. 
(ii) Nelp(D) = (\{H | H isa NCR in Rand H D D}. 
Proposition 3.1. For any 8¥# D in (RK, .7%) we have 
(i) Rela(C(D)) = C(Rinte(D)) 
(ii) Ninty(C(D)) = C(NXelp(D)) 
Definition 3.4. A 8 D of a NSR space (Kt, 7%) is said be a 
(i) & regular open structure ring (SRegOSR), if D = Nint»y(Ncly(D)) 
(ii) Na-open structure ring (NaOSR), if D C Ninty(Ncly(Ninty(D))) 
(iii) & semiopen structure ring (NSemiOSR), if D C Ncly(Ninty(D)) 


(iv) & preopen structure ring (NPreOSh), if D C Ninty(Ncly(D)) 
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(v) NG-open structure ring (NGOS), if D C Nelp(Rintw(Ncly(D))) 


Note 3.1. Let (R,.%) be a NSR space. Then the complement of a NRegOSR (resp. NaOSR, NSemiOSNR, 
NPreOSk and XGOSR) is a X regular closed structure ring(N%RegCSR) (resp. Na-closed structure ring(NaCSR), 
N semiclosed structure ring(N%SemiCS), & preclosed structure ring(® PreCS®), &3-closed structure ring(N3CSR)). 


Definition 3.5. The NS& preinterior and NSF preclosure of Nk D of a NSK space are defined and denoted by 
(i) Npinty(D) = U{H : HisaXPreOS& in (R, 7%) and H C D}. 
(ii) Npely(D) = ()\{H : H isa 8PreCSM in (R,-Y) and D C H}. 
Remark 3.1. For any 8¥& D of a NSR space (KR, 7), then 
(i) Npinty(D) = D if and only if D is a NPreOSR. 
(ii) Npcly(D) = D if and only if D is a NPreCSR. 
(iii) Ninty(D) C Npinty(D) C D C Npcly(D) C Xcel (D) 


Definition 3.6. A N&R D of a NS space (Kt, 7) is called a & strongly preopen structure ring (NstronglyPreOSR), 
if D C Ninty(Npcly(D)). The complement of a NstronglyPreOS® is a & strongly preclosed structure 
ring(briefly NstronglyPreCS®). 


Definition 3.7. The NS¥ strongly preinterior and NSF strongly preclosure of of NR D of a NSR space are 
defined and denoted by 


(i) Nspinty(D) = U{H : His aXstronglyPreOS® in (R,.Y%) and H C D}. 
(ii) Nspelp(D) = ()\{H : His a NstronglyPreCS® in (R,.%) and D C H}. 
Remark 3.2. For any 8¥& D of a NSR space (KR, 7), then 
(i) Nspinty(D) = D if and only if D is a NstronglyPreOSR. 
(ii) Nspcly(D) = D if and only if D is a NstronglyPreCSR. 
(iii) Ninty(D) C Nspintp(D) C D C Xspele(D) C Nelp(D) 


Proposition 3.2. A 8 of a NSR space (R,.7%) is a NaOSK if and only if it is both NSemiOSR and 
NstronglyPreOSR. 


Definition 3.8. Let (R1,-“%.) and (2,-%) be any two NS¥# spaces. A function ¢ : (Ii, A) > (Re, -%) is 
called a NSR 


(i) contra continuous function(NSk — €CF) if d-1(U) is a NOR in (KR, -“%,), for each NCR U in (My, 2). 


(ii) contra a-continuous function (NSR — CaCF) if d-1(U) is a NaOR in (R,,-A%), for each NCK U in 
(Re, 2). 


(iii) contra precontinuous function(NSR — CpreCF) if d~'(U) is a NPreOSR in (Ry, -%), for each NCR U 
in (Re, S29). 
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(iv) contra strongly precontinuous function (NSR — CStrpreCF) if ¢—-1(U) is a NstronglyPreOSR in 
(Ri, A), for each NCR U in (Ro, 2). 


Proposition 3.3. Let (#1,.“%.) and (R2,-%) be any two NSR spaces. Let @ : (Ki, A) > (Ro,-%) bea 
function. If gis a NSR — ECF, then ¢ is a NSR — CaCFf. 
Proof: 

Let U be a NCR in (Ry, -%). Since d is NSR — ECF, d-1(U) is a NOR in (Ry,-A), for each NCR U in 
(Ry, Ar). By Remark 3. 1(iii), 6-1(U) C Rel, ($-(U)). 

Since -'(U) isa NOR in (R1,-A.), O 1(V) C Nelp, (Nintw, (@-1(U))). Hence, d-1(U) is a NSemiOSK 
in (31, A“). By Remark 3.1 (iii), 6~'(U) C Npclp, (d~!(U)). Taking interior on both sides, Rint, (¢@~'(U)) C 
Nint re, (Npcly, (@-1(U))). Since d-!(U) is a NOR in (R,,.%), HO 1(U) C Ninty, (Npclp, (d-1(U))). Hence, 
@ *(U) is a XstronglyPreOSR in (I,,-%,). Therefore, d~'(U) is both NSemiOS# and NstronglyPreOSR 
in (Jt,,-“4). By Proposition 3.1, @~'(¢) is a NaOSR in (RK, -“%.), for each NCR U in (Ry, -%2). Hence, ¢ is a 
NSR — CaCF. 


Proposition 3.4. Let (1,.“%,) and (R2,.%) be any two NSR spaces. Let @ : (Ii, A) > (Ro,-%) bea 
function. If gis a NSR — CaCF, then ¢ is a NSR — CStrpreCFf. 
Proof: 

Let U be any NC¥ in (Hy, -%2). Since d isa NSR-—CaCF, ¢-1(U) isa NaOSR in (KR, -%,), for each NCR 
U in (Sto, -%). By Proposition 3.1, d~!(U) is both NSemiOSR and NstronglyPreOSR in (Iy, -%,), for each 
NCR U in (R2,-%). Therefore, d~'(U) is a NstronglyPreOSR in (R,,-%), for each NCR U in (Ro, 7). 
Hence ¢ is a NSR — EStrpreCF. 


Proposition 3.5. Let (#1,.“%,) and (R2,-%) be any two NSR spaces. Let @ : (I1,A%) > (Ro,-%) bea 
function. If ¢ isa NSR — EStrpreCF, then ¢ is a NSR — CpreCF. 
Proof: 

Let U be any NC& in (Ito,-%). Since d is a NSR — CStrpreCF, d~'(U) is a NstronglyPreOSR in 
(Ri, -%.), for each NCR U in (Rg, 2), that is, 


& 1(U) C Ninty, (Npcly, (¢-'(U))) (3.1) 


By Remark 3.1 (iii), 

Npelp, (@"(U)) © Nelg, (@-'(U)) (3.2) 
Substitute (3.2) in (3.1), we get d-1(U) C Ninty, (Ncly, (od 1(U))). Therefore, d~'(U) is a NPreOS® in 
(Ri, A), for each NCR U in (Ro, %2). Hence, dis a NSR — CpreCF. 


Proposition 3.6. Let (#1,.“%.) and (R2,-%) be any two NSR spaces. Let @ : (I1,A%) > (Ro,-%) bea 
function. If gis a NSR — ECF, then ¢ is a NSR — EStrpreCFf. 
Proof: 

Let U be any NC§&R in (Io, -%2). Since ¢ isa NSR — CCF, d71(U) is a NOR in (Ry, -%), for each NCR U 
in (R2, %), that is, 6-'(U) = Nint», (d~!(U)). By Remark 3.1(iii), 


o'(U) C Xpels, (6-'(U)) (3.3) 
Taking interior on both sides in (3.3), 


g-'(U) = Ninte, (o"(U)) C Rint, (Npeln, (o-'(U))). 
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Hence, #~'(U) is a NstronglyPreOSR in (R1,-“%,), for each NCR U in (Ro,-%). Thus, d is a NSR — 
CStrpreCFf. 


Proposition 3.7. Let (R,,.“%,) and (Rt2,-%) be any two NSF spaces. Let d : (R1,-%) 3 (Ro,-%) bea 
function. If gis a NSR — CCF, then ¢ is a NSR — CpreCFf. 
Proof: 


Let U be any NCR in (Ry, 2). Since is a NSR — ECF, ¢-1(U) is a NOR in (RK, -“%.), for each NCR U 
in (Ro, 2), that is, 6 1(U) = Ninty, (d-1(U)). By Remark 3.1(iii), 


o\(B) € Nel, (o-*(U)) (3.4) 
Taking interior on both sides in (3.4), 
o-'(U) = Ninty, (d-"(U)) CE Rinty, (Netw, (@-'(Y))). 
Hence, ¢-'(U) is a NPreOSR in (RK, -“%.), for each NCR U in (Ry, 2). Thus, ¢ is a NSR — EpreCF. 


Remark 3.3. The converses of the Proposition 3.2, Proposition 3.3, Proposition 3.4, Proposition 3.5 and 
Proposition 3.6 need not be true as it is shown in the following example. 


Example 3.1. Let 3 = {a,b,c} be a nonempty set with two binary operations as follows: 









































+/ulv fiw | ulv lw 

Gus | ar we | u ululu 
and 

viviwfu Lv ulv |w 

wilwiuly iw ulwlv 




















yu (u) = eee = ee = 0.1; and 
yp(u) = 0.1, yp(v) = 0.1, ye(w) = 0.1. 
Then .~% = {On,1y,L,M}, So = {0On,1n, P}, S% — {On, lw, C(L)} and .~%, = {On 1w,.P} are the 
NSR’s on R. 


Then the identity function ¢ : (R,.%) > (R,-%) is a NSR — CpreCF, but ¢ is neither NSR — CCF nor 
NSR — CStrpreCFf. 
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Similarly the identity function ¢ : (R,.“%) > (R, %) isa NSR— CStrpreCF but ¢ is neither NSR— CCF 
nor NSR — CaCF 


Remark 3.4. Clearly the following diagram holds. 






NSR — CaCF NSR — CpreCF 


NSR — CStrpreCF 


Proposition 3.8. Let (#),.“%,) and (R2,-%) be any two NSR spaces. Let @ : (I1,%) > (Ro,-%) bea 
function. Then the following are equivalent. 


(i) dis NSR — CStrpreCFf. 
(ii) 6 1(U) is a NstronglyPreCSR in (ky, -%), for each NOR U in (Ky, 72). 


Proof: 
(i)=> Gi) 

Let U be any NOR in (Ry,-%), then C(U) is a NCR in (Ry,-%). Since ¢ is a NSR — CStrpreCF, 
@ 1(C(U)) isa NstronglyPreOSX in (KR, -%,), for each NCR C(V) in (Ro, -%2). By Remark 3.2(i), 6 1(C(U)) = 
C(o1(U)) C Ninty, (Npcly, (C(d~1(U)))). Therefore, d~!(U) is a Nstrongly PreCS& in (Ki, -%,), for each 
NOR U in (Re, S29). 
(i) (i) 

Let C(U) be any NO# in (Ig, -%). Then U isa NCR in (Ry, %y). Since d-1(C(U)) isa NstronglyPreCSR 
in (It,,-“), for each NOR C(U) in (Rg, -%). We have, d~1(U) is a NstronglyPreOSRin (k,,-“%.), for each 
NCR U in (Rg, -%2). Hence, ¢ isa NSR — CStrpreCF. 


Proposition 3.9. Let (#1,.“%.) and (R2,-%) be any two NSR spaces. Let @ : (Ii1,A%) > (Ro, %) bea 
function. Suppose if one of the following statement hold. 


(i) @-) (Nel, (V)) C Ninte, (Npclp, (¢7!(V))), for each NR V in (Ry, -A%). 
(ii) Nelp, (Npinty, (6-1(V))) C o-* (Rint, (V)), for each NR V in (2, A). 
(iii) O(Nely, (Npinty, (V))) C Ninty,(o(V)), for each NK V in (R1,-A). 
(iv) (Nclp,(V)) C Rint, (¢V)), for each NPreOSR V in (31, A). 


Then, @ isa NSR — CStrpreCF. 
Proof: 
(i)=> (ii) 
Let U be any X¥ in (Ry, .%). Then, d~'(Nelp,(U)) C Ninty, (Npcly, (d~'(U))) By taking complement 
on both sides, 
C(Nintp, (Npelp, (d-'(U)))) © C(@" (Nel, (U))) 
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Nelm, (C(Npelw, (@~'(U)))) Eg" (C(Relw, (U))) 
Nelg, (Npintm, (C(d-"(U))))  o* Rintg, (C(V))) 
Therefore, Nel, (Npinty, (@-'(V))) C O71 (Ninty, (V)), for each RK V = C(U) in (Ro, A). 
(ii)=> ii) 
Let U be any 8¥ in (Ito, -%). Let V be any NRK in (R,,-“%,) such that U = ¢(V). Then V C o~!(U). By 
(ii), Nelp, (Npinty, (6-+(U))) C 71 (Nintp,(U)). We have 


—1 
= 


Co 
Co 


Nelp, (Npintm, (V)) C Nelg, (Npinte, (g"(U))) S o* (Ninty, (o(V))) 


Therefore, @(Ncly, (Npinte, (V))) C Rint, (@(V)), for each NK V in (Ri, 4). 
(iii) = (iv) 
Let V be any NPreOS in (1, .“.). Then Npinty, (V) = V. By (iii), 


(Rely, (Npinty, (V))) = o(Nelw, (V)) S Rinte,(@(V)). 


Therefore, (Nclp,(V)) C intr, (o(V)), for each NPreOSR V in (Ri, A“). 


Suppose that (iv) holds. Let U be any NOR in (Iy,-%). Then Npinte,(d '(U)) is a NPreOSR in 

(Ry, wie By (iv), 
O(Nelp, Rpinty, (61(U)))) C Rinty, (d(Xpinte, (6-()))) 
C Ninte,(6(@-1(U))) C Ninty,(U) = U. 

We have, d-1(6(Nelw, (pints, (-'(U))))) © d-4(U). 

Then Nely, (Npinty, (d~'(U))) C @-1(U). This implies that d~!(U) is a NPreCSR in (R,,.“%). Taking 
complement on both sides, C(@~'(U)) C C(Nely, (Npinty, (d-1(U)))). This implies that d~'(C(B)) C 
Ninty, (Npcl», (d(C (U)))). Therefore 6~!(C(U)) is a Nstrongly PreOS& in (1, -~A), for each NCR C(U) 
in (Ro, .%). Hence, ¢ is a NSR — CStrpreCF. 
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Abstract: The primary aim of this paper is to introduce the neutrosophic supra topological spaces. Neutrosophic 
subspaces and neutrosophic mappings are presented by which some contradicting examples of the statements of Abd- 
Monsef and Ramadan"! in fuzzy supra topological spaces are derived. Finally, a new method is proposed to solve 
medical diagnosis problems by using single valued neutrosophic score function. 


Keywords: Fuzzy topology, Intuitionistic topology, Neutrosophic topology, Neutrosophic subspaces, Neutrosophic 
supra topology. 


1 Introduction 


The concept of fuzzy set was introduced by A. Zadeh [1] in 1965 which is a generalization of crisp set to 
analyse imprecise mathematical information. Adlassnig [2] applied fuzzy set theory to formalize medical rela- 
tionships and fuzzy logic to computerized diagnosis system. This theory [3, 4, 5] has been used in the fields of 
artificial intelligence, probability, biology, control systems and economics. C.L Chang [6] introduced the fuzzy 
topological spaces and further the properties of fuzzy topological spaces are studied by R. Lowen [7]. By re- 
laxing one topological axiom, Mashhour et al. [8] introduced supra topological space in 1983 and discussed its 
properties. Abd-Monsef and Ramadan [9] introduced fuzzy supra topological spaces and its continuous map- 
pings. K. Atanassov [10] considered the degree of non-membership of an element along with the degree of 
membership and introduced intuitionistic fuzzy sets. Dogan Coker [11] introduced intuitionistic fuzzy topol- 
ogy. Saadati [12] further studied the basic concept of intuitionistic fuzzy point. S.K.De et al. [13] was the first 
one to develop the applications of intuitionistic fuzzy sets in medical diagnosis. Several researchers [14, 15, 
16] further studied intuitionistic fuzzy sets in medical diagnosis. Hung and Tuan [17] noted that the approach 
in [13] has some questionable results on false diagnosis of patients’ symptoms. Generally it is recognized that 
the available information about the patient and medical relationships is inherently uncertain. There may be 
indeterminacy components in real life problems for data mining and neutrosophic logic can be used in this 
regard. Neutrosophic logic is a generalization of fuzzy, intuitionistic, boolean, paraconsistent logics etc. Com- 
pared to all other logics, neutrosophic logic introduces a percentage of indeterminacy” and this logic allows 
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each component ¢ true, 2 indeterminate, f false to ’boil over” 100 or freeze” under 0. Here no restriction on 
T,I, F, or the sum n = t +72+4 f, where t,7, f are real values from the ranges 7’, /, F’. For instance, in some 
tautologies t>100, called ’overtrue”. As a generalization of Zadeh’s fuzzy set and Atanassov’s intuitionistic 
fuzzy set, Florentin Smarandache [18] introduced neutrosophic set. Neutrosophic set A consists of three in- 
dependent objects called truth-membership ju4(x), indeterminacy-membership o 4(x) and falsity-membership 
ya(x) whose values are real standard or non-standard subset of unit interval |~0, 17. In data analysis, many 
methods have been introduced [19, 20, 21] to measure the similarity degree between fuzzy sets. But these are 
not suitable for the similarity measures of neutrosophic sets. The single-valued neutrosophic set is a neutro- 
sophic set which can be used in real life engineering and scientific applications. The single valued neutrosophic 
set was first initiated by Smarandache [22] in 1998 and further studied by Wang et al. [23]. Majumdar and 
Samanta [24] defined some similarity measures of single valued neutrosophic sets in decision making prob- 
lems. Recently many researchers [25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 
44, 45] introduced several similarity measures and single-valued neutrosophic sets in medical diagnosis. The 
notion of neutrosophic crisp sets and topological spaces were introduced by A. A. Salama and S. A. Alblowi 
[46,47]. 


In section 2 of this paper, we present some basic preliminaries of fuzzy, intuitionistic, neutrosophic sets 
and topological spaces. The section 3 introduces the neutrosophic subspaces with its properties. In section 
4, we define the concept of neutrosophic supra topological spaces. In section 5, we introduce neutrosophic 
supra continuity, S*-neutrosophic continuity and give some contradicting examples in fuzzy supra topological 
spaces"!, As a real life application, a common method for data analysis under neutrosophic supra topological 
environment is presented in section 6. In section 7, we solve numerical examples of above proposed method 
and the last section states the conclusion and future work of this paper. 


2 Preliminary 


This section studies some of the basic definitions of fuzzy, intuitionistic, neutrosophic sets and respective 
topological spaces which are used for further study. 


Definition 2.1. [1] Let X be a non empty set, then A = {(2, 4(x)) : x € X} is called a fuzzy set on X, 
where j1.4(x) € [0, 1] is the degree of membership function of each x € X to the set A. For X, [* denotes the 
collection of all fuzzy sets of X. 


Definition 2.2. [10] Let X be anon empty set, then A = {(x, a(x), ya(x)) : « € X} is called an intuitionistic 
set on X, where 0 < wa(x) + a(x) < 1 for all x © X, w4(x), ya(x) € [0,1] are the degree of membership 
and non membership functions of each x € X to the set A respectively. The set of all intuitionistic sets of X 
is denoted by [(X). 


Definition 2.3. [23] Let X be a non empty set, then A = {(2, a(x), 04(X), ya(x)) : « € X} is called 
a neutrosophic set on X, where ~0 < pia(x) + o4(x) + ya(x) < 37 for all x € X, w(x), o,(x) and 
ya(x) €]~0,1*| are the degree of membership (namely j4(x)), the degree of indeterminacy (namely o4(x)) 
and the degree of non membership (namely y4(x)) of each z € X to the set A respectively. For X, N(X) 
denotes the collection of all neutrosophic sets of X. 


Definition 2.4. [18] The following statements are true for neutrosophic sets A and B on X: 
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(i) pa(v) < pp(x), o4(x) < op(x) and y4(x) > yp(x) for all x € X if and only if A C B. 
(ii) AC Band B C Aif and only if A = B. 
(ii) AN B= {(2,min{p.4(2), wa(w)},min{o4(x), oa(x)},max{ya(x), ya(x)}) : @ © X}. 
(iv) AUB = {(a,max{pa(x), wa(x)},max{oa(x), a(x) },min{y4(x), ye(a)}) : a © X}. 


More generally, the intersection and the union of a collection of neutrosophic sets {A;}ic,, are defined by 
Nien Ai = {(sinfiea{wa,(x)} infer {oa,()},supien{ya,(x)}) :@ € X} and User Ai = {(x,supiea{pta,(2)}, 
supica{ oa, (x) },infien{ya,(z)}) : v © X}. 


Notation 2.5. Let X be a non empty set. We consider the fuzzy, intuitionistic, neutrosophic empty set as J = 
{(x,0): 2 € X}3,0 = {(2,0,1): 2 € X},0 = {(x,0,0,1) : x © X} respectively and the fuzzy, intuitionistic, 
neutrosophic whole set as X = {(z,1): a € X}, X = {(z,1,0): a2 € X}, X = {(7,1,1,0): ae X} 
respectively. 


Definition 2.6. [24] A neutrosophic set A = {(%, a(x), o4(@), ya(x)) : «© € X} is called a single valued 
neutrosophic set on a non empty set _X, if a(x), 74(a) and ya(x) € [0,1] and 0 < wa(x)+o4(x)+ a(x) < 3 
for all x € X to the set A. For each attribute, the single valued neutrosophic score function (shortly SVNSF) 
is defined as SVNSF = 5—[S0y24[2 + wi — 01 — J]. 


Definition 2.7. [6] Let X be a non empty set. A subcollection 7; of J* is said to be fuzzy topology on X if 
the sets X and () belong to Tf, Tf 18 Closed under arbitrary union and 7; is closed under finite intersection. Then 
(X,7T,) is called fuzzy topological space ( shortly fts ), members of 7; are known as fuzzy open sets and their 
complements are fuzzy closed sets. 


Definition 2.8. [11] Let X be a non empty set and a subfamily 7; of JX) is called intuitionistic fuzzy topology 
on X if X and @ € 7;, 7; is closed under arbitrary union and 7; is closed under finite intersection. Then (X, 7;) 
is called intuitionistic fuzzy topological space ( shortly ifts ), elements of 7; are called intuitionistic fuzzy open 
sets and their complements are intuitionistic fuzzy closed sets. 


Definition 2.9. [46, 47] Let X be a non empty set. A neutrosophic topology on X is a subfamily 7,, of N(X) 
such that X and () belong to 7, 7, is closed under arbitrary union and 7,, is closed under finite intersection. 
Then (X,7,,) is called neutrosophic topological space ( shortly nts ), members of 7,, are known as neutrosophic 
open sets and their complements are neutrosophic closed sets. For a neutrosophic set A of X, the interior and 
closure of A are respectively defined as: int,(A) = U{G: GC A,Ge€e7,}andcd,(A) =N{F: ACF, 
Fo ET}. 


Corollary 2.10. [18] The following statements are true for the neutrosophic sets A, B,C’ and D on X: 
Gg) ANC CBNDandAUCCBUD,if AC BandC CD. 
Gi) ACBNC,ifAC BandACC.AUBCC,ifACCand BCC. 

Gi) ACC,if AC Band BCC. 


Definition 2.11. [48] Let A = {(2, a(x), ca(x), ya(xz)): 0 © X}, B= {(y, u(y), oB(y), yely)): y € Y$ 
be two neutrosophic sets and f : X — Y bea function. 
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Gi) f-'(B) = {(a, f-*(us)(2), f-'(o8) (2), f-* (ye) (x)) : e © X} is a neutrosophic set on X called the 
pre-image of B under f. 


(ii) f(A) = {(y, F(a) (y), f(oa)(y), (1 — fC — ya))(y)) : y © Y} is a neutrosophic set on Y called the 
image of A under f, where 


f(wa)(y) ={ eee A if f-"(y) A0 


otherwise 


otherwise 


f(oa)(y) = { specs rypeale) IW) #0 


1 otherwise 


(1— f(1—14))(y) = { infecs-yy vale) if f(y) #0 
For the sake of simplicity, let us use the symbol f_ (7,4) for (1 — f(1 — ya)). 


3  Neutrosophic Subspaces 


This section introduce differences of two fuzzy, intuitionistic and neutrosophic sets on X. We also introduce 
neutrosophic subspaces with its proprties. 


Definition 3.1. The difference of neutrosophic sets A and B on X is a neutrosophic set on X, defined as 
A\ B= {(a, |ua(x) — wa(2)|, |oa(e) — on(2)|,1 — |ya(@) — ya()|) : @ © X}. Clearly X° = X\ X = 
(x,0,0,1) = 0 and 0° = X \@ = (2,1,1,0) = X. 


Definition 3.2. Let A, B be two intuitionistic fuzzy sets of X, then the difference of A and B is a intuitionistic 
fuzzy set on X, defined as A \ B = {(2, |ua(x) — a(x), 1 — |\ya(x) — ya(x)|) : & © X}. Clearly X° = 
AX ](@. 01) =0and i =X Vee, 0) eX 


Definition 3.3. Let A, B be two fuzzy sets of X, then the difference of A and B is a fuzzy set on X, defined as 
A\ B= {(a,\pa(x) — wp(x)|) : 2 € X}. Clearly X° = X \ X = (2,0) = Mand 0° = X \0= (2,1) =X. 


Corollary 3.4. The following statements are true for the neutrosophic sets {A}, A, B on X: 
(i) (Mien A;)* = Vier Aj, (Uien A,)*= Nica Aj. 
(ii) (A°)° = A. BoC A*, if ACB. 


Proof. : Part(i): (),<, Ai)® = {(a, |1-infic {ua, (x) }], |1-infien{oa, (x) }|, 1 — |O—-supiea{ya,(x)}]) : @ € 
X} = {(z,supica(|1 — a; (x)|),supica(|1 — .4,(2)|),infiea ([1 — ya,(x)|) : 2 © X} = Uieg AF. Similarly we 
can prove (U;<, Ai)® = Mea Af and part(ii). 
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Generally, in the sense of Chang'®) every fuzzy topology is intuitionistic fuzzy topology as well as neu- 
trosophic topology. The following lemmas show that every intuitionistic fuzzy topology 7; induce two fuzzy 
topologies on X and every neutrosophic topology 7,, induce three fuzzy topologies on X. 


Lemma 3.5. In an intuitionistic fuzzy topological space (X,7;), each of the following collections form fuzzy 
topologies on X: 


@) Tp = {A= (a, wal) = (@, Ma(®), Ya(2)) € TH}. 
(i) Tf, = {A = (a, 1 — ya(a)) = (@, Ma(@), Ya(@)) € TH}. 


Proof. : Here we shall prove part (ii) only and similarly we can prove part (i). Clearly @ = (2,0) and 
X = (a,1) are belong to T,,. If {Aj}jea © Ty, then {(, f14,(7), V4,(7)) }jea © 7% and (x,supjea{pa,(x)}, 
infj<a{7a,(x)})} € 7%. Therefore (x,supjea{1 — ya,(x)}) = (x, 1-infjea{ya,(x)}) © Ty and so Ujena Ay € 
T fo: If {Aj }hy € T fas then {(2, A; (x), YA; (x)) ry € 7; and (x,infj{i04, (x) },sup;{7a, (x) })} € 7;. There- 
fore (x,inf;{1 — ya,(x)}) = (a, 1-sup;{ya,(x)}) © Tp, and so NFL, A; € Tp. 














Lemma 3.6. In a neutrosophic topological space (X,7,,), each of the following collections form fuzzy topolo- 
gies on X: 


@) Tp = {A= (@, wa()) : (@, Ma(), 0a(@), Va(@)) € Tf 
(ii) Ty = {A = (2, 04(2)) : (@, Ma(), ca(2), Va(@)) © Tote 
(iii) Ty, = {A = (#, 1 — ya(x)) : (@, Hat), ca(), Va(2)) € Tf 


Proof. : Part (i): Clearly @ = (#,0) and X = (2,1) are belong to ry,. If {Aj}jea © Tp, then {(2, W4,(x), 
Oa,(X),Ya,(@))}jen € TM and (x,supjea{Ha,(x)},supjeatoa,(x)}.infiea{ya,(x)})} € Tm Therefore 
(x,supjea{ Ha, (©) }) € Tp, and so Ujena Ay € Tp. HE {As Fy € Tp, then {(x, 1a, (x), 04, (@), aj (@)) F721 © TM 
and (x,inf;{j4,; (x) },inf;{o,(x)},sup;{ya,(x)})} © Tm. Therefore (x,inf;{i4,(2)}) € Tp, and son”, A; € 
Tf,- In similar manner we can prove part (11) and (iii). 














Corollary 3.7. Let A be a neutrosophic set of (X,7,,), then the collection (tj)4 ={ANO:O€ T}isa 
neutrosophic topology on A, called the induced neutrosophic topology on A and the pair (A, (7,,).4) is called 
neutrosophic subspace of nts (X, 7,,). The elements of (7,,).4 are called (7,,) 4-open sets and their complements 
are called (7,,) 4-closed sets. 


Proof. : Obviously @ = (a,min(j4(x),0),min(o4(2),0),max(y4(z),1)) = AND € (m)4a and A = 
(x,min(j4(x), 1),min(o4(x), 1),max(y4(z),0)) = AN X € (7) 4. Take {A;}je, © (7™)a, there exist O; € 
Tm, Jj € A, such that A; = ANO; foreach j € A. Then A’ = Ujena A; = {(2, supjea{ Ha, (x) } supjea{ oa, (@ ah 
infjea{ ya, (2)) }} = {(x,supjea(min{ a(x), Ho, (x) }),Supjea(min{o (x), 70, ()}), 
infje,(max{74(x), Yo,(x)}))t = {(z,min(supjea{/a(%), Ho; (x) }),min(supjea{o4(Z), 70; (2) }), 
max (infjea{7a(2),10,(2)}))} = £2, Hantjea0s)(®)s FAn(vjend,)(2)sVamtujend,)(2))} © (Tn) a- Therefore 
(Tn) a is closed under arbitrary union on A. If we take {A;}"", © (™)a, there exist O; € T, 7 = 1,2,...,m, 
such that A; = AMO; foreach j € A. Then A’ = nA; = { (2, inf {.4, (x) },infj{o4,(x)},sup;{ya,(x))}} = 
{(x,inf,(min{ye4(), 4o,(x)})-int,(min{o4(x), oo, (x)}) sup; (max {y.a(c), 10, (2)}))} = {(eamin inf {p14 (2), 
Ho; (x) }),min(inf;{o4(2), 90; (x) }),max(sup;{y4(c), YO; (x)}))} . {(2, MAn(nyea0;) (2); F AN(nyex0;) (2); 
YAn(njca0;)())} © (Tr) A- Therefore (7,,) 4 is a neutrosophic topology on A. 
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Corollary 3.8. Let A be a fuzzy set (resp. intuitionistic fuzzy set) of fts (X,7/) (resp. ifts (X,7;)), then the 
collection (Tf)4 ={ANO: O € Tf} (resp. (7%))4 = {ANO : O € 7;}) is a fuzzy topology (resp. intuitionistic 
fuzzy topology) on A, called the induced fuzzy topology (resp. induced intuitionistic fuzzy topology) on A 
and the pair (A, (T;) 4) (resp. (A, (7;).4)) is called fuzzy subspace (resp. intuitionistic fuzzy subspace). 











Proof. : Proof follows from the above corollory. 





Lemma 3.9. Let (A, (7,).4) be a neutrosophic subspace of nts (X,7,) and B C A. If B is (7) 4-open in 
(A, (7T,) 4) and A is neutrosophic open in nts (X,7,,), then B is neutrosophic open in (X, 7,,). 


Proof. : Since B is (7,,) 4-open in (A, (T,)4), B = AMO for some neutrosophic open set O in (X,7,,) and so 
B is neutrosophic open in (X, T,). 














Lemma 3.10. Let (A, (77) 4) (resp. (A, (7;)4)) be a fuzzy subspace (resp. intuitionistic fuzzy subspace) of fts 
(X,7,) (resp. of ifts (X,7;)) and B C A. If B is (ry) 4-open (resp. (7;) 4-open) in (A, (T¢) 4) (resp. (A, (7;).4)) 
and A is fuzzy open (resp. intuitionistic fuzzy open) in fts (X,7,/) (resp. ifts (X,7;)), then B is fuzzy open 
(resp. intuitionistic fuzzy open) in (X, T;) (resp. ifts (X, 7;)). 











Proof. : Proof is similar as above lemma. 





Remark 3.11. In classical topology, we know that if (A, 74) is a subspace of (X,7) and B C A, then 
(i) B= AN F, where F is closed in X if and only if B is closed in A. 
(ii) B is closed in X, if B is closed in A and A is closed in X. 


The following examples illustrate that these are not true in fuzzy, intuitionistic fuzzy and neutrosophic topo- 
logical spaces. 


Example 3.12. Let X = {a,b,c} with , = {0, X, ((1, 1,1), (0,0, 0), (0.7, 0.7, 0.7)), ((0.6, 0.6, 0.6), (0,0, 0), 
(0,0,0)), ((1,1, 1), (0,0, 0), (0,0, 0)), (0.6, 0.6,0.6), (0, 0,0), (0.7, 0.7, 0.7))}. Then (»)° = {X, 0, ((0, 0,0), 
(1, 1,1), (0.3, 0.3, 0.3), ((0.4, 0.4, 0.4), (1, 1,1), (1,1, 1), ((0, 0,0), (1, 1,1), (1,1, 1)), ((0.4, 0.4, 0.4), 

(1,1, 1), (0.3, 0.3, 0.3))}. Let A = ((0.6,0.6, 0.2), (1,0, 1), (0.8, 0.7,0.6)), then (7») 4 = {0, A, ((0.6, 0.6, 0.2), 
(0,0, 0), (0.8, 0.7, 0.7)), ((0.6, 0.6, 0.2), (0,0, 0), (0.8,0.7,0.6))} and ((m)s)° =  {A,0,((0,0,0), 
(1,0, 1), (1,1, 0.9)), ((0, 0,0), (1,0,1), (1,1, 1))}. Clearly B = ((0,0,0), (1,0, 1), (1,1, 0.9)) is (7) 4-closed 
in (A, (T™m).) afd B # AQF for every neutrosophic closed set F' in (X,7,,). Since A = ((0,0,0), (1,1, 1), 
(0.3,0.3,0.3)) is neutrosophic closed in (X,7,), then (7)a = ~~ {@,A,((0,0,0), (0,0, 0), 
(0.7, 0.7,0.7)), ((0, 0, 0), (0,0, 0), (0.3, 0.3, 0.3))} and ((t,)4)° = {A,0,((0,0,0), (1,1, 1), (0.6, 0.6, 0.6)), 
((0, 0,0), (1,1,1),(1,1,1))}. Clearly B = ((0,0,0), (1, 1,1), (0.6, 0.6,0.6)) is ae n) An slosed in in (A, (T™)a)s 


but it is not neutrosophic closed in (X,7,,). 


Example 3.13. Let X = {a,b,c} with 7 =  {0,X,((0.4,0.4,0.3), (0.6,0.6,0.7)), 
((0.3, 0.8, 0.1), (0.7, 0.2, 0.9)), ((0.3, 0.4, 0.1), (0.7, 0.6, 0.9), ((0.4, 0.8, 0.3), (0.6,0.2,0.7))}. Then (7;)° = 
£X, 0, ((0.6, 0.6, 0.7), (0.4, 0.4, 0.3), (0.7, 0.2, 0.9), (0.3, 0.8, 0.1), ((0.7, 0.6, 0.9), (0.3, 0.4, 0.1)), 
((0.6, 0.2, 0.7), (0.4, 0.8, 0.3))}. Since A = ((0.7, 0.2, 0.9), (0.3, 0.8,0.1)) is intuitionistic fuzzy closed in 
(X,7;), then (7;)4 = {0,A, ((0.4,0.2, 0.3), (0.6, 0.8, 0.7)), ((0.3, 0.2, 0.1), (0.7, 0.8, 0.9))} and ((7%))4)° = 
{A,0, ((0.3, 0, 0.6), (0.7, 1,0.4)), ((0.4, 0, 0.8), (0.6, 1, 0.2))}. Clearly B = ((0.3, 0, 0.6), (0.7, 1, 0.4)) is () 4- 
closed in (A, (7;)4), but B # AN F for every intuitionistic fuzzy closed set F’ in (X,7;) and B is not intu- 
itionistic fuzzy closed in (X,7;). 
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Example 3.14. Let X = {a, b,c} with tr; = {@, X, (0.2, 0.3, 0.1), (0.7, 0.1, 0.8), (0.2, 0.1, 0.1), (0.7, 0.3, 0.8) }. 
Then (r;)° = {X,0, (0.8, 0.7, 0.9), (0.3, 0.9, 0.2), (0.8, 0.9, 0.9), (0.3, 0.7, 0.2)}. Since A = (0.8,0.7, 0.9) is 
fuzzy closed in (X,r;), then (tp)4 = {0, A, (0.2, 0.3, 0.1), (0.7, 0.1, 0.8), (0.2, 0.1, 0.1), (0.7, 0.3, 0.8)} and 
((r,)a)’ = {A,O, (0.6, 0.4, 0.8), (0.1, 0.6, 0.1), (0.6, 0.6, 0.8), (0.1,0.4,0.1)}. Clearly B = (0.6,0.6, 0.8) is 
(T,) 4-closed in (A, (Ty) 4), but B # AN F for every fuzzy closed set F in (X,7;) and B is not fuzzy closed 
in (X, Ty). 


4 Neutrosophic Supra Topological Spaces 


In this section, we introduce neutrosophic supra topological spaces and also establish its properties. 


Definition 4.1. A subcollection 7,* of neutrosophic sets on a non empty set X is said to be a neutrosophic supra 
topology on X if the sets 0, X € 7 and U°, A; € 7;, for {A;}%, © 7%. Then (X,7;*) is called neutrosophic 
supra topological space on X ( for short nsts). The members of 7,, are known as neutrosophic supra open sets 
and its complement is called neutrosophic supra closed. A neutrosophic supra topology 7,7 on X is said to 
be an associated neutrosophic supra topology with neutrosophic topology 7,, if 7, C 7,;. Every neutrosophic 
topology on X is neutrosophic supra topology on X. 


Remark 4.2. The following table illustrates the combarison of fuzzy supra topological spaces, intuitionistic 


supra topological spaces, neutrosophic supra topological spaces. 


Comparison Table 
































S.No | Fuzzy supra topological Intuitionistic supra Neutrosophic supra 
spaces topological spaces topological spaces 

l It deals with fuzzy sets It deals with intuitionistic It deals with neutrosophic 

sets sets 

2 A subcollection t7 of A subcollection tj of A subcollection t;, of 
fuzzy sets on anon empty | intuitionistic sets on a non neutrosophic sets on a non 
set X is said to be a fuzzy | empty set X is said to be a empty set X is said to be a 
supra topology on X if intuitionistic supra topology | neutrosophic supra topology 
the sets @,X € t7 and on X if the sets @,X € 1} on X if the sets 0,X € tT), 
U2, Aj € 7, for and Uia1 Ai € T}, for and Uj=14i € Tp, for 
(Ad@, € tp. {Aj}iz1 € Ti. {AjJiz1 € Th 

3 A non empty set X A non empty set X together | A non empty set X together 
together with the with the collection 7; is with the collection tT), is 
collection Tf is called called intuitionistic supra called neutrosophic supra 
fuzzy supra topological topological space on X ( for | topological space on X ( for 
space on X ( for short fsts) | short ists) denoted by the short nsts) denoted by the 
denoted by the ordered ordered pair (X,T7;). ordered pair (X,T)). 
pair (X, Tf). 

4 The members of ty are The members of 7; are The members of T), are 
known as fuzzy supra known as intuitionistic supra_| known as neutrosophic 
open sets. open sets. supra open sets. 

5 It is a generalization of It is a generalization of fuzzy | It is a generalization of 
classical supra topological | supra topological spaces. intuitionistic supra 
spaces. topological spaces. 

6 Every fuzzy topology is Every intuitionistic topology | Every neutrosophic 
fuzzy supra topology. is intuitionistic supra topology is neutrosophic 

topology. supra topology. 
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Proposition 4.3. The collection (7;*)° of all neutrosophic supra closed sets in (X, 7;*) satisfies: 0, X € (7;*)° 
and (7;*)° is closed under arbitrary intersection. 





Proof. : The proof is obvious. 











Lemma 4.4. As Proposition 3.4, every neutrosophic supra topology 7;* induce three fuzzy supra topologies 
7}, = {A = (2, wale) : (@, Mae), oa(@), Va(®)) € TY TF = {A = (@, Ca(@)) : (@, Male), Ca(@), Ya(a)) € 
Try and Te, = {A = (x,1—ya(z)) : (2, Ma(2), 74(2), Ya(Z)) € Tr} On X. 


Definition 4.5. The neutrosophic supra topological interior int,» (A) and closure cl,» (A) operators of a neutro- 
sophic set A are respectively defined as: int,.(A) =U{G: GC AandG € 77} andcl,»(A) =N{F: ACF 
and F° € 77}. 


Theorem 4.6. The following are true for neutrosophic sets A and B of nsts (X, 7;*): 
(i) A = cl,.(A) if and only if A is neutrosophic supra closed. 
(ii) A = int,»(A) if and only if A is neutrosophic supra open. 
(iii) cl,»(A) C cl,«(B), if AC B. 


(iv) int;s(A) C int,+(B), if AC B. 


(viii) int,s(A) M int,s(B) D int,.(AN B). 


n n 


(ix) int,»(A°) = (cl-*(A))*. 


Proof. : Here we shall prove parts (iii), (v) and (ix) only. The remaining parts similarly follows. Part (iii): 
cl,.(B) =M{G: Go e77,B CG} DN{G: G € 77, A C G} = cl,»(A). Thus, cl,»(A) C cl,»(B). 
Part (v): Since AU B D A, B, then cl,«(A) Ucl,»(B) © cl,»(A U B). Part (ix): cl;»(A) = N{G : G° € 7, 

G 2D A}, (cl,*(A))° = U{G*® : G* is a neutrosophic supra open in X and G° C A°} = int,.(A°). Thus, 
(cl, (A))° = intr (A°). 














Remark 4.7. In neutrosophic topological space, we have cl,, (AU B) = cl,,(A)Ucl,, (B) and int,, (ANB) = 
int,,,(A) M int,,,(B). These equalities are not true in neutrosophic supra topological spaces as shown in the 
following examples. 


Example 4.8. Let X = {a,b,c} with neutrosophic topology 77 = {@, X, ((0.5, 1,0), ou 5, 1,0), (0.5, 0, 1)), 
((0.25, 0, 1), (0.25, 0, 1), (0.75, 1, 0)), (0.5, 1, 1), (0.5, 1,1), (0.5,0,0))}. Then (7*)° = {X,0,((0.5,0, 1), 
(0.5, 0,1), (0.5, 1,0), ((0.75, 1,0), (0.75, 1,0), (0.25, 0, 1)), ((0.5,0,0), (0.5,0,0),(0.5,1,1))}. Let C= 


((0.5, 0.5, 0), (0.5, 0.5, 0), (0.5,0.5,1)) and D = ((0.5,0,0.5), (0.5,0, 0.5), (0.5, 1,0.5)), then cl,»(C) = 
((0. B : 0), (0.75, 1,0), (0.25, 0, 1)) and cl,+(D) = ((0.5,0, 1), (0.5, 0, 1), (0.5, 1, 0)), 80 cles (C) Ucl;s(D) = 
((0.75, 1, 1), (0.75, 1, 1), (0.25, 0,0)). But CUD = ((0.5, 0.5, 0.5), (0.5, 0.5, 0.5), (0.5, 0.5, 0.5)) and el;s(C'U 
D) = ((1,1,1), (1,1, 1), (0,0,0)) = X. Therefore cl,»(C'U D) # cl-»(C) U el,+(D). 
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Let E = ((0.5,1, 0.25), (0.5, (0 
int(E) = ((0.5,1,0), (0.5, 1,0), (0.5, 0, 
$0 int,«(E) Mint;«(F) = ((0.25, 0,0), (0.25, 0, 0), (0. 75,1, 4) 
(0.5, 0.5, 0.75)) and int,«(E 9 F) = ((0,0,0), (0,0,0), (1, 1, 1) 
int,»(F). 


0.75)) and F = ((0.5,0.5, 1), (0.5, 0.5, 1), (0.5,0.5,0)). Then 
1)) and int,(F) = ((0.25,0, 1), (0.25, 0,1), (0.75, 1,0)), 
But ENF = ((0.5, 0.5, 0.25), (0.5, 0.5, 0.25), 
) = 0. Therefore int,.(E. F) F int,.(£) 


5 Mappings of Neutrosophic Spaces 


In this section, we define and establish the properties of some mappings in neutrosophic supra topological 
spaces and neutrosophic subspaces. 


Definition 5.1. Let 7; and o* be associated neutrosophic supra topologies with respect to 7,, and a,,. A mapping 
f from a nts (X, 7,,) into nts (Y, 0,,) is said to be S*-neutrosophic open if the image of every neutrosophic open 
set in (X,7,,) is neutrosophic supra open in (Y,o*) and f : X — Y is said to be S*-neutrosophic continuous 
if the inverse image of every neutrosophic open set in (Y,¢,,) is neutrosophic supra open in (X, 7,*). 


Definition 5.2. Let 7 and o% be associated neutrosophic supra topologies with respect to nts’s 7, and o,,. 
A mapping f from a nts (X,7,,) into a nts (Y,¢,) is said to be supra neutrosophic open if the image of 
every neutrosophic supra open set in (X,7;*) is a neutrosophic supra open in (Y,o*) and f : X — Y is said 
to be supra neutrosophic continuous if the inverse image of every neutrosophic supra open set in (Y,o*) is 
neutrosophic supra open in (X, 7;7). 


A mapping f of nts (X,7,,) into nts (Y,¢,,) is said to be a mapping of neutrosophic subspace (A, (7) 4) 
into neutrosophic subspace (B, (o,) 8) if f(A) C B 


Definition 5.3. A mapping f of neutrosophic subspace (A, (7,)4) of nts (X,7;,) into neutrosophic subspace 
(B,(on)B) of nts (Y,o,) is said to be relatively neutrosophic continuous if f~'(O) MN A € (T,), for every 
O € (on) z. If f(O') € (on) g for every O' € (tT), then f is said to be relatively neutrosophic open. 


Theorem 5.4. If a mapping f is neutrosophic continuous from nts (X,7,,) into nts (Y,¢,,) and f(A) C B. Then 
f is relatively neutrosophic continuous from neutrosophic subspace (A, (7,,)4) of nts (X, 7,,) into neutrosophic 
subspace (B, (o,),) of nts (Y,a,). 


Proof. : Let O € (o,)p, then there exists G € o, such thatO = BMG and f~'(G) € 7. Therefore 
fYO)NA= fUBNF (G)NA=fUG)NAE (m)a. 


Remark 5.5. (i) Every neutrosophic continuous (resp. neutrosophic open) mapping is S*-neutrosophic 
continuous (resp. S*-neutrosophic open), but converse need not be true. 














(ii) Every supra neutrosophic continuous (resp. supra neutrosophic open) mapping is S*-neutrosophic con- 
tinuous (resp. S*-neutrosophic open), but converse need not be true. 


(iii) Supra neutrosophic continuous and neutrosophic continuous mappings are independent each other. 
(iv) Supra neutrosophic open and neutrosophic open mappings are independent each other. 


Proof. : The proof follows from the definition, the converse and independence are shown in the following 
example. 
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Example 5.6. Let Y = {2,y,z}, X = {a,b,c} with neutrosophic topologies 7, = {0,X, 
((0.5, 0.5, 0), (0.5, 0.5, 0), (0.5,0.5,1))} and oy = {0, Y, ((0.5, 0.25, 0.5), (0.5, 0.25, 0.5), 
(0:5, 0.75,0.5)) +. ett, a. = 40X.((0:5,0.5;.0);, (0-5,0:5 0); (05,05, 1))..((0-5,.0:5,0.5)., 
(0.5, 0.5, 0.5), (0.5, 0.5, 0.5)), ((0.5, 0.25, 0.5), (0.5, 0.25, 0.5), (0.5, 0.75,0.5))} and o* = o,, be associated 
neutrosophic supra topologies with respect to 7, and ody. Define a mapping 
f 2X = Y by fe =] =f) = wife) = & then 7-"(((0.5,0.25, 0.5),.(0.5,0.25; 0.5), 


(0.5, 0.75, 0.5))) = ((0.5, 0.25, 0.5), (0.5, 0.25, 0.5), (0.5, 0.75, 0.5)) € 7*. Clearly f is supra neutrosophic 
continuous and S*-neutrosophic continuous but not neutrosophic continuous. 


Let Y = {a,y,z}, X = {a,b,c} with neutrosophic topologies 7, = {0,X,((0.5,0.5, 0), 
(0.5, 0.5, 0), (0.5, 0.5, 1)), ((0.5, 0.25, 0), (0.5, 0.25, 0), (0.5,0.75,1))} and ay = {0,Y, 
((0.5, 0.25, 0), (0.5, 0.25, 0), (0.5, 0.75, 1))}. Let 7r* = {0,X,((0.5,0.5,0), (0.5,0.5,0), 
(0.5,0.5,1)), ((0.5, 0.25, 0), (0.5, 0.25, 0), (0.5,0.75,1)), ((1,0.5, 0), (1, 0.5,0); (0,0:5, 1))} and 
ot {0, Y, (0.5, 0.25, 0), (0.5, 0.25, 0), (0.5, 0.75, 1), (0.3, 0.25, 0.5), (0.3, 0.25, 0.5), 


0.7, 0.75, 0.5)), ((0.5, 0.25, 0.5), (0.5, 0.25, 0.5), (0.5, 0.75,0.5))} be associated neutrosophic supra topolo- 
gies with respect to 7,, and o,. Consider a mapping f : X — Y by f(c) = z, f(b) = y, f(a) = a, then 
fF -*(((0:5,.0:25,0.5): (0.5,0:25, 0.5);.(0.5,0:75,0.5))) = ((0:5,0,25, 0:5), (0.5, 0.25,0:5), (0:5, 0:75,0.5)) -¢ 
T,. Therefore f is neutrosophic continuous and S*-neutrosophic continuous but not supra neutrosophic con- 
tinuous. If we consider a mapping g : Y > X by g(z) = c,g(y) = b, g(x) = a, then g is neutrosophic open 
and S*-neutrosophic open but not supra neutrosophic open. 


Let Y = {2x,y,z}, X = {a,b,c} with neutrosophic topologies 7, = {0,X,((1,0.5,0.3), 
(1,0.5,0.3), (0,0.5,0.7))} and ay = {0, Y, ((1, 0.3, 0.5), (1, 0.3, 0.5), (0, 0.7, 0.5))}. 
Let of = {0,Y,((1,0.3,0.5), (1,0.3,0.5), (0,0.7,0.5)), ((1,0.5, 0.3), (1,0.5, 0.3), (0, 0.5, 0.7), 


((1, 0.5, 0.5), (1, 0.5, 0.5), (0,0.5,0.5))} and 7. = 7, be associated neutrosophic supra topologies with re- 
spect to 7, and 7,. Then f : X — Y defined by f(c) = z, f(b) = y, f(a) = x is S*-neutrosophic open and 
supra neutrosophic open but not neutrosophic open. 


Observation 5.7. The following are the examples of contradicting the statements of Abd-Monsef and 
Ramadan"). In fuzzy supra topological space, consider Y = {x,y,z}, X = {a,b,c} with fuzzy topolo- 
gies tr = {0, X, (0.5, 0.5, 0), (0.5, 0.25, 0)} and of = {0, Y, (0.5,0.25,0)}. Let 77 = {0,X, (0.5, 0.5, 0), 
(0.5, 0.25, 0), (1, 0.5 -0)} and o = {0,Y, (0.5, 0.25, 0), (0.3, 0.25, 0.5), (0.5, 0.25, 0.5) } be associated fuzzy 
supra topologies with respect to Ts and of. Consider a mapping h : X — Y by h(c) = z,h(b) = y, h(a) = 2, 
then h~*((0.5, 0.25, 0.5)) = (0.5, 0.25, 0.5) ¢ 77. Then h is fuzzy continuous but not supra fuzzy continuous. 
If we define a mapping g : Y > X by g(z) = c,g9(y) = b, g(x) =a, then g is fuzzy open but not supra fuzzy 
open. 


Theorem 5.8. The following statements are equivalent for the mapping f of nts (X,7,,) into nts (Y,0,,): 
(i) The mapping f : X — Y is S*-neutrosophic continuous. 
(ii) The inverse image of every neutrosophic closed set in (Y,0,,) is neutrosophic supra closed in (X, 7,*). 
(iii) For each neutrosophic set A in Y, cl-+(f~*(A)) C f-*(elo,(A)). 


(iv) For each neutrosophic set B in X, f(cl,+(B)) € elz, (f(B)). 
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(v) For each neutrosophic set A in Y, int,»(f~'(A)) D f (ints, (A)). 


Proof. : (i) = (ii): Let f be a S*-neutrosophic continuous and A be a neutrosophic closed set in (Y,o,), 
f-'(Y — A) = X — f71(A) is neutrosophic supra open in (X, 7;*) and so f~'(A) is neutrosophic supra closed 
iy (X57, 

(ii) = (diz): cl,,,(A) is neutrosophic closed in (Y,¢,,), for each neutrosophic set A in Y, then f~'(cl,,,(A)) is 
neutrosophic supra closed in (X,7;*). Thus f~'(cl,,,(A)) = clrs(f~' (cle, (A))) 2 elrs(f71(A)). 

(itt) => (tv): fo'(clo, (f(B))) 2 cls(f-'(f(B))) 2 cl,«(B), for each neutrosophic set B in X and so 

f (Cles(B)) © clo, (f(B))- 

(iv) = (i): Let B = f~'(A), for each neutrosophic closed set A in Y, then f(cl;«(B)) C cls,(f(B)) © 
cl,,(A) = A and cl,«(B) C f-'(f(cl,«(B))) C f-'(A) = B. Therefore B = f~'(A) is neutrosophic supra 
closed in X. 

(ii) = (i): Let A be a neutrosophic open set in Y, then X — f~'(A) = f~1!(Y — A) is neutrosophic supra 
closed in X, since Y — A is neutrosophic closed in Y. Therefore f~!(A) is neutrosophic supra open in X. 

(1) = (v): f7'(int,,,(A)) is neutrosophic supra open in X,, for each neutrosophic set A in Y and int,«(f~'(A)) D 
intys(fl(int,,(A))) = f-*(intty, (A)). 

(v) = (i): f-1(A) = fl (int, (A)) C int,»(f7~1(A)), for each neutrosophic open set A in Y and so f~'(A) 

is neutrosophic supra open in X. 














Theorem 5.9. The following statements are equivalent for the mapping f of nts (X,7,) into nts (Y,a,): 
(i) A mapping f : (X,7;) — (Y,o*) is neutrosophic supra continuous. 


(ii) The inverse image of every neutrosophic supra closed set in (Y,o*) is neutrosophic supra closed in 
(X, 7): 
(iii) For each neutrosophic set A in Y, cl,«(f~'(A)) C fo'(clox(A)) C fot (ele, (A)). 


(iv) For each neutrosophic set B in X, f(cl,+(B)) C clox(f(B)) © cle, (f(B)). 


(v) For each neutrosophic set A in Y, int,«(f~'(A)) D f7'(intss(A)) D fol (int,, (A)). 











Proof. : The proof is straightforward from theorem 5.8. 





Theorem 5.10. If f : X — Y is S*-neutrosophic continuous and g : Y — Z is neutrosophic continuous, then 
go f :X — Zis S*-neutrosophic continuous. 











Proof. : The proof follows directly from the definition. 





Theorem 5.11. If f : X — Y is supra neutrosophic continuous and g : Y + Z is S*-neutrosophic continuous 
(or neutrosophic continuous), then go f : X — Z is S*-neutrosophic continuous. 











Proof. : \t follows from the definition. 





Theorem 5.12. If f : X — Y andg: Y — Z are supra neutrosophic continuous (resp. supra neutrosopic 
open) mappings, then g o f : X — Z is supra neutrosophic continuous (resp. supra neutrosophic open). 











Proof. : The proof follows obviously from the definition. 
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Remark 5.13. Abd-Monsef and Ramadan"! stated that if g : X — Y is supra fuzzy continuous and h : 
Y — Z is fuzzy continuous, then hog : X — Z is supra fuzzy continuous. But in general this is not 
true, for example consider Z = {p,q,r}, Y = {x,y,z}, and X = {a,b,c} with fuzzy topologies Ts = 
{0, X, (1, 0.5, 0), (0.3, 0.3, 0)}, of = {0, Y, (0.5, 0.5, 0), (0.5, 0.25, 0)} and np = {0, Z, (0.5, 0.25, 0)} on X,Y 
and Z respectively. Let r¢ = {0, X, (0.5, 0.5, 0), (0.5, 0.25, 0), (1, 0.5, 0), (0.3, 0.3, 0)}, 0% = {0, Y, (0.5, 0.5, 0), 
(0.5, 0.25, 0), (1,0.5,0)} and 17 = {0, Z, (0.5, 0.25, 0), (0.3, 0.25, 0.5), (0.5, 0.25, 0.5)} be associated fuzzy 
supra topologies with respect to T;, af and 7. Then the mapping g : X — Y defined by g(c) = z,g(b) = 
y, g(a) = x is supra fuzzy continuous and the mapping h : Y > Z by h(z) = r,h(y) = ¢, h(x) = pis 
fuzzy continuous. But hog : X — Z is not supra fuzzy continuous, since (g o h)~'((0.3,0.25,0.5)) = 
(0.3, 0.25, 0.5) ¢ 77. 


Remark 5.14. In general the composition of two supra neutrosophic continuous mappings is again supra 
neutrosophic continuous, but the composition of two S*-neutrosopic continuous mappings may not be S*- 
neutrosophic continuous. Let 7 = {p,q,r}, Y = {x,y,z}, and X = {a,b,c} with neutrosophic topologies 
t = AV, XA (0.5,0.5; 0), (0.5-0:5,0). (0.50.51). oy = AU. Y,((0,5:0,2570,5).(0.5,0-25.0/5); 
(0.5, 0.75, 0.5))} and n, = {Q, Z, ((0.3, 0.7, 0.5), (0.3, 0.7, 0.5), (0.7, 0.3, 0.5))} on X,Y and Z respectively. 
Let =. - 40% .((0:5;0.5.0),.(0,.50,5.0);10,5,.0:5.1)),((0.5,0.5;0.5). (0.5.05, 0:5): (0.520.5..0.5))), 
((0.5, 0.25, 0.5), (0.5, 0.25, 0.5), (0.5, 0.75,0.5))} and of = £0. Y..((0.5,0.25, 0.5); (0.5,.0.25,.0.5); 
(0.5, 0.75, 0.5)), ((0.3, 0.7, 0.5), (0.3, 0.7, 0.5), (0.7, 0.3, 0.5)), ((0.5, 0.7, 0.5), (0.5, 0.7, 0.5), (0.5, 0.3, 0.5))} 

be associated neutrosophic supra topologies with respect to 7, and o,. Then the mappings f : X — 
Y and g : Y — Z are defined respectively by f(c) = z, f(b) = y, f(a) = «x and g(z) = r,g(y) = 
q, g(x) = p are S*-neutrosophic continuous. But go f : X — Z is not S*-neutrosophic continuous, since 
(go FI -(((0:3:0:7;:0.5), (0:3:0:7, 0.5) (027,0.3,0:5))) = (0. 30.7..0.5): (0:30: 7.0.5), (070.305) ) er. 


Theorem 5.15. If mappings f : (A,(tm)4a) — (B8,(on)g) from neutrosophic subspace (A, (7;,)4) of nts 
(X,7,) into neutrosophic subspace (B, (o,,)g) of nts (Y,a,) and g : (B,(o,)B) > (C,(Mn)c) from neutro- 
sophic subspace (B, (0,,)g) of nts (Y,0,,) into neutrosophic subspace (C, (7,)c) of nts (Z, 7,) are relatively 
neutrosophic continuous (resp. relatively neutrosopic open) mappings, then go f : (A, (T™m)a4) > (C, (M)c) is 
relatively neutrosophic continuous (resp. relatively neutrosophic open) from neutrosophic subspace (A, (T;) 4) 
of nts (X,7,,) into neutrosophic subspace (C, (7,)c) of nts (Z, 7n). 


Proof. : Let O € (n)c, then g-1(O) N B € (on)p and f-'(g-(O) N B)N A € (™m)a. Since B D f(A), 
then (go f)"'(O)N A = f-'(g7'(O) MN B) OA. Therefore g 0 f is relatively neutrosophic continuous. Let 
U € (t™)a, then f(U) € (on) and g(f(U)) = (go f)(U) € (m)c. Therefore g o f is relatively neutrosophic 
open. 














6 Neutrosophic Supra Topology in Data Mining 


In this section, we present a methodical approach for decision-making problem with single valued neutrosophic 
information. The following necessary steps are proposed the methodical approach to select the proper attributes 
and alternatives in the decision-making situation. 
Step 1: Problem field selection: 

Consider multi-attribute decision making problems with m attributes A;, Ag, ..., A,;, and n alternatives 
C1, Co, ...,C, and p attributes D), Do, ..., Dp, (n < p). 
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An (Qmt) | (Am) |. | f+ | (mn) D; (dy) (dy2) soe fe (dyn) 
Here all the attributes aj, and d,; (i= 1,2,...,m, j=1,2,...,nandk=1,2,...,p)are single 


valued neutrosophic numbers. 


Step 2: Form neutrosophic supra topologies for (C’;) and (D;,): 


(i) 7; =AU B, where A = {1y, On, a1j, a2;, Sopra and B = {a1; U 25, 41; U A355 +++) Am—1j U Gil: 
(ii) V;, = CUD, where C = {1y, On, dei, Aka, .--, cent and D = {dx U dro, der U deg, ..., dkm—1 U incr: 


Step 3: Find Single valued neutrosophic score functions: 


Single valued neutrosophic score functions (shortly SVNSF) of A, B, C, D, C; and D, are defined as 
follows. 


(i) SVNSF(A) = jae + pb; — 0; — ||, and SVNSF(B) = al 4_4[2+ 4: — 0; — yi], where g 
is the number of elements of B. For 7 = 1, 2,...,n, 
SVNSF(A LfSVNSF(B) =0 
SVNSF(C;) = ¢ “) chi ek ck aan 
sISVNSF(A)+SVNSF(B)] otherwise 
(ii) SVNSF(C) = ele | + pu; — 04 — 7i|] and SVNSF(D) = = [50j_4[2 + i — 01 — 4], where r is 
the number of elements of D. For k = 1, 2,..., p, 
SVNSF(C LfFSVNSF(D) =0 
SVNSF(Dx) = 4, ©) ne ae 
sISVNSF(C) + SVNSF(D)] otherwise 
Step 4: Final Decision 
Arrange single valued neutrosophic score values for the alternatives C) < C2 < ... < C, and the attributes 
D, < D2 <... < Dy. Choose the attribute D, for the alternative C; and D,_; for the alternative C2 etc. If 
n<p, then ignore D;,, where k = 1, 2,...,.n —p. 


7 Numerical Example 


Medical diagnosis has increased volume of information available to physicians from new medical technologies 
and comprises of uncertainties. In medical diagnosis, very difficult task is the process of classifying different 
set of symptoms under a single name of a disease. In this section, we exemplify a medical diagnosis problem 
for effectiveness and applicability of above proposed approach. 
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Step 1: Problem field selection: 

Consider the following tables giving informations when consulted physicians about four patients P,, P, Ps, 
P, and symptoms are Temperature, Cough, Blood Plates, Joint Pain, Insulin. We need to find the patient and to 
find the disease such as Tuberculosis, Diabetes, Chikungunya, Swine Flu, Dengue of the patient. The data in 
Table 1 are explained by the membership, the indeterminacy and the non-membership functions. From Table 
2, we can observe that for tuberculosis, cough is high (4 = 0.9,0 = 0.1, y = 0.1), but for chikungunya, cough 
is low (wu = 0,0 = 0.1,y7 = 0.9). 





Table |. 
Patients 
Pi P P; Py 
Symptoms 
Temperature | (0.8,0,0.2) (0.1,0,0.7) 0.9,0.1,0) (0,0.1,0.9) 



































(0. 

Cough | (0.1,0.2,0.7) | (0.1,0.1,0.8) | (0,0.3,0.7) (0.8,0.1,0.2) 
Blood Plates | (0.8,0,0.2) (0.2,0.1,0.6) | (0.3,0.1,0.6) | (0.3,0.1,0.6) 
Joint Pain | (0.4,0.2,0.5) | (0.4,0.2,0.5) | (0.9,0,0.1) | (0.2,0.2,0.7) 
Insulin | (0.3,0.2,0.5) | (0.9,0,0.1) (0.2,0.1,0.7) | (0.4,0.3,0.2) 
Table 2. 
ymptoms 

Temperature | Cough Blood Plates | Joint Pain | Insulin 
Diagnosis 
Tuberculosis | (0.6,0.3,0.1) | (0.9,0.1,0.1) | (0,0.2,0.8) | (0,0.1,0.8) | (0,0.1,0.9) 
Diabetes | (0.1,0.1,0.8) | (0.1,0.1,0.8) | (0.2,0.2,0.1) | (0.1,0.4,0.6) | (0.9,0,0.1) 
Chikungunya |(0.9,0,0.1) | (0,0.1,0.9) | (0.7,0.2,0.1) | (0.9,0.1,0.1) | (0.2,0,0.8) 
Swine Flu | (0.2,0.5,0.3) | (0.1,0.4,0.3) | (0.2,0.4,0.1) | (0.1,0.3,0.5) | (0.2,0.4,0.1) 
Dengue | (0.9,0,0.1) | (0.2,0.6,0.4) | (0.2,0.6,0.4) | (0.3,0.1,0.6) | (0.2,0.1,0.7) 


























Step 2: Form neutrosophic supra topologies for (C’;) and (D,): 


(i) TY A U B, where A 
(0.3, 0.2,0.5)} and B = {(0.8, 0.2, 0.2)}. 


{(1, 1,0), (0, 0, 1), (0.8, 0, 0.2), (0.1, 0.2, 0.7), (0.4, 0.2, 0.5), 


(ii) 73 A U B, where A {(1, 1,0), (0,0, 1), (0.1, 0, 0.7), (0.1, 0.1, 0.8), (0.2, 0.1, 0.6), 
(0.4, 0.2, 0.5), (0.9, 0,0.1)} and B = {(0.1,0.1,0.7), (0.9, 0.1, 0.1), (0.9, 0.2, 0.1)}. 


B 


(iii) 73 A U B, where A 
(0.9,0,0.1), (0.2,0.1,0.7)} and 
(0:270:3.0¢7) (0.9; 0:15 0.1), 


{(1, 1,0), (0,0, 1), (0.9, 0.1, 0), (0, 0.3, 0.7), (0.3, 0.1, 0.6), 
{(0.9, 0.3, 0), (0.3, 0.3, 0.6), (0.9, 0.3, 0.1), 


(iv) Ti A U B, where A {(1, 1,0), (0,0, 1), (0, 0.1, 0.9), (0.8, 0.1, 0.2), (0.3, 0.1, 0.6), 
(0.2, 0.2,0.7), (0.4, 0.3, 0.2)} and B = {(0.8, 0.2, 0.2), (0.8, 0.3, 0.2), (0.3, 0.2, 0.6)}. 


(i) vi CU D, where C {(1, 1,0), (0,0, 1), (0.6, 0.3, 0.1), (0.9, 0.1, 0.1), (0, 0.2, 0.8), 
(0, 0.1, 0.8), (0,0.1,0.9)} and D = {(0.9, 0.3, 0.1), (0.9, 0.2, 0.1)}. 
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Gi) vs = CUD, where C = {(1,1,0),(0,0,1), (0.1, 0.1, 0.8), (0.2, 0.2, 0.1), (0.1, 0.4, 0.6), 
(0.9,0,0.1)} and D = {(0.9,0.1, 0.1), (0.2, 0.4, 0.1), (0.9, 0.2, 0.1), (0.9, 0.4, 0.1)}. 


Gi) vs = CUD, where C =  {(1,1,0),(0,0,1),(0.9,0,0.1), (0,0.1, 0.9), (0.7, 0.2, 0.1), 
(0.9, 0.1, 0.1), (0.2, 0, 0.8)} and D = {(0.9, 0.2, 0.1), (0.2, 0.1, 0.8)}. 


(iv) vs = CUD, where C = {(1,1,0),(0,0,1), (0.2, 0.5, 0.3), (0.1, 0.4, 0.3), (0.2, 0.4, 0.3), 
(0.2, 0.4, 0.1), (0.1, 0.3, 0.5)} and D = {(0.2,0.5,0.1)}. 


(v) vs = CUD, where C = {(1,1,0),(0,0,1), (0.9,0,0.1), (0.2, 0.6, 0.4), (0.3, 0.1, 0.6), 
(0.2,0.1,0.7)} and D = {(0.9,0.6, 0.1), (0.9, 0.1, 0.1), (0.3, 0.6, 0.4)}. 


Step 3: Find Single valued neutrosophic score functions: 


(i) SVNSF(A) = 0.5611 and SVNSF(B) = 0.8, where gq = 1. SVNSF(C) = 0.6801. 
(ii) SVNSF(A) = 0.5524 and SVNSF(B) = 0.7333, where g = 3. SVNSF(C2) = 0.6428. 
(iii) SVNSF(A) = 0.6 and SVNSF(B) = 0.6933, where g = 5. SVNSF(C3) = 0.6466. 
(iv) SVNSF(A) = 0.5381 and SVNSF(B) = 0.6888, where g = 3. SVNSF(C,,) = 0.6135. 

(i) SVNSF(C) = 0.5238 and SVNSF(D) = 0.85, where r = 2. SVNSF(D,) = 0.6869. 
(ii) SVNSF(C) = 0.5555 and SVNSF(D) = 0.7833, where r = 4. SVNSF(D2) = 0.6694. 
(iii) SVNSF(C) = 0.6333 and SVNSF(B) = 0.65, where r = 2. SVNSF(D3) = 0.6416. 
(iv) SVNSF(C) = 0.4888 and SVNSF(B) = 0.5333, where r = 1. SVNSF(D,) = 0.5111. 


(v) SVNSF(C) = 0.5555 and SVNSF(B) = 0.6888, where r = 3. SVNSF(D;) = 0.6222. 


Step 4: Final Decision: 

Arrange single valued neutrosophic score values for the alternatives C', C2, C3, Cy and the attributes Dj, 
D2, D3, D4, Ds in acending order. We get the following sequences Cy < C2 < C3 < Cy; and Dy < Ds < 
D3 < Dz < D,. Thus the patient P, suffers from tuberculosis, the patient P, suffers from diabetes, the patient 
P suffers from chikungunya and the patient P, suffers from dengue. 


8 Conclusion and Future Work 


Neutrosophic topological space is one of the research areas in general fuzzy topological spaces to deal the 
concept of vagueness. This paper introduced neutrosophic supra topological spaces and its real life applica- 
tion. Moreover we have discussed some mappings in neutrosophic supra topological spaces and derived some 
contradicting examples in fuzzy supra topological spaces. This theory can be develop and implement to other 
research areas of general topology such as rough topology, digital topology and so on. 
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Abstract. Slope is a typical disaster in open-pit mining. Then it is a kind of non-continuous and uncertain natural geological 
body. In this case, common assessment approaches cannot assess the slope stability problems with both certain and uncertain 
information. Then, a neutrosophic number (NN) can easily represent the certain and uncertain information. Unfortunately NNs 
have not been applied in slope stability analysis so far. Therefore, this paper proposes the arctangent and tangent similarity 
measures of NNs and a slope stability assessment method using the arctangent and tangent similarity measures of NNs. By the 
similarity measure between the classification grades of slope stability and a slope sample with NNs, we can determine the as- 
sessment grade of the slope sample/case. Then, the assessment results of ten slope samples/cases demonstrate the same as ac- 
tual grades of the ten slope cases, which indicate the effectiveness and feasibility of the proposed slope stability assessment 
method. The advantages are that the slope stability assessment method based on the arctangent and tangent similarity measures 
of NNs is simple and suitable and can assess slope stability problems in NN setting. 


Keywords: Neutrosophic number, Arctangent similarity measure, Tangent similarity measure, Slope stability, Classification grade 


1 Introduction 


Geological disasters caused by open-pit mining have been gradually increased, while one of them is the slope 
instability of open-pit mining. Therefore, one is convinced of the importance of slope stability evaluation. The 
majority of slope stability evaluation performed in practical engineering still use deterministic analytical meth- 
ods, such as traditional limit equilibrium methods [1-4] and finite element methods [5,6]. However, the slope is a 
kind of non-continuous and uncertain natural geological body along with the effect of external various factors, 
such as geological environment, topography, hydrology, and climate, which will affect the analysis of slope sta- 
bility. However, the slope data usually imply imprecise and indeterminate information because of uncertain natu- 
ral geological body and various external factors. In real situations, the slope data usually contain the indetermi- 
nate and determinate information. To represent it, a neutrosophic number (NN) was proposed firstly by 
Smarandache [7-9] and denoted by N = c + el, which is composed of its certain part c and its uncertain part el. 
Especially, NN is reduced to its certain part N = c if eI = 0 (the best case) and its uncertain part N = el ifc =0 
(the worst case). Clearly, NNs can show the advantage of representing the certain and uncertain information. 
Hence, the misfire fault diagnosis method of gasoline engines was presented by the cosine similarity measure of 
NNs [10]. Then, the fault diagnosis method of steam turbine was introduced by the exponential similarity meas- 
ure of NNs [11]. A NN optimization model was used for the optimal design of truss structures [12]. Further, the 
multiple attribute decision making approach of clay-brick selection was provided by the projection model of 
NNs [13]. Recently, NNs have been also used for linear and nonlinear programming problems [14-17], neutro- 
sophic traffic flow problems [18], as well as a neutrosophic neural network for NN function approximations [19]. 
Furthermore, NN functions and neutrosophic statistic methods were utilized for scale effect and anisotropy anal- 
yses of rock joint roughness coefficient in rock mechanics [20-22]. 

Slope is a typical disaster in open-pit mining. Then it is a kind of non-continuous and uncertain natural geo- 
logical body. In this case, it is difficult to assess the slope stability with certain and uncertain information. How- 
ever, existing slope stability assessment approaches [1-6] cannot handle the assessment problems of slope stabil- 
ity in certain and uncertain setting. As mentioned above, NNs can easily represent the advantage of certain and 
uncertain information. Unfortunately, NNs have not been applied in slope stability analysis so far. Therefore, we 
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need to develop a new slope stability assessment method for assessing slope stability problems with NNs in the 
geotechnical engineering field. To do so, this paper presents the arctangent and tangent similarity measures of 
NNs and their assessment method in slope stability problems with NN information. 

Then, this study indicates the contribution of two new arctangent and tangent similarity measures of NNs and 
their slope stability assessment method for assessing slope stability problems in NN setting. Then, the main ad- 
vantages are that the developed assessment approach is simpler and more suitable than existing common ones [1- 
6] and can assess slope stability problems with NN information, which traditional limit equilibrium methods [1-4] 
and finite element methods [5,6] cannot do. 

The structure of this paper is given as the following framework. Some concepts of NNs are described in Sec- 
tion 2. Section 3 presents the arctangent and tangent similarity measures of NNs. A slope stability assessment 
method is established by the arctangent and tangent similarity measures, and then the effectiveness and feasibil- 
ity are indicated by ten slope samples/cases in Section 4. Lastly, Section 5 presents conclusions and future work. 


2 Some NN concepts 


The NN presented by Smarandache [1] includes the certain part c and uncertain part eJ, which is represented 
by N=c + el forc, e € R (all real numbers) and the indeterminacy J ¢€ [inf J, sup 7]. For instance, a NN is N= 5 
+ 3/, and then it is equivalent to N é€ [8, 11] for 7 € [1, 2] and N é€ [11, 14] for J € [2, 3]. Generally, NN implies 
a changeable interval number regarding J € [inf J, sup /]. 


Let Nj = cy + el and Nz = cz + e21 be two NNs. Smarandache [7-9] introduced the operational relations of 
NNs: 


(1) N, +N, =¢,t+ce,+(e,+e,)1; 





(2)N,-N, =¢,-¢,+(4,-¢)1; 
(3) N,xN, =a,0, +(e, +e,c, +ee, I; 
(4) Nv = (c, tel) ae +(2ce, +e )I ; 


N, _c+el_¢ Padi ae 





ce 
= 1.7 for c.#0 and e2 # -c2; 
N, ©+@1 Cc, C (c,+e, 


Fi-(\a-em 
Ja -(Ve+Jere)! 
indore) 
— Je, +(e — Verte JP 


(5) 


(6) YN, = Ie, +e7= 





3 Arctangent and tangent similarity measures between NNs 


This section presents similarity measures of NNs based on arctangent and tangent functions. 

It is well known that arctangent and tangent functions, arctan(y) for y € [0, 1] and tan(y) for y € [0, 7/4] are 
two increasing functions. If their function values are defined within [0, 1], we can present the arctangent and 
tangent similarity measures between NNs. 

Defination 1. Set P = {Np1,Np2,...,Nen} and Q = {No1,Nog2,...,Non} as two sets of NNs, where Np; = cp; + epl and 
Noj =cgj + eg G = 1, 2. enealy n) for CPi, Pj, CQj, EQj 2 0, Te {inf L, sup Ti, and Np, No Cc [0, 1]. Then, the 
arctangent and tangent similarity measures between P and Q are defined by 


Cp + €p inf I—cg, — eg, inf I 
AT(P,Q)= 1- = arotan ; I» ci | : (1) 
nn} 2| +\cp; + e,, Sup ~ Cg, — eg Sup J| 
n Cp, + ep, inf I—cy, — eg, inf I 
T(P,Q)=1-+SoJtan| = en ten a-oinft] |i (2) 
Nn j= 8 +|cy, + ep, Sup I — Coy — ey, sup | 


Obviously, the arctangent and tangent similarity measures should satisfy the following properties [23]: 
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(1)0<AT(P Q)<land0< TP Q)<1; 

(2) AT(P, Q)=1 and T(P, Q)=1 if and only if P= Q; 

(3) AT(P, Q) = AT(@Q, P) and T(P, Q) = TQ, P); 

(4) If S ={Ns1,N52, ...,.Nsn} is a set of NNs, AT(P, S) < AT(P, Q), AT(P, S) < AT(Q, S), TP, S) < T(P, Q), and 

TP, S) < TQ, S). 

In practical applications, the importance of each element is considered in the sets of NNs. If we assume that 
the weight of elements Np; nad No; is w; for w; < [0, 1] and >), w, =1, then the weighted arctangent and tangent 
similarity measures between P and Q can be introduced below: 


Mie ees el @) 
mer emia + ep, + ep, supl—¢,, =@,, sup /| 
a le» +inf (e,,1) Co, — inf (eq) (4) 


T, (P.Q)=1- S14, tan) = 
(P,Q) 2 a 8 +|cy +sup(e)1)—co —sup(eo,!)| 


Clearly, the weighted arctangent and tangent similarity measures should satisfy the above properties (1)-(4). 


4 Slope stability assessment method using the similarity measures 


Because of the complexity of practical engineering, the assessment information of slope stability often is 
incomplete and indeterminate. By using the evaluation method of slope stability regarding determinate 
information, however, it is difficult to reasonably evaluate whether the slope is unstable/stable due to missing 
indeterminate information in certain and uncertain setting. 

Then, how can we give a proper evaluation method of slop stability with indeterminate and determinate in- 
formation? A slop stability assessment method is presented to help engineers’ proper evaluation of slop stability 
problems in NN setting. 


4.1 Classification grades of slope stability 


First, the stability of slopes is divided into four classification grades: stability (1), basic stability (II), relative 
instability (II), and instability (IV). Among them, the stability (I) means the slope is in a safe state, while the 
basic stability (II) means the slope may imply a possible safe state, and other two grades imply unsafe states. 
Then, we choose some slope samples as actual cases from the south central area of Zhejiang province in China. 
Through the investigation and statistics of the slopes in this area, a set of main impact factors is selected for the 
slope stability assessment. In this study, we choose eight impact factors, including the structural surface 
occurrence (/)), the degree of weathering (/2), the integrity of rock mass (3), the slope angle (4), the slope 
height (hs), the degree of vegetation coverage (M6), the annual rainfall (47), and the degree of human activities 
(hg). However, these actual values obtained from slope samples/cases need to be normalized and shown in Table 
1. 








hj I II Il IV 

hi [0,0.3] [0.3,0.5] [0.5,0.7] [0.7,1] 
h2 [0,0.2] [0.2,0.6] [0.6,0.8] [0.8,1] 
h3 [0,0.25] (0.25,0.45] [0.45,0.65] [0.65,1] 
ha [0,0.33] [0.33,0.5] [0.5,0.67] [0.67,1] 
hs [0,0.33] [0.33,0.5] [0.5,0.67] [0.67,1] 
ho [0,0.3] [0.3,0.6] [0.6,0.8] [0.8,1] 
hy [0,0.25] [0.25,0.5] [0.5,0.75] [0.75,1] 
hg [0,0.3] [0.3,0.6] [0.6,0.8] [0.8,1] 





Table 1: Data of slope stability between the eight impact factors and the four classification grades. 


Since NNs imply the changable interval values depending on ranges of the indeterminacy / ¢€ [inf /, sup /], 
they can represent indetermina data effectively and reasonably in indeterminate setting. Hence, the interval 
values in Table | can be transformed into NNs for J € [0, 0.25], as shown in Table 2. 
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hj I Il Il IV 

hi 0+1.27 0.3+0.80 0.5+0.87 0.7+1.20 
ho 0+0.87 0.2+0.16/ 0.6+0.87 0.8+0.87 
h3 O+I 0.25+0.8/ 0.45+0.87 0.65+1.41 
ha 0+1.321 0.33+0.68/ 0.5+0.68/ 0.67+1.32/ 
hs 0+1.321 0.33+0.68/ 0.5+0.68/ 0.67+1.32/ 
ho 0+1.27 0.34+1.21 0.6+0.87 0.8+0.87 
hy O+I 0.2540 0.540 0.7541 
hg 0+1.27 0.34+1.20 0.6+0.87 0.8+0.87 





Table 2: NNs of slope stability between the eight impact factors and the four classification grades. 


4.2 Slope samples/cases with NNs 


The actually measured data of the eight impact factors obtained by the slope samples are all the forms of 
single values, which can be also considered as special cases of NNs without the uncertain part. For instance, 
suppose there is a number 0.4, then it can be considered as NN 0.4 + OJ or [0.4, 0.4]. Thus, we choose ten slope 
samples/cases from the south central area of Zhejiang province in China, where the data are shown in Tables 3 
and 4. The actual grades in Tables 3 and 4 are given by using the limit equilibrium method for convenient 
comparison. 








hj Ti T2 T3 T4 Ts 
hi 0.35 0.75 0.85 0.45 0.15 
ho 0.4 0.7 0.6 0.4 0.2 
h3 0.4 0.8 0.85 0.4 0.3 
ha 0.76 0.78 0.81 0.62 0.56 
hs 0.81 0.79 1 0.59 0.3 
ho 0.5 0.4 0.25 0.35 0.4 
hy 0.71 0.71 0.86 0.86 0.86 
hg 0.4 0.2 0.2 0.4 0.3 
Actual grade II IV IV Il I 





Table 3: Data of slope samples/cases. 








hj To T7 Ts To Tio 
hi 0.7 0.1 0.43 0.6 0.2 
ho 0.6 0.6 0.8 0.6 0.1 
h3 0.55 0.15 0.38 0.5 0.15 
ha 0.7 0.67 0.72 0.83 0.61 
hs 0.33 0.61 0.23 0.21 0.43 
ho 0.75 0.7 0.8 0.4 0.15 
hy 0.71 0.71 0.7 0.7 0.86 
hg 0.3 0.2 0.4 0.4 0.1 
Actual grade Ill I Il Il I 





Table 4: Data of slope samples/cases. 


4.3 Stability assessment of slope samples/cases based on the arctangent and tangent sim- 
ilarity measures 


Set G = {Gi, G2, G3, G4} = {I, I, Il, IV} as a set of four classification grades for slope stability assessment 
and T= {7}, T2,..., Tio} as a set of ten slope samples/cases. If we consider w= (0.35, 0.17, 0.39, 0.0115, 0.027, 
0.0215, 0.005, 0.025) as the weight vector of the eight impact factors, the slope stability assessment method can 
be applied to the slop stability assessment problems with NNs. 

Thus, we calculate the similarity measure between the slope sample 7;(s = 1, 2, ..., 10) and the classification 
grade Gi (k = 1, 2, 3, 4) for the eight impact factors hj(j = 1, 2, ..., 8) by the following formula: 
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ce, +e, inf I—c, —e, inf 1| 











4 n 
AT, (T,.G, ) = 1--—)'w, arctan} — > ©) 
j=l 2| 4 c, +e, sup! —c, —e,, sup 1| 
c, +e, inf l—c¢, —e, inf 1| (6) 


8 
or T,(T,,G,)=1->) w, tan x : 
jal 





c, +e, supl —c, —e,; sup/| 


Then, the measure values of Eq. (5) or Eq. (6) are given in Tables 5 and 6. The maximum measure value 
indicates the corresponding assessment grade of slope stability. For the results in Tables 5 and 6, the arctangent 
and tangent similarity measures can carry out all the classification recognitions because all the obtained 
assessment grades are the same as the actual grades of the ten slope cases. 

















Ss AT,ATs, Gi) AT\ATs, G2) AT,(Ts, G3) AT\(Ts, Ga) | Assessment grade Actual grade 
1 0.6678 0.8347 0.7282 0.4592 HH tT 

2 0.3053 0.5455 0.7571 0.7637 IV IV 

3 0.2708 0.4988 0.6800 0.7405 IV IV 

4 0.6365 0.8428 0.7725 0.4898 HH 

5 0.7994 0.7809 0.5572 0.3041 I I 

6 0.4403 0.7076 0.8586 0.6965 il il 

7 0.7284 0.7025 0.5604 0.3194 I I 

8 0.5822 0.7972 0.7933 0.5536 ul ul 

Table 5: Results of the arctangent measures and the slope stability grades 

Ss TWTs, G1) TWTs, G2) T.W(Ts, G3) T.A(Ts, G4) | Assessment grade Actual grade 
I 0.9963 0.9982 0.9970 0.9938 ue iu 

2 0.9916 0.9949 0.9973 0.9974 i LY 

3 0.9910 0.9942 0.9965 0.9971 yy OA 

‘ 0.9960 0.9983 0.9975 0.9942 u i 

> 0.9978 0.9976 0.9950 0.9916 ; ! 

6 0.9935 0.9968 0.9985 0.9966 ee i 

‘ 0.9969 0.9967 0.9950 0.9917 ; : 

e 0.9952 0.9978 0.9977 0.9949 ut i 





Table 6: Results of the tangent measures and the slope stability grades 


Hence, the arctangent similarity measure and the tangent similarity measure can be suitable for handling 
slope stability assessment in these slope samples/cases. They demonstrate that the assessment results of slope 
stability corresponding to the arctangent and tangent similarity measures are the effectiveness and feasibility of 
the slope stability assessment method proposed in this paper. 


Conclusion 


Since existing assessment approaches [1-6] cannot corp with the evaluation problems of slope stability with 
NNs in uncertain setting, this paper put forward the arctangent and tangent similarity measures between NNs and 
their slope stability assessment method in NN setting. Further, Ten slope samples/cases with NN information 
were given to indicate the applicability of the slope stability assessment approach. It is obvious that the 
assessment results corresponding to the arctangent and tangent similarity measures demonstrated the same as 
actual grades of the ten slope cases, which indicated the effectiveness and feasibility of the developed slope 
stability assessment approach in NN setting. Then, the main advantages in this study are that the developed 
assessment approach is simpler and more effective than existing ones and can assess slope stability problems 
with NN information, which traditional limit equilibrium methods [1-4] and finite element methods [5,6] cannot 
do. For the future work, the proposed similarity measures of NNs will be extended to other applications, such as 
slope clustering analysis and slope failure recognition. 
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Abstract. Single-valued neutrosophic set has been of valued importance in multi-criteria decision making problems using sim- 
ilarity measure. Department selection for students moving from JSS to SSS class in Nigerian Education System is such an area 
where decision taking has been critical as the future career of a student depends of the choice of Department in SSS class. Neu- 
trosophic similarity measure is proposed for this department selection. 


Keywords: Similarity measure, BECE, Neutrosophy, UBE, Humanities, Grade legend. 


1 Introduction 


In 2006, Nigeria adopted the 9-3-4 system education, Universal Basic Education (UBE), which replaces the 
6-3-3-4 system of education. This implies a first nine years of Basic and compulsory education i.e. from Primary 
(6 years) to Junior Secondary School (JSS) (3 years), three (3) years in Senior Secondary School (SSS) and four 
(7) years in tertiary institution. This new arrangement organized the over-crowded nature of subjects done at 
basic education level [21][10]. Moving from one class to another on the first 9-year is almost automatic but 
transiting to next stage requires an assessment to determine who and who qualifies for the next stage in the edu- 
cational system. Basic Education Certificate Examination (BECE) is written by JSS3 students at the end of this 
section to determine what the student does next. There are two options; which are either the SSS class or Tech- 
nical school where the next three (3) years in the education system will be spent. In most of the time, the school 
admits the academically good students to SSS class while the remaining are referred to Technical school where 
they school and learn a skill. 

The SSS section has four Departments viz Sciences, Humanities, Business Studies and Technology. The 
basic requirement for any of these departments is majorly based on the students’ performance in some key sub- 
jects of BECE though the interest of the student would be additional. This problem presents a multi-factor deci- 
sion which must be handled by appropriate tool for a fair decision making process. Choice making is a delicate 
exercise that must be carefully managed as it could involve the processes of experimentation, trial and error, de- 
cision-making and finally the decision [18]. Single-valued neutrosophic decision making model has been exper- 
imented in the choice school for children as determined by their parents. This model is based on hybridization of 
grey system theory and single valued neutrosophic set considering a real life scenario of five criteria in the 
choice of school. This model has been proved to be helpful in solving a real life problem in taking correct and 
appropriate decision [13]. 

When decision making involves selecting among various contending attributes it is known as Multi- 
Attributes Decision Making (MADM) and in solving problems like this there is need to involve the processes of 
sorting and ranking [16]. Recently in research, multi-criteria decision making (MCDM) has been gaining atten- 
tion especially when it is important to select the best alternatives from list of varying list of alternatives available 
in relation to some predefined attributes as presented for a particular problem at hand. Decision making becomes 
much more difficult when alternatives are not precisely stated. This may be due to the fact that information about 
the attributes/criteria are vague, uncertain or indeterminate. In his work, Smarandache introduced a new philoso- 
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phy called ‘neutrosophy’. This new concept is able to encompass all the past theories in expressing uncertainty 
[20]. Neutrosophic logic has been noted to be applied in several areas of human endeavours which include but 
not limited to Science, Engineering, Information Technology, game theory etc [4]. 

Neutrosophic logic is described as more suitable to be used in decision making as compared to fuzzy and in- 
tuitionistic fuzzy logic for the fact that vagueness and impreciseness information are always needed to be put into 
consideration in solving uncertainty problems. These are as identified in voting for election, football games, rule 
of penalty etc. The concept of Smarandache about neutrosophy is nearer to human reasoning as it has a better 
representation of the third component which is indeterminate (neither true nor false) for uncertainty element [6]. 
A multi-attribute decision method based on Sine, Cosine and Cotangent similarity measures under interval rough 
neutrosophic environment has been developed and these new methods have been proved to be useful with some 
appropriate examples in decision making considering interval rough neutrosophic environment [17]. 

A similarity measure based on single valued neutrosophic sets has been developed. This had been demon- 
strated to be applicable in single valued neutrosophic multi-criteria decision making. The results as compared to 
existing decision making methods were better-off. This could be attributed to the fact that this new approach 
could automatically take into account the indeterminate information provided by decision makers [7]. In the like 
manner, a tangent similarity measure based multi-attribute decision making of single valued neutrosophic set has 
been proposed and applied to solve problem in selection of educational stream and medical diagnosis. This con- 
cept has also been suggested to be useful in other multi-valued attribute decision making problems especially of 
neutrosophic nature [12]. Zou and Deng have also proposed a distance function to measure similarity between 
two single valued neutrosophic sets. In their work, an additional achievement was a new method developed to 
transform the single valued neutrosophic set into probability assignment. The efficiency of the new method has 
been proved by applying it to a multi-criteria decision making problem [24]. 

Some distance and similarity measures between two interval neutrosophic sets have been defined. The 
measures were applied to solve multi-criteria decision making problems (MCDM). The results of these compared 
to the results of the existing ones especially Ye’s work was reported to be more precise and specific [23]. These 
proposed similarity measures are useful in real life applications of Science and Engineering such as medical di- 
agnosis, pattern recognition, education etc [8]. The sugar selection device for diabetes patients has been analyzed 
using Neutrosophic TOPSIS on a MCDM problem where the method (TOPSIS) produced more realistic and reli- 
able results than other existing MCDM techniques as evaluation was based on Spearmen’s coefficient [1]. Two 
new algorithms for medical diagnosis have been developed using distance formulas and similarity measures. Ex- 
amples have been evaluated numerically and the results thus compared with other existing methods based on 
normalized Hamming and normalized Euclidean distances [19]. A new framework has also been proposed with 
four phases for solving the problem of selection process in MCDM. This framework integrated two techniques of 
Analytical Network Process (ANP) and VIKOR (ViseKriterijumska Optimizacija I Kompromisno Resenje) in 
neutrosophic environment by using triangular neutrosophic number to present linguistic variable [2]. Neutro- 
sophic TOPSIS method of the type 2 neutrosophic number has also been applied to the solving selection prob- 
lems as the regards getting the best suppliers for importing cars [3]. Choosing the appropriate personnel for spe- 
cific job is another area TOPSIS had been applied. This would go a long way in optimizing production cost and 
assist in meeting corporate goals [15]. While considering classical facts, Oddgram, sumSquare and set-based tri- 
gram similarity measures were proposed by Akinwale and Niewiadomski for evaluation of electronic text at sub- 
jective examination, retrieval of text matching from the medical database and word list. Their experiment re- 
vealed that the proposed methods as compared to existing classical methods of generalized n-gram, bi-gram and 
tri-gram assigned high values of similarity and performance to price with low running time. They concluded that 
their proposed methods are very useful in the application areas of the experiment [5]. 

In this paper, a new neutrosophic similarity measure is proposed in multi-criteria decision making and ap- 
plied in educational sector where it concerns students’ choice of department as they transit from Junior Second- 
ary School (JSS) to Senior Secondary School (SSS) based on their performance in BECE and interests in the var- 
ious Departments available. 

The rest of this paper is arranged as follows, section 2 discusses preliminaries where neutrosophic set, single- 
valued neutrosophic set and axioms of neutrosophic similarity measures are presented. Section 3 presents the 
proposed neutrosophic similarity measure for multi-criteria decision making problems and the decision model. 
The proposed method of application to Department selection for transition from JSS3 to SSS1 is discussed in 
section 4 with the associated data set. Results, discussion and evaluation of the experiment are discussed in sec- 
tion 5 while the conclusion is finally presented in section 6. 


2 Preliminaries 


In this section, some definitions of Neutrosophic set, Single-Valued Neutrosophic set (SVNS) and axioms of 
Neutrosophic Similarity measure are presented. 


Definition 1 : Neutrosophic Set 
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A neutrosophic set A on the universe of discourse X is defined as: 
A= {< x: Ta(x), I(x), Fa(x)>, x € X} (1) 


where the functions Ta, Ia, Fa : X— ] 0, 1* [ and 
“0 < Ta(x) + I(x) + Fa(x) < 3%. (2) 


From philosophical point of view, the neutrosophic set takes the value from real standard or non-standard 
subsets of ]0, 1*[ . Therefore, instead of ] 0, 1*[ the interval [0, 1] is taken for technical applications, be- 
cause | 0, 1*[ will be difficult to apply in the real applications such as in scientific and engineering problems. For 
example, the fact that a person could win an election could be 0.7 true, 0.2 false and 0.1 indeterminate. This pre- 
sents neutrosophy in voting election result. 


Definition 2: Single-Valued Neutrosophic Set (SVNS) 

A single valued neutrosophic set A is denoted by Asyws = (Ta(x), IA(x), Fa(x)) for any x in X [11]. For two 
Single- Valued Neutrosophic sets A and B, let Asvns = {<x: Ta(x), I(x), Fa(x)> 1x € X} and Bsyns = {<x: Tp(X), 
In(x), Fa(x)>1x€ X } then two relations are defined in [22] as follows: 

1. Asyns © Bsvyns if and only if Ta(x) < Tp(x), Ta(x) > Ip(x), Fa(x ) >Fe(x) (3) 
ii. Asvns = Bsvns if and only if Ta(x) = Tp(x), Ta(x) = Ip(x), Fa(x ) = Fp(x) (4) 


Other properties as presented in [11] are: 


Agyys U Boys = (max(T, (x),T,(x)),min(L, (x),1,(x)), min(F, (x), F,(x)) ee 


Agnn OB sng = (min(7, (x),7,,(x)), max(L, (x), I, ()), max(F, (x), F, (x)) 


(6) 
Definition 3: Axioms of Neutrosophic Similarity measure 

A mapping S(A, B): NS(x) x NS(x) — [0,1] , where NS(x) denotes the set of all neutrosophic sets in x = {X1, 
... 5 Xn), 18 said to be the degree of similarity between A and B in [23][14][9] if it satisfies the following condi- 
tions: 


1)0<S(A, B)<1 (7) 
2) S(A, A) = | (Reflexive) (8) 
2) S(A, B) = 1 if and only if A= B , V A, B € NS (Local-Reflexive) (9) 
3) S(A, B) = S(B, A) (Symmetric) (10) 
4) S(A, C) < S(A, B) and S(A, C) < S(B, C) if A < B< C fora SVNS C. (11) 


where all x is in X. (Transitive) 


3 Methodology: Neutrosophic Similarity Measure (N-Sim) 


Let Asyns = <x: Ta(x ), a(x), Fax )> and Bsyns = <x, Ta(x), n(x), Fa(x) be two single valued neutrosophic 
numbers, presented here (eq. 12) is the proposed neutrosophic similarity measure which decides the measure of 
closeness between any two entities A and B be presented as follows: 


SY mint, (x,).T, (x,))+min(/,(x,),[,(x,)) + min(F,(x,), F,(x,)) 


: isl j=l 
N-Sim(A, B) = 2])]—0—Ct_|__TJHYSs |[_ TJ < (12) 


>. yy max(T, (x,), 7, (x ;)) +max(I,,(X,),/,(x ,)) + max(F, (x,), Fy(X,)) 


i=l j=l 


Proposition 1 
Suppose the proposed neutrosophic similarity N-Sim(A,B) satisfies the similarity measure axioms as stated 
in eq.(12) then:: 
1. O<N-Sim(A,B) < 1 
2. N-Sim(A,B) = 1 iff A=B 
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3. N-Sim(A,B) = N-Sim(B, A) 
4. IfCisaSVNS in X and ACBCC then N-Sim(A,C) < N-Sim(A,B) and N-Sim(A,C) < N-Sim(B,C) 


Proofs: 
1. Since T, (x), A(x), Fa(x) € [0, 1], then N-Sim(A,B) < [0, 1] 
2. For any two SNVS A and B if A = B, this implies that T(x) = Ta(x), Ia(x) = Ia(x), Fa(x ) = Fa(x), then 


= 


S min(T, (x,),Tp (x ,)) +min(7,(x,), 1, (x ,)) + min(F,(x,), Fy (x ;)) 


(13) 
= >>) max(T, (x, ), TZ, (x ,)) + max(1,(%,), 1K) +max(F, (x,), Fy (x ,)) 
i=l j=l 
Thus N-Sim(A,B) =1, conversely N-Sim(B,A) =1 
3. The proof is clear as stated in (2) 


4. If ACBCC then Ta(x) < Ta(x)S Tc(x), Lax) = Ia(x)= cx), Fa(x ) => Fa(x)= F(x), then the following ine- 
qualities hold: 


S2 yo min(T, (,), 7.x ,)) + MIN, (x,), 1. ,)) + Min Fy (x,), F.C ,)) 
i=l j=l < 
>) max(T, (x; ). Tr (x, y+ max, (x;), I, (x ,)) +max(F,(x;), F, (x; ») 


i=l fj 





n 


> Somin(T, &,). 7, )) + MIN, (K,), ZK) + MINCF, (X,), Fy ,)) 


i=l j=l 





> >) max(T, (x,),T, (x ;)) +max(/,(x;),7z, (x, )) +max(F, (x, ), Fz (x ,)) 
1a at (14) 
Thus ; N-Sim(A,C) < N-Sim(A,B) 


Also, 


=> min(T, &,).7, & ,)) + min(/, &,). 7. (« ,)) + min FP, («;), FL & 


iL j= =< 
>" >o max(T, («,).7, (& ,)) + max(/, («,), 7. & ;)) + max(F, (&«,;), F(x ;)) 


i=l j=l 





= > min(T, ,;), Le CX, + min(/, (,;). fs CX, + min(F, x; )> Fo Cx; » 


i=l j= 





S >" max(T, (x, ). 7. & ,)) + maxC;, (&,), 76 ;)) + max CF; («,), Fe ; )) 
He @ Jo} (9) 
Thus; N-Sim(A,C) < N-Sim(B,C) 


3.1 Single-Valued Neutrosophic Multi-Criteria Decision Making (MCDM) model 

Let S1, S82, ..., Sm be a discrete set of students, C1, C2, ..., Cn be the set of selection factors (criteria) of each 
student and D1, D2, ..., Dk are the available departments (alternatives) for each student. The ranking alternatives 
would be deduced by the decision- maker as it affects each student’s situation. The ranking thus presents the per- 
formances of student S(i = 1, 2,..., m) against the criteria Cj G = 1, 2, ..., n) [12]. The different values associated 
with the alternatives for MCDM problem for this study are detailed out in section 4. 
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4 Experiment: Application of Neutrosophic Similarity Measure in Department Selection From 
JSS to SSS Class 


BECE marks the end of compulsory basic education and the student’s performance in this examination 
determines the actual department to put the student in the SSS section which is a basic foundation for the 
student‘s chosen career of higher institution [10]. A student’s performance in BECE is graded; Distinction (A), 
Credit (C), Pass (P) or Fail (F). Out of maximum of ten (10) subjects offered by students in JSS, five (5) subjects 
are taken to be factors in consideration for the approved Departments in SSS section and the least grade expected 
for these subjects is Credit (C) for consideration into any desired Department. As a major factor is also the 
interest of concerned student in the chosen Department. The approved Departments are Science (D1), 
Humanities (D2), Business Studies (D3) and Technology (D4). The required JSS subject(s) to be passed at credit 
level of each Department is shown in Table 1. 








S/NO Department Core Subject(s) 

1 Science (1)Mathematics and (2) Basic Science & Technology (BST) 

2 Humanities (1) English language and (2) Religion & Value Education (RVE) 
3 Business Studies (1) Business Studies (BUS) 

4 Technology (1)Mathematics and (2) Basic Science & Technology (BST) 





Table 1: SSS Departments and JSS core subjects 


For the purpose of this study, five (5) selection factors for any Department will be considered. These are per- 
formance in Maths and BST (C1), performance in English and RVE (C2), performance in BUS (C3), perfor- 
mance in English and Maths (C4) and student’s interest in the Departments (C5). Figure | presents the proposed 
algorithm to determine the student’s department in SSS considering these various factors in a neutrosophic envi- 
ronment. 


Algorithm: Neutrosophic-Based Department Selection for student transiting From JSS to SSS 
class 
Inputs: (1): The grade legends for BECE result in some selected subjects 
(2): The neutrosophic values denoting interest of students in various departments 
Output: Similarity values between the students and various departments 





Procedure: 

1, Determine of the relation between departments and selection factors 

2. Evaluate the neutrosophic values of each student’s grade in the subject 

3. Evaluate the relation between the student and the selection factor 

4. Determine of the similarity value between the student and the Departments using N-Sim(A, B) 
5. Choose the best Department for the student as the highest value from 4 

6. End 


Figure 1: Algorithm on Neutrosophic-Based Department Selection from JSS to SSS 


4.1 Neutrosophication of grades legends 








S/NO GRADE LEGEND Interpretation Neutrosophic values 
1 A Excellent (1.0, 0, 0) 

2 C Credit (0.6, 0.2, 0.1) 

3 P Pass (0.4, 0.4, 0.4) 

4 F Fail (0, 0, 1.0) 





Table 2: Neutrosophic values of grade legends of BECE result 


This could be determined using the extent of goodness of these grades as mostly desired, this is as presented 
in table 2. The neutrosophic values for the grades were deduced with the assistance of Senoir teachers in 
Secondary schools. These values were based on the desired expectation to achieve success in the education 
sector in accordance with the set goals and objectives of education as designed by Nigerian government. 

For Departments where two (2) subjects are factors, the average neutrosophic value is determined (see 
illustration 1). Table 3 presents the proposed Neutrosophic relation between the Departments and the selection 
factors as determined by Senior Teachers in Secondary schools with the guidance of 9-3-4 Nigeria Basic 
Education curriculum. 
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Cl C2 C3 C4 CS 
D1 (0.8, 0.2, 0.2) (0.6, 0.2, 0.4) (0.2, 0.2, 0.7) (0.7, 0.1,0.1) (0.8, 0.1, 0.1) 
D2 (0.4, 0.3, 0.4) (0.8, 0.2, 0.1) (0.4, 0.3, 0.6) (0.7, 0.1, 0.1) (0.7, 0.1, 0.2) 
D3 (0.5, 0.3, 0.2) (0.6, 0.3, 0.2) (0.8, 0.2, 0.1) (0.6, 0.2,0.2) (0.6, 0.2, 0.4) 
D4 (0.7, 0.2, 0.2) (0.5, 0.3, 0.3) (0.2, 0.2, 0.7) (0.7, 0.1, 0.1) (0.7, 0.2, 0.3) 





Table 3: Relation between Departments and Selection factors 


In evaluating a scenario, there is the need to get a relationship between student and the selection factors. Ta- 
ble 4 depicts a relation for student and selection factors based on required subject performances (i.e C1, C2, C3 
and C4). Also, for the selection factor which is based on student’s interest in the department (C5), there is anoth- 
er table, as the student’s interest for each department varies, thus the need to get a relationship between each stu- 
dent’s interest and the various departments available as depicted in Table 5. 





Cl C2 Fosse Cn 
Sl (Tu, Tu, Fi) (Ti, liz, Fiz) (Tin, Tin, Fin) 








Table 4: Student and selection factors relation based on required subject performance 





D1 D2 D3 D4 
C5 (Tu, Tu, Fis) (Ti, liz, Fiz) (T13, lis, Fis) (T14, lia, Fia) 


Table 5: Student’s interest and Department relation 








4.2 Illustration 1 

Given the grades of a student as English (C), Maths (A), BST (C), RVE(C) and BUS (C). Also, the interests 
(C5) in various Departments as expressed by a particular student be given as; D1(0.7, 0.3, 0.2), D2(0.5, 0.2, 0.1), 
D3(0.2, 0.4, 0.2) and D4(0.1, 0.3, 0.6) as depicted in Table 5. Using Table 2, the neutrosophic representation of 
each required subject is thus computed based on the associated grades as; English(0.6, 0.2, 0.1), Maths(1, 0, 0), 
BST(0.6, 0.2, 0.1), RVE(0.4, 0.4, 0.4) and BUS(O, 0, 1). The relationship between student and selection factors 
would be as presented in Table 6a. 





Cl C2 C3 C4 
S1_(0.8, 0.1, 0.05) (0.6, 0.2, 0.1) (0.6, 0.2, 0.1) (0.8, 0.1, 0.05) 


Table 6a: Student and selection factor for illustration 1 








For selection factor Cl, the required subjects are Maths and BST, this student’s subject grade neutrosophic 
representation will be computed thus: 


Cl = (average(1+0.6), average(0+0.2), average(0+0.1)) = (0.8, 0.1, 0.05). 
C2 through C4 are also computed in the same way. 


The neutrosophic values of student’s interest in each Department, C5, are as expressed by each student when 
asked. Suppose Table 6b represents the interest of the student whose result is presented in this scenario. 





D1 D2 D3 D4 
C5 (0.7, 0.3. 0.2) (0.5, 0.2, 0.1) (0.2, 0.4, 0.2) (0.1, 0.3, 0.6) 


Table 6b: Student and Department relation for Illustration 1 








Using eq(12); thus we evaluate the similarity between this student’s result with the interest and the available 
Departments; 


(0.8 +0.1+0.05) + (0.6+0.2+0.1) +(0.2+0.2+0.1)+ (0.7+0.14+ 0.05) +(0.7+0.1+0.1) 


N —Sim(S1, D1) = 
(0.8+0.2+0.2)+(0.6+0.2+0.4)+(0.6+0.2+0.7) +(0.8+0.1+0.1)+(0.8+0.34+ 0.2) 





mana 0.6613 
6.2 
Similarly, N-Sim(S1, D2) =0.5968, N-Sim(S1, D3) = 0.6333 and N-Sim(S1, D4) =0.5539 
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This illustration presents Science Dept (D1) as the best option as it has the highest similarity value, then 
Business Studies, Humanities and lastly Technology. These results use the combinations of student’s BECE 
result grades and student’s interest in the available Departments. 


4.3 Data Set 


The data set for this study comprises of 20 students’ BECE results for consideration into SSS class. This data 
spanned some selected Secondary Schools in Abeokuta North Local Government of Ogun State, Nigeria. These 
schools comprised of both public and private schools. In order to deduce appropriate conclusion from this study, 
the result of this experiment showing the students’ grade legends, the neutrosophic values of students’ interests 
in all departments and the ranking of Department selection method (presented in this study) which shows the ex- 
tent of recommendation were presented to 50 seasoned teachers not below the rank of Level 12 to rate on a Lik- 
ert scale of five i.e. Strongly Agree, Agree, Indifferent, Disagree and Strongly Disagree. Then, percentage of 
each of the acceptance criteria is calculated to know the effectiveness of the proposed neutrosophic recommenda- 
tion system as compared with experts’ judgment. A sample of expert‘s judgment is shown in figure2. 


5 Result, Discussion and Evaluation 


BECE results and neutrosophic values of students’ interest in each Department were taken as input to get the 
ranking of Department selection for such student using the proposed neutrosophic Similarity Measure. 








Interest 
Interest Interest in Interest in in 
Basic Sci Bus in Science Humanities Business Technology 
S/No__ Eng Maths  & Tech RVE _ Stud (D1) (D2) Stud (D3) (D4) 
1 C A C C C 0.7, 0.3, 0.2 0.5,0.2.0.1 0.8,0.4,0.2 0.1, 0.3, 0.6 
2 C A C C C 0.7, 0.3, 0.2 0.5,0.2,0.1 0.2,0.4,0.2 0.1, 0.3, 0.6 
3 A P F A C 0.7, 0.3,0.2 0.6,0.2,0.1 0.4,0.4,0.2 0.1, 0.3, 0.6 





Table 7: Sample of Students’ results and neutrosophic interest in each Department 


The neutrosophic input for table 7 is presented in table 8 with the result which reveals the order of proposed 
Department from most preferred to the least recommended. 





Cl C2 C3 C4 C5 
Interest in Interest in Interest in Interest in 
Science Humanities Business Technology Rank of Department 
Students (D1) (D2) Stud (D3) (D4) Selection 





0.80, 0.60, 0.60, 0.80, 
0.10, 0.20, 0.20, 0.10, 
1 0.05 0.10 0.10 0.05 0.7, 0.3,0.2 0.5, 0.2.0.1 0.8,0.4,0.2 0.1,0.3,0.6 D3, D1, D2, D4 


0.80, 0.60, 0.60, 0.80, 
0.10, 0.20, 0.20, 0.10, 
2 0.05 0.10 0.10 0.05 0.7, 0.3,0.2 0.5, 0.2, 0.1 0.2,0.4,0.1 0.1,0.3,0.6 D1, D3,D2, D4 


0.20, 1.00, 0.60, 0.70, 
0.20, 0.00, 0.20, 0.20, 
3 0.70 0.00 0.10 0.20 0.7, 0.3,0.2 0.6, 0.2, 0.1 0.4,0.4,0.2 0.8,0.3,0.2 D2, D3, D1, D4 





Table 8: Sample of Neutrosophic inputs and the Department rank selection output 
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- Evaluation 


A sample of evaluation sheet is thus presented in figure 2 for this experiment. 











Order of 
dept 


Interest 
Interestin | in 























Interest in Interest in 




























0.2 D2, D4 





Science Humanitie | Business | Techno- decision Strongly Indiff Strongly 
(D1) s (D2) (D3) logy (D4) rank agree Agree | erent | Disagree | disagree 
0.7, 0.3, 0.5, 0.2. 0.8,0.4, | 0.1, 0.3, D3, D1, 








0.2, 0.4, D1, D3, 


D2, D4 






















































The total number and percentage of responses is presented in Table 9 from 992 responses. Considering the 
desirable results i.e. Strongly Agree and Agree responses a total percentage of 82.86 is obtained which presents 
that the proposed method is highly rated by experts to be used as a selection tool in deciding the student’s De- 
partment of choice for SSS class. 








S/No Choice of response Number or reponses % 

1 Strongly Agree 385 38.81 

2. Agree 437 44.05 

3: Indifferent 73 7.36 

4. Disagree 76 7.66 

5. Strongly Disagree 21 2.12 
Total 992 





Table 9: Number and percentage of responses 


The new neutrosophic similarity method has been implemented using JAVA programming language embed- 
ded in NetBean IDE 8.0.1. This was analyzed on HP laptop with an Intel Pentium 2.20GHz dual core CPU and 
2.00GB memory running a 64-bit Windows 10 operating system. An application was developed where grades of 
students in the required subjects and their interest rating were taken as inputs and the output produces the simi- 
larity value for each student with the available departments as shown in figure 3. The application also selects the 
best option for the Department based on analysis made and it could also save in a specified file for future refer- 


ence. 
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{S| DEPARTMENT SELECTION FOR STUDENTS TRANSITING FROM JSS TO SSS CLASS a | x 





View Saved Data | 


Fgure 3: Sample of Automated Department Selection Process 


Conclusion 


In this paper, a neutrosophic similarity measure has been proposed to assist in taking decision with multi- 
criteria with single valued neutrosophic value set. An application on selection of Departments for students trans- 
iting from Junior Secondary school to Senior Secondary Class has been done with a high percentage of ac- 
ceptance of 82.86 for the proposed method from teachers who are mostly involved in this kind of exercise. An 
application also developed to enhance the usage of the new method. 
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Abstract: Neutrosophic set theory was initiated as a method to handle indeterminate uncertain data. It is identified via 
three independent memberships represent truth 7’, indeterminate J and falsity /’ membership degrees of an element. 
As a generalization of neutrosophic set theory, Q-neutrosophic set theory was established as a new hybrid model that 
keeps the features of Q-fuzzy soft sets which handle two-dimensional information and the features of neutrosophic soft 
sets in dealing with uncertainty. Different extensions of fuzzy sets have been already implemented to several algebraic 
structures, such as groups, symmetric groups, rings and lie algebras. Group theory is one of the most essential 
algebraic structures in the field of algebra. The inspiration of the current work is to broaden the idea of Q-neutrosophic 
soft set to group theory. In this paper the concept of Q-neutrosophic soft groups is presented. Numerous properties 
and basic attributes are examined. We characterize the thought of Q-level soft sets of a Q-neutrosophic soft set, which 
is a bridge between Q-neutrosophic soft groups and soft groups. The concept of Q-neutrosophic soft homomorphism 
is defined and homomorphic image and preimage of a Q-neutrosophic soft groups are investigated. Furthermore, the 
cartesian product of Q-neutrosophic soft groups is proposed and some relevant properties are explored. 


Keywords: Group, Neutrosophic set, Neutrosophic group, Neutrosophic soft group, Q-neutrosophic set, Q-neutrosophic 
soft set, Soft group. 


1 Introduction 


Neutrosophic sets (NSs), one of the fundamental models that deal with uncertainty, first appeared in mathe- 
matics in 1998 by Smarandache [1, 2] as an extension of the concepts of the classical sets, fuzzy sets [3] and 
intuitionistic fuzzy sets [4]. A NS is identified via three independent membership degrees which are standard 
or non-standard subsets of the interval ]~0,1*| where ~0 = 0 — 6,17 = 1+ 6; 6 is an infinitesimal num- 
ber. These memberships represent the degrees of truth (7), indeterminacy (J), and falsity (/"). This structure 
makes the NS an effective common framework and empowers it to deal with indeterminate information which 
were not considered by fuzzy and intuitionistic fuzzy sets. Molodtsov [5] raised the notion of soft sets, based 
on the theory of adequate parametrization, as another approach to handle uncertain data. Since its initiation, a 
plenty of hybrid models of soft sets have been produced, for example, soft multi set theory [6], soft expert sets 
[7], fuzzy soft sets [8] and neutrosophic soft sets (NSS) [9]. Recently, NSs and NSSs were studied deeply by 
different researchers [10]-[19]. 
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However, none of the above models can deal with two-dimensional indeterminate, uncertain and incom- 
patible data. This propelled researchers to amplify them to have the capacity to deal with such circumstances, 
for example, Q-fuzzy soft sets [20, 21], Q-neutrosophic soft sets (Q-NSSs) [22] and Q-linguistic neutrosophic 
variable sets [23]. A Q-NSS is an expanded model of NSSs characterized via three two-dimensional indepen- 
dent membership degrees to tackle two-dimensional indeterminate issues that show up in real world. It gave 
an appropriate parametrization notion to handle imprecise, indeterminate and inconsistent two-dimensional 
information. Hence, it fits the indeterminacy and two-dimensionality simultaneously. Thus, Q-NSSs were fur- 
ther explored by Abu Qamar and Hassan by discussing their basic operations [24], relations [22], measures of 
distance, similarity and entropy [25] and also extended it further to the concept of generalized Q-neutrosophic 
soft expert set [26]. 

Hybrid models of fuzzy sets and soft sets were extensively applied in different fields of mathematics, in 
particular they were extremely applied in classical algebraic structures. This was started by Rosenfeld in 
1971 [27] when he established the idea of fuzzy subgroup, by applying fuzzy sets to the theory of groups. 
Since then, the theories and approaches of fuzzy soft sets on different algebraic structures developed rapidly. 
Mukherjee and Bhattacharya [28] studied fuzzy groups, Sharma [29] discussed intuitionistic fuzzy groups, 
Aktas and Cagman [30] defined soft groups and Aygunoglu and Aygun presented the concept of fuzzy soft 
groups [31]. Recently, many researchers have applied different hybrid models of fuzzy sets to several algebraic 
structures such as groups, semigroups, rings, fields and BCK/BCI-algebras [32]-[38]. NSs and NSSs have 
received more attention in studying the algebraic structures dealing with uncertainty. Cetkin and Aygun [39] 
established the concept of neutrosophic subgroups. Bera and Mahapatra introduced neutrosophic soft groups 
[40], neutrosophic soft rings [41], (a, 3, y)-cut of neutrosophic soft sets and its application to neutrosophic 
soft groups [42] and neutrosophic normal soft groups [43]. Neutrosophic triplet groups, rings and fields and 
many other structures were discussed in [44, 45, 46]. Moreover, two-dimensional hybrid models of fuzzy sets 
and soft sets were also applied to different algebraic structures. Solairaju and Nagarajan [47] introduced the 
notion of Q-fuzzy groups. Thiruveni and Solairaju defined the concept of neutrosophic Q-fuzzy subgroups 
[48], while Rasuli [49] established Q-fuzzy and anti Q-fuzzy subrings. 

Inspired by the above discussion, in the present work we combine the idea of Q-NSS and group theory 
to conceptualize the notion of Q-neutrosophic soft groups (Q-NSGs) as a generalization of neutrosophic soft 
groups and soft groups; it is a new algebraic structure that deals with two-dimensional universal set under 
uncertain and indeterminate data. Some properties and basic characteristics are explored. Additionally, we 
define the Q-level soft set of a Q-NSS, which is a bridge between Q-NSGs and soft groups. The concept of 
Q-neutrosophic soft homomorphism (Q-NS hom) is defined and homomorphic image and preimage of a Q- 
NSG are investigated. Furthermore, the cartesian product of Q-NSGs is defined and some pertinent properties 
are examined. To clarify the novelty and originality of the proposed model a few contributions of numerous 


authors toward Q-NSGs are appeared in Table 1. 
Table 1: Contributions toward Q-NSG. 








Authors Year Contributions 
Rosenfeld [27] 1971 Introduction of fuzzy subgroup. 

Aktas and Cagman [30] 2007 Introduction of soft group. 

Aygunoglu and Aygun [31] 2009 Introduction to fuzzy soft groups. 
Cetkin and Aygun [39] 2015 Introduction of neutrosophic subgroup. 

Bera and Mahapatra [40] 2016 Introduction of neutrosophic soft group. 
Solairaju and Nagarajan [47] 2009 Introduction of Q-fuzzy group. 
Thiruveni and Solairaju [48] 2018 Introduction of neutrosophic Q-fuzzy subgroup. 


Abu Qamar and Hassan This paper Introduction of Q-NSG. 
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2 Preliminaries 


We recall the elementary aspects of soft set, Q-NS and Q-NSS relevant to this study. 


Definition 2.1. [5] A pair (f, F) is a soft set over X if f is a mapping given by f : FE — P(X). That is, the 
soft set is a parametrized family of subsets of X. 


Definition 2.2. [30] A soft set (f, E) over a group G is called a soft group over G if f(a) is a subgroup of G, 
Vae EL. 


Definition 2.3. [31] A fuzzy soft set (F, E) over a group G is called a fuzzy soft group over G if Va € E, 
F(a) is a fuzzy subgroup of G in Rosenfeld’s sense. 


Abu Qamar and Hassan [22] proposed the notion of Q-neutrosophic set (Q-NS) in the following way. 
Definition 2.4. [22] A Q-NS ['g in X is an object of the form 


PQ = { (8, P); Tro(s,P); Irg(s,P), Fro(s,p)) :SEX,pE ah, 


where Q 4 @ and Trg, lpg, Fro : X x Q —]~0,17| are the true, indeterminacy and false membership 
functions, respectively with “0 < Ito -+ Trg -+ baie a3). 


Definition 2.5. [22] Let X be a universal set, Q be a nonempty set and A C F be a set of parameters. Let 
L’'QNS(X) be the set of all multi Q-NSs on X with dimension / = 1. A pair (9, A) is called a Q-NSS over 
X, where [9g : A > p'QNS(X) is a mapping, such that 9(e) = dif e ¢ A. 

A Q-NSS can be presented as 


(Tg, A) = {(e, Pg(e)) :e € AT g € w'QNS(X)}. 
Definition 2.6 ([24]). Let (fg, A), (Wag, B) € Q-— NSS(X). Then, (Cg, A) is a Q-neutrosophic soft subset 
of (Wg, B), denoted by (Ig, A) C (Wa, B), if A C Band Ta(e) C Vo(e) for alle € A, that is Tro(e)(s, p) < 
Tw(e)(8,P); Ire(e)($;P) = Iwo(e)($,P), Fro(e)($,P) = Fvo(e)(s, Pp), for all (s,p) € X x Q. 


Definition 2.7. [24] The union of two Q-NSSs (Ig, A) and (Vg, B) is the Q-NSS (Ag, C) written as (Vg, A)U 
(Vg, B) = (Ag, C), where C = AU Band Vc € C,(s,p) € X x Q, the membership degrees of (Ag, C) are: 


Tro(c) (8, P) ifce A-B, 
Tro(o(8,P) = 4 Tug(e)(8,P) ifce B—A, 
max{Tro(c)(s,P),Twg(c)(s,p)} ifee ANB, 


Ipg(c) (SP) ifce A-B, 
Tag(c)(8,P) = 4 Tag(s.) ifce B-A, 
min{Irg(c)(s, Pp), lvgio(s,p)} ifeEe ANB, 


Fro(o(8, P) ifcEe A-B, 
Fro(o($,P) = § Fua(e)(s,P) ifce B-A, 
min{ Fro(c)(s,P), Fug (s,p)} ifee ANB. 
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Definition 2.8. [24] The intersection of two Q-NSSs (Ig, A) and (Vg, B) is the Q-NSS (=g, C) written as 
(Tg, A) N (Wa, B) = (Ea, C), where C = AM Band Vc € C and (s,p) € X x Q, the membership degrees 
of (Eg, C) are: 


TeQ(o)(S,P) = mint Tr(o)($,P); Twa) (ss P)Fs 
Tei (S; p) = max{Ipg(c)(s, P), Tug(o(s, P)}; 
Fag(o)(8,P) — max{Froc)(s,P); Fyg(c)(S, Dp) }- 
Definition 2.9. [24] If (ig, A) and (Wg, B) are two Q-NSSs on_X, then ([g, A) AND (Wa, B) is the Q-NSS 


denoted by (Ig, A) A (Wa, B) and introduced by ((g, A) A (Vg, B) = (8g, A x B), where Og(a,b) = 
T'g(a) N Vag(b) V(a,b) € A x Band (s,p) € X x Q, the membership degrees of (Og, A x B) are: 


Teo(a,b)($,P) = min{ Tr, PGE P), Tyg y(s, p)}, 
Ta9(a,b)(S, P) =max{Ipg, (a) \(s 5,p P), vq) (S,P)}, 
Foca?) ~ max{Fro(a)(s, P); Fyg)(s, P)}- 
Definition 2.10. [24] If (ig, A) and (Wg, B) are two Q-NSSs on X, then (Cg, A) OR (Wa, B) is the Q-NSS 


denoted by (fg, A) V (Va, B) and introduced by ((g, A) V (Wg, B) = (Tg,A x B), where Tg(a,b) = 
T'g(a) U VgQ(b) V(a,b) € A x Band (s,p) € X x Q, the membership degrees of (Yg, A x B) are: 


Tro (a0)(8 P) > max{Tr9(a)(s, P), Twg()(s, ive 
Tyg (a0) (5; P) = min{Ip¢(a)(s,P); Tyg) (s,P)}; 
Fy 9 (a,)(S; P) as min{ Fro (a)(s,P), Fyo(o) (8, P)}- 





Definition 2.11. [24] If (ig, A) is a Q-NSS on_X, then the necessity H(Ig, A) and the possibility (Tg, A) 
operations of (Cg, A) are defined as: for alle € A 























(M9, A) = { (¢, [(s,P), Tro(s,P); Iro(s,P), 1 - Tro(s,p)]) + (8,p) € X x Q} 


nd 
(Pq, A) = { (6 [(8,p),1 — Fro (8,P);tro(8,P), Fho(8,P)]) : (sp) €X x Qh. 


3. Q-Neutrosophic soft groups 


In the current section, we propose the notion of Q-NSG and investigate some related properties. In this paper 
G will denote a classical group. 


Definition 3.1. Let ((g, A) be a Q-NSS over G. Then, (Ig, A) is said to be a Q-NSG over G if for all e € A, 
['g(e) is a Q-neutrosophic subgroup of G, where I'g(e) is a mapping given by ['g(e) : G x Q > (0, 1]°. 
Definition 3.2. Let ([g, A) be a Q-NSS over G. Then, ((g, A) is said to be a Q-NSG over G if for all 
s,t©G,p€ Qande € A it satisfies: 
1. Tro(e)(st,p) = min {Troiey( 8,P), Tro(e)(t, P he Ipge)(st, Pp) S max {Ig (ey( 8,P),Irg(e)(t, P )} and 
Fro (e) (st, p) < max { Fro( (e)( S .P); fae p)}. 
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ee Tro(e)(s~*, p) 2 Treig (4: PB) drat 3h) = Irae) (s,P) and Pras )P) = Fro(e) (8, P)- 


Example 3.3. Let G = (Z,+) be a group and A = 3Z be the parametric set. Define a Q-NSS (Ig, A) as 
follows 
forp€ Qands,mEZ 





0.50 ifx=6rm,dr € Z, 


0 otherwise, 


Trg(3m) (8; P) = 





0 if x = 6rm,adr € Z, 
0.20 otherwise, 


I 9(3m)(S; P) a 





0 if x = 6rm, dr € Z, 


Fro(om)(8,P) > ie otherwise. 

It is clear that (Tg, 3Z) is a Q-NSG over G. 

Theorem 3.4. Let (Ig, A) be a Q-NSG over G. Then, for all s © G and p € Q the following valid: 
1. Trg¢e(s7", P) = Trote(s, P), Irg(ey(8* P) = Inge (s,p) and Fro¢e)(s“', p) = Froce)(3, P)- 
2. Trote le) = Tro(e)($,P), Irate (é,P) a Trg (e)($;P) and Pray, 2) =< Fro (e)(S; P). 


Proof. 1. Trote)(8;D) = Tr o(e ((3-*)*p) a Treils ep); Trg (e)(S, DP) = Ipnia (Sy 52) < Tests Sy PD) 
and Fro(e)(s,P) = Troe) ((87')7', P) < Fro(e)(s7', p)- Now, from Definition 3.2 the result follows. 


2. For the identity element é in G 


Trae) (é,P) = Traie)(s87'sP) 
> min {Tro(e)(s,P), Trove) (s, p) } 
= Tri SeP); 

Irg(e)(é, 2) = Inge) (ss, P) 
< max {Irg()(5,P), Ira(e)(s,p)} 
= Ipg(e)(S, P) 


and 
Fro ce (€, P) = Fro(e)(ss*, p) 


< max { Froce)(s,P), Fro e)(s, p) } 
= Froe)(S, P). 














Therefore, the result is proved. 
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Theorem 3.5. A Q-NSS (Ug, A) over G is a Q-NSG if and only if for all s,t € G,p € Qande ce A 
1, Trate (st * sp) > min {Tro(e)(8,P), Tro(e)(t, p) }, 
oe Ipg(e)(st~*, p) < max {Iro(e)(8, P), Irg(e)(t, p) } and 
3. Frag (st 7p) < max { Froe)(8,P), Frere) (tp) }- 

Proof. Suppose that (Ig, A) is a Q-NSG over G. By Definition 3.2 we have 


Trg(e) (st *, p) ea min {Tro(e)(8,P); Tro(ey(t*, p) } 2 min {Tro(e)(8,P), Troey(t, p) }, 
Ipg(e)(st*, p) < max {Ipo(e)(8,P), Irg(e)(t*, p) < max {Ipoe) (8, P), Irgo(t, p)}, 
Fro(e) (st, p) < max {Froce)(8,P), Froie(t*, p) } < max { Fro(e)(s,P), Froce(t, p) }. 


Thus, conditions 1,2 and 3 hold. 

Conversely, suppose conditions 1,2 and 3 are satisfied. We show that for each e € A (Cg, A) is a Q- 
neutrosophic subgroup of G. From Theorem 3.4 we have Tpoe)(s~',p) > Troce)(8.P),Jro(e)(8'P) < 
Tro(e)(8, p) and Frees 52) < Froie)(s, p). Next, 


Trialst, PD) = Tree (st) *,P) 


> min { 


Irg(e)(st, p) = a, Trac Bic cas 
Ir ge) (s Ps Frat ',p)} 


< max { Iro(e)( 8,P), Ire )} 


Tho(e) (8,2); Thole s(t-7,p) } 
Tre(e) (8; P); Tro(e i(t,p) S, 
i 


‘)P) 


> min 


< max 


and 
Frovey(st, P) = Froie(s(t-")*, p) 
< max { Frate)(s,P); Frnt) (tp) 


< max { Frate)(8:P); Fraco(tsp)}. 








This completes the proof. 


Theorem 3.6. Let (Cg, A) and (Vg, B) be two Q-NSGs over G. Then, ((g, A) A (Va, B) and (Tg, A) N 
(Vg, B) are also Q-NSGs over G. 


Proof. We know that (Cg, A) A (Vg, B) = (Gg, A x B), where for all (a,b) € A x Band (s,p) € X x Q 








Texas (Sep) = min {Tro(e)(8,P); Tuqin(s,P)}, 
Teg(a,s)(S, P) = Max { Frova(8,P); Taq0(8,P)}, 


Feo(ab)($;P) = Max { Frat (8sP); Fyqi(8,P) }. 
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Now, since (Ig, A) and (Wg, B) are Q-NSGs over G, Vs,t € G,p € Q and (a,b) € A x B, we get 


Teo(at) (st, p) = min 4 Trg(a)(st, p), Tuo \(st,p)$ 
min, min {Troi (SPs (t, p) ie min {Tug s)( s ,); Tuaioy(tsP)} } 


min { min {Tro (a) ( 8,P), Twg(b) p)}, min {Trg (a)(t, P), Tuo y(t, p)} } 


| - 


I 
B 


Teg(a,) (st, p) = max Irg( (a) (st, p), Tygo)( (st, p )} 


| : 


ax max { Ipocay( S iD) Iga) (t,p)},max {T490)(8,), Fvqcn(tsp)} $ 


I 
= 


ax max { Ipg(a) (s, p), Lvgo)(S, DP) ne max {Ipo(a \(t, p), Lug(t,p)} 


B) 
in {Toaiasy( a,b) (8, P); Tog (a) (t, “ 
max | 


= Max Teg(a,)( S,P), TQ9 (a,b) (t,p)} 


and 
Feo (as) (st, p) = max { Fro\ (a) (st, P), Fug )(st, p) 
<m ax { max { Fra(ay( 8,2), Fro (a) (t,p)}, max {Fug@y(8,P), Fugo(tsp)} } 
= max { max { Fra(ay( (s, p), Fug)(s, DP) ie max { Fro (a)( (t .P); Fugo(t.)} $ 
= max { Feg(aiy( 8; D); Feg(ob)(t, 2) \. 
Also, 


Tana ( “.P) = min {Trota)(s".P): Tuqi(s-',p)} 


> min {Tro(e)(s,P); Tuqis)(s,)} 


= Te9(a,b) (s, P), 


Teg (a,b)(8~ "5 P) = Max {Frat (ss); Iaq(s-',p)} 


< max { Fro(a)($,P), Lvq0(s,P)} 


= Teg(a,b) (8; P), 
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Foo(at)(S "5 P) = max { Frat (s71.P); Fugo(s',p)} 


< max { Frat (s:P); Fugi(8sP) } 
= Feo(a)(8;P)- 


This shows that (Ig, A) \ (Vg, B) is a Q-NSG. The proof of (Mg, A) N (Ya, B) is similar to the proof of 
(Ta, A) A (Wo; DB); 
Remark 3.7. For two Q-NSGs (Ig, A) and (Wg, B) over G, ((g, A) U (Wg, B) is not generally a Q-NSG 
over G. 

For example, let G = (Z,+) and E = 2Z. Define the two Q-NSGs (Ig, £) and (Vg, FE) over G as the 
following for s,m € Z,p € Q 


0.50 ifx =4rm,dr € Z, 
Trg(2m)($,P) = 

















otherwise, 





I 0 if x = 4rm, ar € Z, 
m) (s : 
ha? 'P) otherwise, 
0 if x = 4rm, 4dr € Z, 





0.10 otherwise, 


and 





if x = 6rm, dr € Z, 
otherwise, 
if x = 6rm, dr € Z, 


.20 otherwise, 





if x = 6rm, dr € Z, 


0.17 otherwise. 


Let (Pes A) U (Vo, B) = (No; E). For ™ 





3,5 = 12,t = 18 we have 





Tha(o)(12-18"', p) = Tro(o)(—6,p) = max { Tra(@)(—6,P), Tv.a(o)(—6,p) } = max{0, 0} = 0 
and 
min { Trav) (12,P),Thocoy(18,p) } 
= min { max {Tro(6)(12, p), Tug (6)( (12, p) ae max {Tro6)( (18, p), Twg(6 (18, p)}} 
= min { max {0.50, 0.67}, max {0, 0.67} } 


= min {0.67, 0.67} = 0.67. 
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Hence, Tyo(6)(12-18"1,p) = 0 < min {Tro(6)(12,P), Thaie(18,p)} = 0.67; ie. (Ag, E) = (TQ, A) U 
(Vg, B) is not a Q-NSG. 














Theorem 3.8. /f (Ig, A) is a Q-NSG over G, then A(T, A) and } (TQ, A) are Q-NSGs over G. 
Proof. Let (Cg, A) be a Q-NSG over G. Then, for each e € A,s,t € Gand p € Q we have 














Forge (St P) = 1 - Troe)(st™", P) 
<1- min {Trove (s,P): Trae (t,?)} 
= Max {1 = Trg(e)(S,P), Le Trea (t,p)} 


= max { F Pole) (Ss P) Fi eGeD. 


















































Hence, O(a, A) is a Q-NSG. Similarly, we can prove the second part. 
Definition 3.9. Let (Ig, A) be a Q-NSG over G. Let a, 6, € [0,1] witha + 6+ < 3. Then (VQ, A) (a,8,») 
is a Q-level soft set of (.g, A) defined by 


VoAlees = {s = G,p C Q : Tro(e) (8 P) z a, Ipgce)(s, P) as 8, Froe)(s,D) = 7} 
for alle € A. 
The next theorem provides a bridge between Q-NSG and soft group. 


Theorem 3.10. Let (Cg, A) be a Q-NSS over G. Then, ((g,A) is a Q-NSG over G if and only if for all 
a, B,y € [0,1] the Q-level soft set (Vg, A) (a,8,7) # > is a Soft group over G. 


Proof. Let (Cg, A) be a Q-NSG over G, s,t € (Te(e)) (a4, and p € Q, for arbitrary a, 8,y € [0,1] and 
ec A. 

Then we have Tro (e)(s,p) = @, Ipgce)(8,P) < 8, Frovey(s,p) < y. Since (Tg, A) is a Q-NSG over G,, then we 
have 


Troe) (st, p) = min { Tre(e)(8;P), Trove(t,p) $ > {a,a} =a, 
Irg(o)(stsp) < max {Irg(e(8:P)-Irgia(tsp)} < {8.8} = 8, 


Fro(e)(st,p) S max { Frot)(s:P), Fro (t.p)} < {v7} =: 


Therefore, st € (T'g(€))(a,g,7)- Furthermore Tr, (<)(s~', p) = @, Irge(8", Pp) < B, Frove(s*, vp) < ¥. So, 
st € (Te(e))(a,8,7)- Hence (T'9(e))(a,4,7) is a subgroup over G, Ve € A. 

Conversely, suppose (Ig, A) is not a Q-NSG over G. Then, there exists e € A such that I'g(e) is not a 
Q-neutrosophic subgroup of G. Then, there exist s,,¢, € G and p € Q such that 


Tro(e)(Sity,p) < min {Tro(o(s1,P), Trot?) }, 


Troe) (sity, p) > max { Frove(s1,P); Ir g(e) (t1,p)} 
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and 
Fro(e)(sity ', p) > max { Fraie)(s1.P): Frove) (tr,p)}. 


Let us assume that, Troe) (Sit |, P) < min {Tro(e)(s1,P): IT aCe (t1,p)}. Let Tro(e)(S1; P) = Qj, 
Tro(e)(t1, P) = a2 and Tp, (e)(sit7',p) = a3. If we take w = min{ay, a9}, then s;t;' ¢ (T'Q(e))(a,8,7)- But, 
since 

Tro(e)(S1,P) = 41 = min{ai,a2}=a 


and 
Tro(e)(t1, P) = a2 > min{a;, ag} = a. 


For Ipg(e)($1,P) < By Irgey(tasP) < 8B, Fro (81, P) < 7, Fro (tp) < 7, we have s;,t, € (Te(e))(a,8,7)- 
This contradicts with the fact that (Tg, A)(a,g,7) is a soft group over G. 


Similarly, we can show that Ipg()(sit;',p) > max { Ira(e)(81,P); Iroie(t,p)} and Fro(e)(sit; ,p) > 
max { Frate)(s15P): Fr x(a) (t1,p)}. 














4 Homomorphism of Q-neutrosophic soft groups 

In the following, we define the Q-neutrosophic soft function (Q-NS fn), and then define the image and preimage 
of a Q-NSS under Q-NS fn. Moreover, we define the Q-neutrosophic soft homomorphism (Q-NS hom) and 
prove that the homomorphic image and pre-image of a Q-NSG are also Q-NSGs. 


Definition 4.1. Let g : X x Q— Y x Q andh: A > B be two functions where A and B are parameter sets 
for the sets XY x Q and Y x Q, respectively. Then, the pair (g, 2) is called a Q-NS fn from X x Q to Y x Q. 


Definition 4.2. Let (ig, A) and (Wg, B) be two Q-NSSs defined over X x @ and Y x Q, respectively, and 
(g, h) be a Q-NS fn from X x Q to Y x Q. Then, 


1. The image of (fg, A) under (g, h), denoted by (g, h)(T'g, A), is a Q-NSS over Y x Q and is defined by: 
(9, h)(T9, A) = (9 @),W(A)) = (0, (7 Q)(b) :b € (A) }, 
where for all b € h(A),t € Y,p € Q, 


MAXg(s,p)=(t,p) MAXp(a)=0[Trg(a)(S,P)] if (s,p) € g7*(t, ), 


T, t,p) = 
a(PQ)(b) ( P) ' otherwise, 


i P _ MiNg(s,p)=(t,p) minna)=o[Jrg(a) (5, P) if (s,p) € g ‘(t,P); 
o(Fq)(o) (tp) = 1 otherwise 





F ' _ MiNg(s,p)=(t,p) minn(a)=o|Frg(a)(S, P) if (s,p) € GE, D)s 
a(V)()(t, P) = l otherwise 
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2. The preimage of (Vg, B) under (g,h), denoted by (g,h)~'(Wg, B), is a Q-NSS over X x Q and is 
defined by: 


(9, b)'(Wa, B) = (97 (Wa), h-(B)) = {(a,g7'(Va)(a) :a € h-(B) )f, 
where, for alla € h-1(B),s € X,p € Q, 


Ty-1(H9)(a) (8, P) = Twgin(ay(9(s, P)), 
T4-1(0g)(a) (8, P) = Iva [n(ay (G(s 
Fy-1(¥g)(a) (8, P) = Fgin(ay(9(s; P)). 


s 


If g and hare injective (surjective), then (g, h) is injective (surjective). 


Definition 4.3. Let (g, h) be aQ-NS fn from X x Q to Y x Q. If g isa homomorphism from X x Q to Y x Q, 
then (g,h) is said to be a Q-NS hom. If g is an isomorphism from X x Q to Y x Q and h is a one-to-one 
mapping from A to B, then (g, /) is said to be a Q-neutrosophic soft isomorphism. 


Theorem 4.4. Let (Ig, A) be a Q-NSG over a group G, and (g,h) be a Q-NS hom from G, x Q to Gz x Q. 
Then, (g, h)(Vg, A) is a Q-NSG over Go. 


Proof. Let b € h(E), t1,t2 € Gz and p € Q. For g~'(ty, p) = ¢ or g~'(t2, p) = @, the proof is clear. 
So, suppose there exist 51, 52 € G, and p € Q such that g(s,,p) = (t1,p) and g(s2, p) = (te, p). Then, 


Ty(Pq)(b) (tite, p) = , max max [Trova)(s,P)| 


(s,p)=(tite,p) h(a)=b 


> max [Troia(s182,P)| 
> max, | To(a) ($152, P) 


> max, | min { Tro(a)(515P): Tra(a)(s2-P) }| 


= min { Maye |Trova)(515)| , Naot [Tr(a (S25)| \ 


Tyroye)(t] ,p) = max max IT & (s,)| 
gTQ)O)"1 o(s:p)=(te 2p) Ma)=b Q(a) 


= Tro(a)(S1 
= max, | Tela Si DP) 


> Tra(a(s1,P)]. 
> macs | rata) (81) 


Since, the inequality is hold for each s,, 52 € G, and p € Q, which satisfy g(s1,p) = (t1,p) and g(s2,p) = 
(tz, p). Then, 


oe tito, > min { max max |T; ay Sas ls max max |T; a)(Sa, |} 
v¢taytty fata, P) 2 olor hia) Magee TONS P)] sO oy Mane [Pate $2P) 


= min {Tyiray (41, P), Tyre) @ (ta, r)}. 
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Also, 


T t71,p) > Trot .p)] = t,p). 
argh »P) 2 | max. max | Tro(a)(s1,P)| = Ta(raye(t1P) 


Similarly, we can obtain 
Ty(rg)(b) (tite, p) < max {Toray (t1,P), Io(rg)() (ts,p), Tyrg)@)(t7's P) < Lgrgyy (1, P); 


Fo(rq)(b) (tite, p) < max [Fatran (t1,P), Foray) (t2,p), Far) (ty »P) S Fara) (t1,P): 














This completes the proof. 


Theorem 4.5. Let (Vg, B) be a Q-NSG over a group Gy and (g, h) be a Q-NS hom from G, x Q to G2 x Q. 
Then, (g,h)~'(Wg, B) is a Q-NSG over G4. 


Proof. For a € h~'(B), 81, 82 € G; and p € Q, we have 


Ty-1(g)(a) ($182; P) = Tyg [n(a)] (9(s152, P)) 
= Tyg [n(a)](9($1, P)9(52,P)) 


> min {Ty(n(a)(9(s1;P))s Teathia|(9(s2s)) } 


= min {To-1(¥eV(0)(815P); Ty-1(4q)(a)(82,) $ 


Ty-1(Wg)(a) (81 +P) = Twain(ay](9(87 


Similarly, we can obtain 


i -1(4)(«)(81;P); 1y-1(49)(«)(82,P) $, 


Ig-1(Wg)(a a)($152,p) < min 

T5-1(wg)(a) (811 P) = Ig-1(wQ)(a) (815), 

Fo-1(we)(a on =<m mn -1(¥9)()(81,P); Fy-1(4q)(a)(82.) $, 
Fy-1(¥g)(a) (81 »P) = Wa)(a) ($1, P)- 














Thus, the theorem is proved. 


5 Cartesian product of Q-neutrosophic soft groups 


In this section, we introduce the cartesian product of Q-NSGs and discuss some of its properties. 
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Definition 5.1. Let (ig, A) and (Wg, B) be two Q-NSGs over the groups G; and G2, respectively. Then their 
cartesian product is (Cg, A) x (Vg, B) = (Qe, A x B) where Ng(a, b) = Ta(a) x Va(b) for (a,b) € Ax B. 
Analytically, 
Qg(a,b) = 
{((s, t),p), T09(a,8) ((s, t),p) ’ To9(a,8) ((s, t),p) ’ Fo (a,8) ((s, ‘),p)) 18 E€ Gi, tE G2,p € Qh 


where, 


T9(a,.) ((s, t),p) = min {Trova)(9,P); Tv 9(b) (t,p)}, 
To9(a0) ((s. t),p) = Max { Iro(a) (5s): Tvg(b) (tp), 


Fo (a3) ((s, t),p) = Max { Frat (ssP); Fug) (t,p)}. 


Theorem 5.2. Let (Cg, A) and (Vg, B) be two Q-NSGs over the groups G, and G2. Then their cartesian 
product (Cg, A) x (Wa, B) = (Qa, A x B) is also a Q-NSG over Gy X Go. 


Proof. Let ((g, A) x (Vg, B) = (Qa, A x B) where Qg(a, b) = Tg(a) x Va(b) for (a,b) € A x B. Then 
for ((s1.t1).p), ((s2, t2),0) E (Gi x G2) x Q 
Trro(as) ( (81, t1)(S2,t2),P) 
= To9( 1 ((s182, tifa), P) 


Treas 5152,P ), Twa \(tita, p)$ 


| ef 


min 4 min {Tro (a) (41, P), Twi) (ta, p) }, min {Tro (a) (82, P), Two (0) (t2, p) } 


min { 

Suis {Tro(a) ($1, P), Trg(a)($2,P p)}, min {Toc wy (t1, DP), Two s(t2,p)} $ 
{ } 
{ 


min 4 Tog(ab (( (51,01), P) , Trg(an ((s2,t2),) }, 
also 
Texe(as) ( (81, 1)(82, t2),P) 

= Togas) ((sise tit2),P) 
= max { Fro(a)(81825): Tuq()(tite,p) $ 
< max { max {Trg(a(s1, P), Irg(a)($2,P p)},max {Iugoy( t1,P), lvoe (ta, p)} $ 
= max { max {Irg(a(s1,P); Fa ti,p)}, max {Ipgca 1(s2,P), Tuqcy(te, p)} $ 
= max {Togtat ((s1, t1).) 1 109(a,0) ((s2, t2).p) \, 
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similarly, Fog (a,b) ((s:, t1)(s2,t2),p) < max { Fro(as) ((s:, t1),P), Fro(a) ((s2, t2).p) , 
Next, 


Trg(as) ( (81,1), P) = Tro(as ((81',4,"),P) 
> min {Tro(e(s1',P), Tra (ti'sp)$ 
> min { Tro(a)($1sP); Two (tr, p)} 
= Treas) ((S1.t1),P)) 

also 

Ino(as) ( (81541), P) = Ioo(as) ((811,4"),P) 
< max {Trot (sis); Tvqiy(tr'sp) } 
< max { Freie) (815); vq) (t1,B) } 
= Ine(as ((S1,t1),P) 


similarly, Fog(a ((s1,4)"4) < Fog(a ((s1,41),P), Hence, this proves that (9, A) x (Vg, B) isaQ- 
NSG over G X Go. 














6 Conclusions 


A Q-NSS is a NSS over two-dimensional universal set. Thus, a Q-NSS is a set with three components that 
can handle two-dimensional and indeterminate data simultaneously. The main goal of the current work is to 
utilize Q-NSSs to group theory. This study conceptualizes the notion of Q-NSGs as a new algebraic structure 
that deals with two-dimensional universal set. Some relevant properties and basic characteristics are explored. 
We define the Q-level soft set of a Q-NSS, which acts as a bridge between Q-neutrosophic soft groups and soft 
groups. Also, the concepts of image and preimage of a Q-NSG are investigated. Moreover, the cartesian prod- 
uct of Q-NSGs is discussed. The defined notion serves as the base for applying Q-NSSs to different algebraic 
structures such as semigroups, rings, hemirings, fields, lie subalgebras, BCK/BCI-algebras and in hyperstruc- 
ture theory such as hypergroups and hyperrings following the discussion in [50, 51, 52, 53]. Moreover, these 
topics may be discussed using t-norm and s-norm. 
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Abstract. The purpose of MCDM is to determine the best option amongst all the probable options. Due to linguistic assessments, 
the traditional crisp techniques are not good to solve MCDM problems. This paper deals with the generalization of TOPSIS for 
neutrosophic hypersoft set primarily based issues explained in section 3. In section 4, the proposed technique is implemented. The 
proposed technique is easy to implement, and precise and sensible for fixing the MCDM problem with multiple-valued neutrosophic 
data. In the end, the applicability of the developed method, the problem of parking on which decision maker has normally vague and 
imprecise knowledge is used. It seems that the outcomes of these examinations are terrific. 


Keywords: Uncertainties, Decision making, FNSS, FNHSS, Linguistic variable, Accuracy Function AF, TOPSIS 


1 Introduction 


To describe the characteristics people generally use apt values when they come across the decision-making 
problems. On the other hand, it is observed that in an environment of real decision making we face various complex and 
alterable factors and for these fuzzy expressions, the decision makers take help from the linguistic evaluations. For instance, 
the evaluation values are represented with the use of expressions like excellent, v. good, and good by decision makers. 
Zadeh [15-16] proposed a linguistic variable set to express the evaluation values. The idea of vague linguistic variables and 
the operational rules were devised by Xu [12]. The level of a linguistic variable just depicts the values of linguistic 
evaluation of a decision maker, but these can not aptly describe the vague level of decision maker particularly in the 
environment of linguistic evaluation. This flaw can be taken into account by adjoining the linguistic variables as well as 
by putting forward its other sets. For example, Ye [13] put forward an interval Neutrosophic linguistic set NLS) and an 
interval Neutrosophic linguistic number (INLN); Ye [14] also found a single and multiple valued Neutrosophic linguistic 
set (SVNLS & MVNLS). 


At the primary, soft set theory was planned by a Russian scientist [7] that was used as a standard mathematical 
mean to come back across the difficulty of hesitant and uncertainty. He additionally argues that however, the same theory 
of sentimental set is free from the parameterization inadequacy syndrome of fuzzy set theory, rough set theory, and applied 
mathematics. Neutrosophic set could be a terribly powerful tool to agitate incomplete and indeterminate data planned by 
F. Smarandache [10] and has attracted the eye of the many students [1], which might offer the credibleness of the given 
linguistic analysis worth and linguistic set can offer qualitative analysis values. Florentin [11] generalized soft set to 
hypersoft set by remodeling the function into a multi-attribute function, NHSS (Neutrosophic Hyper Soft Set) is 
additionally planned in his pioneer work. 


[8] applies neutrosophic TOPSIS and AHP to reinforce the normal strategies of personal choice to realize the 
perfect solutions. To investigate and verify the factors influencing the choice of SCM suppliers, [2] used the neutrosophic 
set for deciding and analysis technique (DEMATEL). [3] offers a unique approach for estimating the sensible medical 
devices (SMDs) choice method in an exceedingly cluster deciding (GDM) in an exceedingly obscure call atmosphere. 
Neutrosophic with TOPSIS approach is applied within the decision-making method to handle the unclearness, incomplete 
knowledge and therefore the uncertainty, considering the selections criteria within the knowledge collected by the choice 
manufacturers (DMs) [3]. [4] projected a technique of the ANP method and therefore the VIKOR underneath the 
neutrosophic atmosphere for managing incomplete info and high order inexactitude. [9] used a neutrosophic soft set to 
predict FIFA 2018. 


The sturdy ranking technique with neutrosophic set [5] to handle practices and performances in green supply chain 
management (GSCM). [6] projected T2NN, Type 2 neutrosophic number, which might accurately describe real 
psychological feature info. 
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In this paper, the generalization of TOPSIS for the neutrosophic hypersoft set is proposed. In the proposed method 
Fuzzy Neutrosophic Numbers FNNs are converted into crisp by using accuracy function N(A). 


2 Preliminaries 


Linguistic Set [9]: In a crisp set, an element Y in the universe X is either a member of some crisp set A or not. It can be 
represented mathematically with indicator function: pu A(Y) = (1, if Y belongs to A and 0, if V doesn't belong to A}. 


Fuzzy Set [10]: Fuzzy set p in a universe 8 is a mapping pt: X —> [0,1] which assigns a degree of membership to each 
element with symbol pu A (y) such that p A (y) € [0, 1]. 
Fuzzy Neutrosophic set: A Fuzzy Neutrosophic set FNs A over the universe of discourse X is defined as 


A= <x,Ty(x), la(x), Fault) >, « € Xwhere T,F,I:X > [0,1] & 
0< Tyl(x) +1y(%) + Fa(x) <3. 


Fuzzy Neutrosophic soft set: Let X be the initial universal set and E be a set of parameters. Consider a non-empty set 
A, ACE. Let P (X) denote the set of all FNs of X. 


Throughout this paper Fuzzy Neutrosophic soft set is denoted by FNS set / FNSS. 


3 Algorithm 


Let the function be 
F:P; X Py XP, X «1X Py > P(X), such that Py = PF , Py, Py, Pn 
Where 
P) = Py P2P3,.Pn 1Sjsn 
Pk = Py P2P3,..Pn [Sk<sn 


P, = Py P2,P3,..Pn 1Slsn 


Pn = Pu P2P3,..Pn 1Smsn 
are multiple valued neutrosophic attributes and X is a universe of discourse. 
Step 1: Construct a matrix of multiple-valued P, of attributes of order m x n. 
A = [Pgrlmxn» l<qsm, 1sr<n 


Step 2: Fill the column values with zeros if multiple valued attributes are less than equal to n to form a matrix of order 
m X nas defined in the below example. 


Step 3: Decision makers will assign fuzzy neutrosophic numbers (FNNs) to each multiple valued linguistic variables. 
Step 4: Selection of the subset of NHSS. 


Step 5: Conversion of fuzzy neutrosophic values of step: 4 into crisp numbers by using accuracy function A(N). 
Pi; 
A(N) = | 
(N= |3 
Step 6: Calculate the relative closeness by using the TOPSIS technique of MCDM. 


Step 7: Determine the rank of relative closeness by arranging in ascending order. 
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Remark 1: In step 2, if all values of each tuple of complete row or complete column are null, then eliminate that 


MCDM 
Problem 


respective row or column. 


PNadaleltie-s 


pa, 
Decision Decision Decision 
Maker P1 Maker P2 Maker P3 


NEN by P1 NFN by P2 NFN by P3 





Define NSS 


Write the values of (T, |, F) assigned by 


each decision maker in matrix form 


(Grab) elalelas Discussion 


Figure 1: Algorithm design for the proposed technique 


We apply the neutrosophic set theory to handle vague data, imprecise knowledge, incomplete information, and linguistic 
imprecision. The efficiency of the proposed method is evaluated by considering the parking problem as stated below. 


The environment of decision making is a multi-criteria decision making surrounded by inconsistency and 
uncertainty. This paper contributes to supporting the parking problem by integrating a neutrosophic soft set with the 


technique for order preference by similarity to an ideal solution (TOPSIS) to illustrate an ideal solution amongst different 
alternatives. 
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4 Problem Statement 


Environmental pollution strongly affects life in cities. The major issue of blockage is due to an excessive number 
of vehicles in the cities. This causes a major problem in finding a proper place for parking. Therefore, various techniques 
are implemented to cover this problem. Among them, an application of NHSS (Neutrosophic Hypersoft Set) is used. 


In figure 2: there is an elaboration of the trip of a vehicle driver, to his final point. Now he has three numbers of 
choices to park his vehicle at different distances. So, by Using the NHSS algorithm he will be able to find the nearby spot 
to stand his vehicle. The driver is intended to go there in the minimum time. This work helped in the Following ways: 

e Four Linguistic inputs and an output. 

e During his trip how many traffic signals are sensed by the sensor? 

e The measure of motor threshold on the way up to final spot is shown by PCU (Parking Car Unit) and 
e The Separation between the parking slot and the final point. 


Destigation 


anne ear 4 4 
TA - -) 
> y Sign abagime mer 
Alon \ / » 9 ——_ : 





e 2: Point 


indust tial clsthict N / 


JL 
™ ‘i “eee — i {AA 


Figure 2: Initial Problem Model 
5 Modelling problem into NHSS form 


Due to fractional knowledge about the attributes as well as lack of information, mostly the decision 
makers are observed to be using certain linguistic variables instead of exact values for evaluating characteristics. 
In such a situation, preference information of alternatives provided by the decision makers may be vague, 
imprecise, or incomplete. 








Sr.# Linguistic Variable Code NFN1 NEN 2 NEN 3 NEN 4 

1 Normal v7 (0.4,0.1,0.0)  (0.3,0.3,0.2) — (0.7,0.2,0.3) — (1.0,1.0,1.0) 
2 High } (0.3,0.5,0.2) — (0.1,0.1,0.1) — (0.5,0.5,0.3) — (0.5,0.3,0.5) 
3 Medium Y (0.6,0.6,0.2)  (0.2,0.1,0.1) — (0.6,0.3,0.3) —_ (0.6,0.4,0.4) 
4 Distance i.e., Near N (0.2,0.0,0.2) (0.1,0.2,0.1) —(0.6,0.6,0.1) —_ (0.4,0.5,0.4) 
5 Distance i.e., Far a (0.4,0.4,0.1)  (0.1,0.3,0.4) = (0.1,0.4,0.1) — (0.4,0.2,0.1) 
6 No. of Trafic Signal i.e., one -- (0.5,0.2,0.4)  (0.5,0.4,0.3) — (0.3,0.3,0.3) — (0.6,0.6,0.2) 
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7 No. of Trafic Signal i.e., two 


(0.5,0.2,0.1) — (0.5,0.2,0.1) — (0.6,0.5,0.5) —(1.0,1.0,1.0) 
(0.4,0.4,0.2)  (0.2,0.1,0.2) — (0.3,0.3,0.1) _—-(0.4,0.4,0.6) 
(0.3,0.6,0.2) — (0.3,0.6,0.2) — (0.3,0.6,0.2) _—(1.0,1.0,1.0) 
(0.3,0.1,0.4) — (0.3,0.3,0.3) — (0.1,0.2,0.5) — (0.6,0.6,0.2) 


No. of Trafic Signal i.e., three 
9 Parking Space i.e., medium 


mS il 


10 Parking Space i.e., high 





Table 1: Neutrosophic fuzzy number and corresponding linguistic variable. 
6 Numerical calculations of problem 
Let F:P, x P, X P; xX Py > P(X) , where X is the universe of discourse, such that 
P, = Trafic Threshold = {a,B,y} 
P, = Distance of destination from initial point = {N,3} 
P; = No.of trafic lights = {T,, T2,T3} 


P, = Distance from parking area to destination point = {M,h} 








Sr. # PCU Distance No. of traffic signals Parking space 
1 A N -- M 

B a = h 
3 Y = 





Table 2: Linguistic variables used in parking problem. 


Consider a multiple valued neutrosophic hyper soft set A = {P,, P3, P,} such that 
F(A) = F(a,T>,M ) = {a(0.4,0.1,0.0), T> (0.5,0.2,0.1), M(0.3,0.6,0.2), @(0.7,0.3,0.2), Ty (0.6,0.5,0.5), M(0.1,0.5,0.4) 
a(1.0,1.0,1.0), T>(1.0,1.0,1.0), M(1.0,1.0,1.0) } 


Step 1: Construct a matrix of multiple valued Pq of attributes of order m xn. 


a p y 
N 3 
T, T, T, 
Moh 


Step 2: Fill the column values with zeros if multiple valued attributes are less than equal to n to form a matrix 
of order m xn as defined: 


a p yr 
N 3 0 
T, T, T, 
Mh O 


Step 3: The decision makers gives the values to the selected subset i.e. F(a,T>,M ). 


(0.4,0.1,0.0) (0.5,0.2,0.1) (0.3,0.6,0.2) 
(0.7,0.2,0.3) (0.6,0.5,0.5) (0.3,0.6,0.2) 
(1.0,1.0,1.0) (1.0,1.0,1.0) (1.0,1.0,1.0) 
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Step 4: Conversion of fuzzy neutrosophic values of step 4 into crisp numbers by using accuracy function A(N). 


(0.44+0.1+40.0)/3 (0.5+0.2+0.1)/3 (0.3 +0.6 + 0.2)/3 
(0.7 + 0.2 +0.3)/3 (0.6+0.5+0.5)/3 (0.3 +0.6 + 0.2)/3 
(1.04 1.0+41.0)/3 (1.0+1.0+1.0)/3 (1.04 1.0 + 1.0)/3 


04 0.53 0.37 


fos 0.27 037 
1 1 1 


Step 5: Now we will apply the TOPSIS on the resulting matrix. 








A T> M 
P, 0.17 0.40 1 
P; 0.27 0.53 1 
P, 0.37 0.37 1 





Table 3: Decision matrix of the parking problem. 


Applying the technique of TOPSIS on the above-mentioned matrix obtained in step 5, the following are the 
results. 








Si+ Si- ci Rank 
0.177459059 0.015787 0.081693 3 
0.081871695 0.117439 0.589226 2 
0.084195951 0.163743 0.660417 1 





Table 4: Results of calculations done by applying TOPSIS technique of MCDM 


Graphical representation of the results obtained by applying the TOPSIS technique of MCDM is shown below 
in figure 3. 


TOPSIS RESULT 


@Series3 MSeries2 MSeries1 


2 


TNUIOTOIAUICONOUECOOCUOCOOUOOOOUOE CATA 


Rank IUUYAYEAVENENUACANELUATENEANALCUVELEUUACONELTOTEU COAT OATOT EN OAOT OU TO ETA A OU TETEA TATA ONTO TE TATOO TATA A ee 


IEAANTAVELEQUACANOAVEL ONDA AL CUTE EL CATA OUTAEI TATA CATE E TATOO TA TATA TATA TETSU TATA ATTA 





Mini 0.660417 


3 
Ci I 9. 539226 
i 0.081693 
INI 0.163743 
7 ™ 0.117439 
0.015787 
mm] 0.084195951 
Si+ | 
a 0.081871695 
0.177459059 
0 0 1 2 2.5 3 3.5 


Figure 3: Graphical representation of results done by applying TOPSIS technique of MCDM 
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In figure 3, P; = series 1, P3 = series 2 and P, = series 3 and the result shows that P, is the best alternative for the 
shortest time to reach the destination for the problem discussed above. 


Conclusion 


This paper introduces the Generalized Fuzzy TOPSIS by using an accuracy function for NHSS given in [4]. The 
proposed technique is used to solve a parking problem. Results show that the technique can be implemented to solve the 
MCDM problem with multiple-valued neutrosophic data in a vague and imprecise environment. In the future, the stability 
of the proposed technique is to be investigated and the proposed algorithm can be used in neutrosophic set (NS) theory to 
handle vague data, imprecise knowledge, incomplete information, and linguistic imprecision. 
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Abstract: After introducing the notion of hyperstructures about 80 years ago by F. Marty, a number of researches on 
its theory, generalization, and it’s applications have been done. On the other hand, the theory of Neutrosophy, the study 
of neutralities, was developed in 1995 by F. Smarandache as an extension of dialectics. This paper aims at finding 
a connection between refined neutrosophy of sets and hypergroups. In this regard, we define refined neutrosophic 
quadruple hypergroups, study their properties, and find their fundamental refined neutrosophic quadruple groups. 
Moreover, some results related to refined neutrosophic quadruple po-hypergroups are obtained. 


Keywords: f7,,-group, po-hypergroup, refined neutrosophic quadruple number, refined neutrosophic quadruple hy- 
pergroup, fundamental group. 


1 Introduction 


In 1934, Marty [19] introduced the concept of hypergroups by considering the quotient of a group by its 
subgroup. And this was the birth of an interesting new branch of Mathematics known as “Algebraic hyperstruc- 
tures” which is considered as a generalization of algebraic structures. In algebraic structure, the composition 
of two elements is an element whereas in algebraic hyperstructure, the composition of two elements is a non- 
empty set. Since then, many different kinds of hyperstructures (hyperrings, hypermodules, hypervector spaces, 
...) were introduced. And many studies were done on the theory of algebraic hyperstructures as well on their 
applications to various subjects of Sciences (see [12, 13, 30]). Later, in 1991, Vougioklis [28] generalized 
hyperstuctures by introducing a larger class known as weak hyperstructures or H7,,-structures. For more details 
about #7,,-structures, see [28, 29, 30, 31]. 

In 1965, Zadeh [32] extended the classical notion of sets by introducing the notion of Fuzzy sets whose 
elements have degrees of membership. The theory of fuzzy sets is mainly concerned with the measurement 
of the degree of membership and non-membership of a given abstract situation. Despite its wide range of real 
life applications, fuzzy set theory can not be applied to models or problems that contain indeterminancy. This 
is the reason that arose the importance of introducing a new logic known as neutrosophic logic that contains 
the concept of indeterminancy. It was introduced by F. Smarandache in 1995, studied annd developed by him 
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and by other authors. For more details about neutrosophic theory, we refer to [17, 22, 23, 25]. Recently, 
many authors are working on the applications of this important concept. For example in [2], Abdel-Baset et 
al. offered a novel approach for estimating the smart medical devices selection process in a group decision 
making in a vague decision environment and used neutrosophics in their methodology. Moreover, in [7], R. 
Alhabib et al. worked on some neutrosophic probability distribution. Other interesting applications of it are 
found in [1, 3, 4, 15, 20]. 

In 2015, Smarandache [22] introduced the concept of neutrosophic quadruple numbers and presented some 
basic operations on the set of neutrosophic quadruple numbers such as, addition, subtraction, multiplication, 
and scalar multiplication. After that, a connection between neutrosophy and algebraic structures was estab- 
lished where Agboola et al. [5] considered the set of neutrosophic quadruple numbers and used the defined 
operations on it to discuss neutrosophic quadruple algebraic structures. More results about neutrosophic alge- 
braic structures are found in [11, 26]. A generalization of the latter work was done in 2016 where Akinleye 
et al. [6] considered the set of neutrosophic quadruple numbers and defined some hyperoperations on it and 
discussed neutrosophic quadruple hyperstructures. More specifically, the latter papers introduced the notions 
of neutrosophic groups, neutrosophic rings, neutrosophic hypergroups and neutrosophic hyperrings on a set of 
real numbers and studied their basic properties. 

The authors in [9] discussed neutrosophic quadruple H,,-groups and studied their properties. Then in [10], 
they found the fundamental group of neutrosophic quadruple H,-groups and proved that it is a neutrosphic 
quadruple group. This paper is an extension to the above mentioned results. In Section 2, some definitions re- 
lated to weak hyperstructures have been presented while section 3 involves the refined neutrosophic quadruple 
hypergroup and the studying of it’s properties. As for section 4, an order on refined neutrosophic quadruple 
hypergroups is defined and some examples on refined neutrosophic quadruple po-hypergroups are presented. 
Finally, in section 5, the fundamental refined neutrosophic quadruple group of refined neutrosophic quadruple 
hypergroups with some important theorems, corollaries and propositions have been submitted. 


2 Preliminaries 


In this section, some definitions and theorems related to both: hyperstructure theory and neutrosophic 
theory are presented. (See [12, 13, 30].) 


2.1 Basic notions of hypergroups 


Definition 2.1. Let H be a non-empty set. Then, a mapping o : H x H — P*(H) is called a binary 
hyperoperation on H, where P*(#) is the family of all non-empty subsets of H. The couple (H, 0) is called a 
hypergroupoid. 


In this definition, if A and B are two non-empty subsets of H and x € H, then: 


AoB= |J acob, roA={x}oAand Aoxr= Ao {z}. 
acA 
beB 


Definition 2.2. A hypergroupoid (H, ) is called a: 


1. semihypergroup if for every x,y,z € H, we have x0 (yo z) = (roy) oz; 
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2. quasi-hypergroup if for every x © H, xo H = H = Hox (The latter condition is called the reproduction 
axiom); 


3. hypergroup if it is a semihypergroup and a quasi-hypergroup. 


Definition 2.3. [13] Let (H,x) and (K, x’) be two hypergroups. Then f : H — K is said to be hypergroup 
homomorphism if f(axy) = f(x) f(y) for all x, y € H. (H,x) and (K, x’) are called isomorphic H,-groups, 
and written as H = K, if there exists a bijective function f : R — S that is also ahomomorphism. The set of 
all isomorphism of (H,x) is denoted as Aut(H). 


T. Vougiouklis, the pioneer of H/,-structures, generalized the concept of algebraic hyperstructures to weak 

algebraic hyperstructures [28]. The latter concept is known as “weak” since the equality sign in the definitions 
of H,,-structures is more likely to be replaced by non-empty intersection. The concepts in H,,-structures are 
mostly used in representation theory [29]. 
A hypergroupoid (H, 0) is called an H,,-semigroup if (x 0 (yo z))N ((woy)oz) £0 forall x,y,z € H. An 
element 0 € A is called an identity if x € (002M 200) for all x € H and it is called a scalar identity if 
x =0ox=200 forall x € H. If the scalar identity exists then it is unique. A hypergroupoid (H, 0) is called 
an H.,-group if it is a quasi-hypergroup and an H,,-semigroup. A non empty subset S of an H,-group (H, 0) is 
called H,,-subgroup of H if (S,0) is an H,,-group. 


Definition 2.4. [27] A hypergroup is called cyclic if there exist h € H such that H =hUh?U...Uh'U... 

with 7 € N. If there exists s € N such that H = hUh?U...Uh*® then H is a cyclic hypergroup with finite 

period. Otherwise, H is called cyclic hypergroup with infinite period. Here, h? = hxhx...xh, 
eS 


s times 


Definition 2.5. [27] A hypergroup is called a single power cyclic hypergroup if there exist h © H ands © N 
such that H =hUh?U...UhSU...andhUh?U...Uh™+ C h™ for every m > 1. In this case, h is called 
a generator of H. 


2.2 Refined neutrosophic quadruple hypergroups 


Let T’, I, F', represent the neutrosophic components truth, indeterminacy, and falsehood respectively. Sym- 
bolic (or Literal) Neutrosophic theory is referring to the use of these symbols in neutrosophics. In 2013, F. 
Smarandache [24] introduced the refined neutrosophic components. Where the neutrosophic literal compo- 
nents 7’, J, F' can be split into respectively the following neutrosophic literal subcomponents: 


[IEEE ea ee 2 
where p, 1, s are positive integers with max{p, r,s} > 2. 
Definition 2.6. [25] Let X be a nonempty set and p, 7, s € N with (p,r,s) 4 (1, 1,1). A refined neutrosophic 


quadruple X -number is a number having the following form: 


Pp r Ss 
at S> b:T; + >> oly + > by Fe, 
j j=l k=1 


21 


where a, b;,c;,d, € X and T’,, I, F have their usual neutrosophic logic meanings, and T;, ;, F, are refinements 
of 7’, J, F' respectively. 
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The set of all refined neutrosophic quadruple X -numbers is denoted by RNQ(X), that is, 


Pp is Ss 
RNQ(X) = {a+ >> bT; + ci, + > ad,Fy : Gi, 05,0705 — Xt}. 
k=1 


i=l j=l 


Pp r Ss 
For simplicity, we write a + )> b;T; + 0 cj1; + SS di Fy as 
k=1 


i=1 j=l 
Pp r Ss 
( a, os b,T;, > cl > dj, Fy). 
i=1 j=l k=1 


In what follows, T;, J;, fF, are refinements of T’, J, F' respectively with] <i<p,l<j<randl<k<s. 
Let (H, +) be a hypergroupoid with identity “0” and 0 + 0 = 0 and define “@” on RNQ(H) as follows: 





1 


P Pp r Ss 
(a, 24 bit os di Py) ® (a", 97 b:Ti, D2 lj, Do) GPs) 
i=1 k=1 i=l j=l k=1 
P r s 
(a Sy nbs doy Wil) @ SOMO Clad 0, eS Ce CCU a ays 
j=l k=1 
3 New properties of refined neutrosophic quadruple hypergroups 


In this section, refined neutrosophic quadruple hypergroups are defined and their properties are studied. 


Proposition 3.1. Let (H,+) be a hypergroupoid with 0 € H and T;, 1;, F), are refinements of T, 1, F' respec- 
= p r s 
tively. Then (RNQ(H), ®) is a quasi-hypergroup with identity 0 = (0, >> OT;, >> O;, >> OF),) if and only if 
k=1 


i=l j=l 











(H, +) is a quasi-hypergroup with identity 0. 


Proof. Let (H, +) be a quasi-hypergroup. We prove now that (RNQ(/), ®) satisfies the reproduction axiom. 
Pp r 8 
That is, 76 RNQ(HA) = RNQ(A) OF = RNQ(A) for all F = (a, Py bl Gli Xu dy Fy) € RNQ(H). 
k= 


We prove 7 @ RN at _— AN Q(H) and the proof of RNQ(H \e @zr = RNQ(A ) is done in a similar 
manner. Let 7 = (a’ DUD. eh 5, >, a Fy) € RNQ(A), we have = OY = (at+a’, Sb +O)T, Dle+ 
k=l 


i=l 
s 


Ij, (de + dy) Fe) C RNQ(A) as (a +a’) U (b+ Bi) U (cj +4) U (dy +d) C H. Thus @ RNQ(HA) C 


k=1 
OAs Tet eg =a > UT;, 2 cI, a dF.) € RNQ(H). Since (H,+) satisfies the reproduction 


axiom and a’, bi, cj, di, © H, it follows cane z a+ H,b;, €b:+ H, c; € c; + H and dj, € dy + H. The latter 
implies that there exist a*, b7,c*, dj, € H such that a’ € a + a*, bi € by + bF, c € cj + cj and d;, € dy + dj. It 
is clear that ¥ € Z @ Z where Z = (a’*, 3 bY T;, 3 GAG; s dx F,,) € RNQ(H#). Thus, (RNQ(H), &) satisfies 
i= j=l k=1 
the reproduction axiom. 
Conversely let (RN Q(H),@) be a quasi-hypergroup anda € H. Since 0 € H, it follows that @ = 


(a, 3 OT;, = OL; i OF.) € RNQ(H). Having (RNQ(H), ©) a quasi-hypergroup implies thata@RNQ(H) = 
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RNQ(H) 6G = RNQ(A). The latter implies thata + H = H+a=H. 











Proposition 3.2. Let (H,+) be a hypergroupoid with 0 € H. Then (RNQ(H),®) is a semi-hypergroup 
Pp r 8 

with identity element 0 = (0, >. 0T;, >> OL;, 55 OF ;) if and only if (H,+) is a semi-hypergroup with identity 
i=l j=l k=1 














element 0. 
Proof. i CH, +) beaa semi- hypergroup anes EUs e & RN OH ) with 
= (a, Dan. Lesh 3 deFR), = (a Dun. Lh od Fy) and 
k=1 


Rae: > ae ee . cil, )) dy.F,). Having a + (a’ + a") = 
i=l j=l k=1 


(a 
cy + (cj) + cj) = (ey + &) + cj and dy + (dy, + dy) = (dy + dj,) + dy implies that FO (Y © Z) = (EGY) OZ. 
a pr Ss 
Let (RNQ(H), ®) be asemi-hypergroup and a, b,c € H. Thena, b,¢é € RNQ(H) witha = (a, $7 OT;, 53 O1;, 33 OF;,), 
i=l j=l k=1 





a!) +a", by + (+ OY) = (bi + Bf) + Bf, 

















_P r 8 
b= (b, > OTs: S OL;, YS OF) and 
i=l j=l k=1 























P r § = _ 
C = (c, >> OT;, >> OL;, >> OF). Having a 6 (b GC) = (@@ b) GC implies that a+ (b+c) =(a+b)+c 
i=1 j=l k=1 








Proposition 3.3. Let (H, +) be a hypergroupoid with 0 € H. Then (RNQ(H),®) is an H,-semigroup with 

identity element 0 = (0, > OT;, = Ol; DS OF;,) ifand only if (H, +) is an H,,-semigroup with identity element 
i=1 1 

0. 











Proof. The proof is similar to that of Proposition 3.2 but instead of equality we have non-empty intersection. 














more 3.4. Let (A, +) be a hypergroupoid. Then (RNQ(H),@) is a hypergroup with identity element 
p= » OT;, a Ol; oS OF;,) if and only if (H, +) is a hypergroup with identity element 0. 
1 




















Proof. The proof is direct from Propositions 3.1 and 3.2. 





Theorem 3.5. nt (A, +) bea hypergroupoid with 0 € H. Then (RNQ(H),®) is an H,-group with identity 


element 0 = (0, = OT;, = Ol; 2 OF;,) if and only if (H, +) is an H,,-group with an identity element 0. 
1 1 























Proof. The proof follows from Propositions 3.1 and 3.3. 


Theorem 3.6. Let (H,+) bea LH UDEMeTOUpONG: Then (RNQ(H), ®) is a commutative hypergroup (H,-group) 
with identity element 0 = (0, > OT;, 2 OL; ~ OF;,) if and only if (H, +) is a commutative hypergroup (H,- 
1 


a a 














group) with an identity 0. 











Proof. The proof is straightforward. 





NOTATION 1. Let (H, +) be ahypergroup (H,-group) with identity “0” satisfying 0+0 = 0. Then (RNQ(H), ®) 
is called a refined neutrosophic quadruple hypergroup (refined neutrosophic quadruple H.,-group). 
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Corollary 3.7. Let (H, +) be a hypergroup (H,-group) containing an identity element 0 with the property that 
0 +0 = 0. Then there are infinite number of refined neutrosophic quadruple hypergroups (H,-groups). 


Proof. Let (H, +) be a hypergroup (H,,-group). Theorem 3.4 and Theorem 3.5 implies that (RNQ(H), ©) is 
a neutrosophic quadruple hypergroup (/7,-group) with identity 0 and 0 @ 0 = 0. Applying Theorem 3.4 and 
Theorem 3.5 on (RNQ(H), ®), we get RNQ(RNQ(H)) is a neutrosophic quadruple hypergroup (H,-group). 
Continuing on this pattern, we get RNQ(RNQ(...(RNQ(H))...) is a neutrosophic quadruple hypergroup 
(H,,-group). 

















Proposition 3.8. Let X be any set with a hyperoperation “+”. Then RNQ(X ) is a cyclic refined neutrosophic 
quadruple hypergroup if and only if X is a cyclic hypergroup with an identity element “0 € X” and0+0 = 0. 
Proof. Let X be a cyclic hypergroup with identity “O € X” and 0 + 0 = 0. Then there exist a € X such that 
Pp r 8 
a is a generator of X. It is clear that @ is a generator of RN@(X) where @ = (a, 5) aT;j, 5) al;, )) aFy) € 
i=l j=l k=1 
RNQ(X). 
Let RNQ(X) be acyclic quadruple hypergroup. Then there exist 7 € RNQ(X) such that 


p 
= (a, >) 0:7;, >> cjl;, 45 dy F),) is a generator of RNQ(X). It is clear that a is a generator of X. 
i=1 j=l k=1 























Example 3.9. Let 7), 7> be refinements of 7’, [,, F; be refinements of J, F' respectively, H; = {0,1} and 
define (H), +1) as follows: 











| +10] 1 
| 0 jo} 1 
aE 














Since (H;, @) is a commutative hypergroup with an identity 0, it follows by Theorem 3.6 that (RNQ(H;), ®) 
is a commutative refined neutrosophic quadruple hypergroup with 32 elements and identity 0 = (0,07), + 
OT>, 01,,0F,). Moreover, having H; = 1+, 1 implies that 1 is a generator of (H,,+) and (H,+) is a 
single-power cyclic hypergroup of period 2. Theorem 3.8 asserts that (RN@(Hj,), ®) is a single power cyclic 
hypergroup of period 2 and the generator element is (1, 17, + 17>, 1/1, LF‘). 

It is clear that (1, 07, + OT), 1h, 1F\) e) (1, 07; + 175, OL;, 1F\) = {(1, 071 + 1T), 11, 0F;), (1,07; + 
17), 1h,1F;)}. 


Definition 3.10. Let (H, +) be a hypergroup (H,,-group). A subset X of RNQ(H) with the property that 0 = 
P r 8 
(0, >> OT;, 53 O1;, 5) OF) € X is called a refined neutrosophic subhypergroup (H,-subgroup) of RNQ(H) 
i=l j=l k=1 











if there exists S C H such that X = RNQ(S) and (X, @) is a refined neutrosophic quadruple hypergroup 
(H,-group). 


Proposition 3.11. Let (H,+) be a hypergroup (H,-group) and S C H. A subset X = RNQ(S) C RNQ(H) 
is a refined neutrosophic subhypergroup (H,-subgroup) of RNQ(H) if the following conditions are satisfied: 








k=1 





= Pp r Ss 
1. 0= (0, 95 0T;, 57 OL), > OFk) € X; 
i=l j=l 


2@2@X =X @r=X forallze xX. 
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Proof. The proof is straightforward. 





Theorem 3.12. Let (H,+) be a hypergroup (H,-group) with identity “0”, S C H and0 € S. Then 
(RNQ(S),®) is a refined neutrosophic quadruple subhypergroup (H,-subgroup) of (RNQ(H),®) if and 
only if (S, +) is a subhypergroup (H,-subgroup) of (H, +). 











Proof. The proof is straightforward by applying Proposition 3.11. 





Example 3.13. Since (H;,+ ,) in Example 3.9 has only two subhypergroups ({0} and H;), it follows by 
applying Theorem 3.12 that (RN@Q(Hj,),®) has only two refined neutrosophic quadruple subhypergroups: 
({0}, ©) = (RNQ({O}), ©) and (RNQ(A), ®). 


Example 3.14. Let Hz = {0,1,2,3} and define (H2, +2) as follows: 

















eer Od, |) 2 V8 
Ojoj1) 2 |3 
(me ea es ae 
BO) 3) 0, Oh 
38 Oull sit [2 























It is clear that (H2,+ 2) is a commutative H,,-group that has exactly three non-isomorphic H,,-subgroups 
containing 0: {0}, {0,2} and Hj. We can deduce by Theorem 3.12 that (RNQ(H2),@) is a commutative 
refined neutrosophic quadruple 7,-group and has three non-isomorphic refined neutrosophic quadruple H,- 
subgroups: RNQ({0}) = {0}, RNQ({0, 2}) and RNQ(A)2). 


Proposition 3.15. Let (H,+) be a hypergroup and (S,+) be a subhypergroup of (H, +) containing 0. Then 
RNQ(S) © RNQ(S) = RNQ(S). 











Proof. The proof is straightforward. 





Definition 3.16. Let (RNQ(H), 1) and (RNQ(J), ©) be refined neutrosophic quadruple hypergroups with 
Ow € Hand0,; € J. A function ¢: RNQ(H) > RNQ(J) is called refined neutosophic homomorphism if 
the following conditions are satisfied: 


s 


r Pp Tr Ss 
Ons: Oe.) = (Ory Ost & U1, OP a): 
= = fa 


OO, OsT: 
i=l j=l k=l i=l k=1 
2. d(x @1y) = O(a) @2 oy) for all x,y € RNQ(H). 


If ¢ is a refined neutrosophic bijective homomorphism then it is called refined neutrosophic isomorphism and 
we write RNQ(H) = RNQ(J). 


Example 3.17. Let (H, +) be a hypergroup. Then the function f : RNQ(H) + RNQ(#) is an isomorphism, 
where f(x) = x for alla € RNQ(A). 
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Example 3.18. Let (H, +) be a hypergroup and 0 € H and f : RNQ(H) + RNQ(H) be defined as follows: 





Dp r 8 Dp r s 
f((a, ye b;T;;, a cil;, o, dy.F.)) = (a, > OT;, ae OL;, a OF;,). 
i=l 7S1 i=l j=l k=1 


k=1 








Then f is a refined neutrosophic homomorphism. 


Proposition 3.19. Let (H,+1) and (J,+2) be hypergroups with On € H,0; € J. If there exist a ho- 
momorphism f : H — J with f(Oq) = 0, then there exist a refined neutrosophic homomorphism from 
(RNQ(H), ®1) to (RNQ(J), @2). 


Proof. Let ¢: RNQ(H) + RNQ(/J) be defined as follows: 


P 


A(a, Yo BD Y> esl, YY due) = (F(a), Y F()D. Yo Flos), YO Fae) Fe). 


i=1 k=1 











It is clear that @ is a refined neutrosophic homomorphism. 


Corollary 3.20. Let (H, +1) and (J, +2) be isomorphic hypergroups withOy € H,0; € J. Then (RNQ(H), ®1) 
and (RNQ(J), 2) are isomorphic refined neutrosophic quadruple hypergroups. 














Proof. The proof is straightforward by using Proposition 3.19. 





Definition 3.21. Let (H,+) be a commutative hypergroup with an identity element “0” and S C R bea 
subhypergroup of H. Then (H/S,-+’) is a hypergroup with: S as an identity element and S +’ S = S. Here 
+’” is defined as follows: For all x,y € H, 


(2+ S)+' (y+ S)=(e4t+y)4+S. 


Proposition 3.22. Let (5, +) be a subhypergroup of a commutative hypergroup (H, +). Then (RNQ(H/S), ®) 
is a hypergroup. 


Proof. Since (H,+) is commutative, it follows that “+’” is well defined. The proof follows from having 
(H/S, +’) a hypergroup with S as an identity, S +’ S = S and from Theorem 3.4. 














Proposition 3.23. Let (5, +) be a subhypergroup of a commutative hypergroup (H, +). Then(RNQ(H/S),®) = 
(RNQ(H)/RNQ(S), €’). 
Proof. Let g: RNQ(H)/RNQ(S) — RNQ(H/S) be defined as follows: 


g( (a, DWT, So esl 32 dF) @ RNQ(S) 
= (045, (b+ Se + 3 (de + 9). 


Then g is a hypergroup isomorphism. This can be proved easily by applying a similar proof to that of Propo- 
sition 3.27 that was done by the authors in [9]. 


Example 3.24. Let H3 = {0,1,2,3,4} and define “+” on H3 as follows: x + y = {x,y} for all x,y € H3. 
It is clear that {0}, {0,1}, {0, 1,2}, {0,1, 2,3} and H3 are the only non-isomorphic subhypergroups of H3. 
By applying Proposition 3.23, we get RNQ(H3/{0,1}) = RNQ(H3)/RNQ({0, 1}), RNQ(H3/{0,1,2}) = 
RNQ(A3)/RNQ({0, 1, 2}) and RNQ(A3/{0, 1, 2,3}) = RNQ(A3)/RNQ({0, 1, 2, 3}). 
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4 Ordered refined neutrosophic quadruple hypergroups 


In this section, an order on refined neutrosophic quadruple hypergroups is defined and some examples and 
results on refined neutrosophic quadruple partially ordered hypergroups (po-hypergroups) are presented. 

A partial order relation on a set X (Poset) is a binary relation “<” on X which satisfies conditions reflex- 
ivity, antisymmetry and transitivity. 

Let (H, <) be a partial ordered set and define (RNQ(H), <1) as follows: 


Pp i s Pp ¢ s 
(a, s OF a CL;, De dix) sl (a’, > b:T;, » cj Lj, ye di, Fx) 
i=l j=l k=1 i=l j=l k=1 


if and only ifa < a’, bj < bj, cj < c and dy < dj. It is clear that (RNQ(H), <1) is a partial ordered set. 


Definition 4.1. [16] An algebraic hyperstructure (H,0,<) is called a partially ordered hypergroup or po- 
hypergroup, if (H,0) is a hypergroup and < is a partial order relation on H such that the monotone condition 
holds as follows: 

r<ys>aor<aoyforalla,z,y € H. 


Let A, B be non-empty subsets of (H,<). The inequality A < B means that for any a € A, there exist 
b € B such that a < b. 


Theorem 4.2. Let (H, +) be a hypergroupoid. Then (RNQ(H), ®, <) is a refined neutrosophic quadruple po- 








- Pp 
hypergroup with identity element 0 = (0, 5° OT;, S> O1;, > OF,) if and only if (H,+,<) is a po-hypergroup 
ra ee = ea =, 





with identity element 0. 


Pp r 8 
Proof. Let (H, +, <) be a po-hypergroup, @ = (e, » fT: si cj1j, > hy Fy) € RNQ(H) and 
j=1 k=1 


i=l 


P Te s Pp r 8 
(@,; 5 Or ye Oily, Dy Gee Os, Gl jr Da de Fj,). We need to show that: 
i=1 j=l k=1 k=1 


i=l j=l 
Ss 


r p r s 
Ty dG Tj, 2) UF) LE @ (a', D7 Ti, Do ch lj, 2 dy Fr). 
=a i=1 j=l k=1 


Ss 


é @ (a, 


) ( 


Having a < a’, bi < bj, cj < ci, dy < dj, and (H,+,<) a po-hypergroup implies thate +a <e+a’, 
Pp Tr Ss 

ie +b; < fi + b gj + Cj < gj + Cj and h, + dy < hy + ds Let a* = (aX, LS bls ‘> Cil;, by di Fy) € 
i=l j=l k=l 


® (a, YbM, Yl i>, AF). Then a* € e+a, bf € f, + bi, ce € gj +c; and dy © hy, + dy. Having 
j=l k=1 
e+a a eta, fitbi < fit 0, 93 +o < 9; +e; and hy + dy < hy +d), implies that there exist a” € e+ a’, 
be © fi t+ Uj; CF © gj +c; and dy’ € hy, + d;, such that a* < a”, bf < by’, c] < cH and dz < dj’. We get now 
Pp r s Pp r s 
that a* <a’ where a” = (a”, >> b?’T;,, 2 oF l;, 2 dj’ F,) anda” € €@ (a’, 5) UT, ay cj ]j, 2 dj, Fy). 
= = i= =1 


i=1 





Leta,b,e € Handa <b. Having 0 < 0 implies that 








Pp r Ss Pp r Ss 
(a, De OTi, > OL;, a OF.) J (0, y OTi, a OL;, De OF). 
a j=l k=] g=1 j=1 k=1 
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Since (RNQ(H), ®, <) is a refined neutrosophic quadruple po-hypergroup, it follows that for 


r 


Pp 
@ = (e, D7 0T;, D7 OL;, 27 OF r), 
i=l k=1 


j=l 























P r 8 Pp r 8 
e@ (a, > OT;, om OTs, Xe OF) dee (b, a OT;, Le OF, x OF;). 
i=1 j=l k=1 i=1 j=l k=1 

















It is clear thate +a<e+b. 








Corollary 4.3. Let (H,+,<) be a po-hypergroup containing an identity element 0 with the property that 
0 +0 = 0. Then there is infinite number of refined neutrosophic quadruple po-hypergroups. 











Proof. The proof is starightforward using Theorem 4.2. 





Example 4.4. Let H, = {0,1} and define (H,,+ ) as in Example 3.9. It is clear that (Hy, +1, <) is a po- 
hypergroup. Here, the partial order relation “<” is directed to the set {(0,0), (1, 1)}. By using Theorem 4.2, 
we get (RNQ(H,), &, <)) is a refined neutrosophic quadruple po-hypergroup. 


Example 4.5. Let (H,<) be any poset and define (H, +) as the biset hypergroup, i.e. x + y = {x, y} for all 
x,y € H. Then (RNQ(H), ®, <) is a refined neutrosophic quadruple po-hypergroup. 


Theorem 4.6. [16] Let (H,©) be a hypergroup such that there exists an element 0 € H and the following 
conditions hold: 


I-60 =0; 
2. {0,2} COcoxforallx € H; 
3. Ifxo0=yo0thenx =y forall x,y € H. 
Then there exist a relation “<” on H such that (H, 0, <) is a po-hypergroup. 


Heidari et al. [16], in their proof of Theorem 4.6, defined the binary relation “<” on H as follows: 
xr<y—creyod, forallz,y € H. 


Corollary 4.7. Let (H,+) be a hypergroup satisfying conditions of Theorem 4.6. Then there exist a relation 
“J” on RNQ(A) such that (RNQ(H), ®, <) is a refined neutrosophic quadruple po-hypergroup. 














Proof. The proof follows from Theorems 4.2 and 4.6. 
Example 4.8. Let H = {0, x, y} and define “+” by the following table: 














a 0 c y 
0 0 {0,26 || EE 
e|{0,c}|) H | 
y| HA HH 




















Then (RNQ(/), , <) is a refined neutrosophic quadruple po-hypergroup. Here the partial order relation “<” 
is directed to the set {(0,0), (7, x), (y, y), (x, y), (0, x), (0, y)} and <J is defined in the usual way on RNQ(H). 





M. Al-Tahan and B. Davvaz, Refined Neutrosophic Quadruple (Po-)Hypergroups and their Fundamental 
Group. 


Neutrosophic Sets and Systems, Vol.27, 2019 148 





Definition 4.9. Let (RNQ(H), 1, <1) and (RNQ(J), G2, <2) be refined neutrosophic quadruple po-hypergroups. 
A function ¢: RNQ(H) > RNQ(J/) is called an ordered refined neutosophic homomorphism if the following 
conditions hold: 
p i s p r s 
1. dO, >) OnTi, >> p0wl;, >> OnF,) = (07, 57 07T;, D5 Or, D7 OFF); 
: : : £ 


=1 j=l k= i=1 j=l k=1 
2. d(x Oi y) = O(2) Ge G(y) forall x,y € RNQ(A); 
3. if x <y y then $(x) <p O(y) for all x,y € RNQ(HA). 


If ¢@ is an ordered refined neutrosophic homomorphism and is bijective then it is called an ordered refined 
neutrosophic isomorphism and we say RNQ(H) and RNQ(.J/) are isomorphic refined neutrosophic quadruple 
po-hypergroups. 


Example 4.10. Let (H,+,<) be a po-hypergroup. Then f : RNQ(H) > RNQ(H) is an ordered refined 
neutrosophic isomorphism, where f(z) = x for alla € RNQ(A). 


Example 4.11. Let (H,+,<) be a po-hypergroup, 0 € H and f : RNQ(H) — RNQ(H) be defined as 


follows: 
Pp 


r 8 Dp r 8 
f(a, os b;T;, Dy Hj, De d,F)) = (a, > OT;, s eee OF). 
j= = 


i=1 i=1 j=1 











Then f is an ordered refined neutrosophic homomorphism. 


Example 4.12. Let (H, +1, <,) and (J, +2, <2) be po-hypergroups, 07 € H,0; € Jandg: H > J bean 
ordered homomorphism. Then f : RNQ(H) + RNQ(/) is an ordered refined neutrosophic homomorphism. 
Here, f is defind as follows: 


Ms 


p r s r 8 
{Gs bi Gi Ds dF) = (gla) 3507, DS Org, Or): 
i=l j=l k=l j=l k=1 


i=1 


Proposition 4.13. Let (H,+1,<,) and (J, +2, <2) be po-hypergroups with Oy € H,0;7 € J. If there exist 
an ordered homomorphism f : H — J with f(OH) = 0, then there exist an ordered refined neutrosophic 
homomorphism from (RNQ(H), ®1, <i) to (RNQ(J), Bz, de). 


Proof. Let¢: RNQ(H) > RNQ(J) be defined as follows: 


r s 


8((a, 7D, Delis Do aaFh)) = (F(@), Do FOIE, Do Mepis DF (dh) Fe) 


j=l k=1 











It is clear that ¢ is an ordered refined neutrosophic homomorphism. 





Corollary 4.14. Let (H,+1, <1) and (J, +2, <2) be isomorphic po-hypergroup with 07 € H,0; € J. Then 
(RNQ(HA), ®1, Si) and (RNQ(J), ®2, <2) are isomorphic refined neutrosophic quadruple po-hypergroups. 











Proof. The proof is straightforward by using Proposition 4.13. 
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5 Fundamental group of refined neutrosophic quadruple hypergroups 


This section presents the study of fundamental relation on refined neutrosophic quadruple hypergroups and 
finds their fundamental refined quadruple neutrosophic groups. 


poeorem 5.1. ot (G, +) be a groupoid. Then (RNQ(G), ©) is a group with identity element 
0= 6, 3 OT;, 2 OL; » OF;,) if and only if (G, +) is a group with identity element 0. 
1 














Pp r 8 
Proof. It is clear that 0 = (0, > OT, iy OF nda OF},) is the identity of (RNQ(G), &) if and only if 0 is the 








P r 8 
identity of G. Let 7 = (a, au bE, 2 Gj Ty, Dad nf) € RNQ(G). Then the inverse 


—F = (a, He by) Ty xe c;)1;, >> (—d;,) F,) of % exists if and only if the inverse —y of y exists in G for all 
i=l =1 k=1 

y € G. The proof of (RN Q(G), ®) is ee closed if and only if (G‘, +) is binary closed is similar to that of 

Proposition 3.1. And the proof of (RN@Q(G), ®) is associative if and only if (G’, +) is associative is similar to 


that of Proposition 3.2. 














NOTATION 2. Let (G+) be a group with identity element “0”. Then (RNQ(G),©®) is called refined neutro- 
sophic quadruple group. 


Proposition 5.2. Let G, G’ be isomorphic groups. Then RNQ(G) and RNQ(G") are isomorphic neutrosophic 
quadruple groups. 


Definition 5.3. [14] For all n > 1, we define the relation 6, on a semihypergroup (H, 0) as follows: 


nr 
LBny if there exist ay,...,@,, in H such that {x,y} C [|] a; 
i=l 


Here, || a; = a1 Oag...0a,. And we set G = (J Bn, where 2; = {(x,x) | x € H} is the diagonal relation 
i=1 n>1 


on H. 


Koskas [18] introduced this relation as an important tool to connect hypergroups with groups. And due to 
it’s importance in connecting algebraic hyperstructures with algebraic structures, different researchers studied 
it on various hypergroups and some extended this definition to cover other types of hyperstructures. 

Clearly, the relation ( is reflexive and symmetric. Denote by (* the transitive closure of 3. Then (* is called 
the fundamental equivalence relation on H and it is the smallest strongly regular relation on H. If H isa 
hypergroup then 3 = 6* and H/(* is called the fundamental group. 


Throughout this section, 6 and (* are the relation on H and (y and (3%, are the relations on RNQ(H). 


Theorem 5.4. Let (H,+) be a hypergroup with identity element element “0” and 0 +0 = 0 and let a, a’, b;, bi, 
Cy Ci dj, d,, € H. Then 


p r Ss p r s 
(a, 7 OTs, DF Lj, Yo du Fr)Bw(a’, >) UT, Do cilj, 3 di, Fr) if and only if aBa’, b;80;, c;Bc; and dy Bdy,. 
i=l j=l k=l i=l j=l k=l 
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P ie 8 Pp r 8 
Proof. Let (a, >) b:Ti, D) cylj, 0 dF) Bn (a’, >) 0;Ti, D7 cjl;, >) di, Fx). Then there exist 
i= j=l k=1 i= j=l k=1 


Pp r Ss 
(at, >> buTi, D> Ciedj, D5 dieF),) with t = 1,...,n such that 
j=l k=1 


P r s Pp r s 
{(a, >7 Ti, D7 cl, 2 de Pe), (@', 00 OT, D0 Gly, D> dP) } 
1=1 j=l 4=!1 gat k=1 


k=1 


is a subset of 
p r s Pp r s 
(a4, > Oils > Cid; > dy Fy) @...@ (ays Ss Din a3 ys Coady, > An Fy)- 
i=l j=l k=1 i=l j=l k=1 


The latter implies that a,a’ € ay +... + Gn, 0),b; © ba +... +4 din Cj, C; © GaP. <+ Gaand dy, dy, € 
dpi +... + dgn. Thus, aBa’, b,b;, c;8c; and d;,8d,. 

Conversely, let aBa’, b; bj, c;8c; and d;,3d),. Then there exist t1, tz, t3,ta © Nand a1,...,%4, Yat, --- 5 Vito» 
B51) -- +> S5tgs Whi ---, Wee, € H such that a, a’ € v1 +...+24,, 0:05 € ya +... + Yi, Cr, € Zit... + Zt, 
and d,, di, € Wri +... + Wee, By setting t = max{ty, to, t3,t4} and x», = 0 for ty < m < t, yim = 0 for 
tg <m <t, 2m = 0 for t3 < m <tand wy, = 0 for t4 < m < t and using the fact thate €0+eNe+0 
for alle € H, we geta,a’ € a,+...+ 24, 0:0) © ya +... + Yas Cj, Cy E 2jy +... + Sy and dy, dy, € 


P r 8 Pp r 8 
Wk +... + Wee. The latter implies that {(a, >) Ti, D7 cj, 00 duFr), (a’, 7 b:Ti, Do cil;, 3) di, Fe)} isa 
j=l k=l i= j=l k=l 


Pp r 8 P if 8 
subset of (x4, ‘> Uni ts, ye Cay ys Wri Fr) OB...@ (Xt, ‘> ils, Ss Sil > WrtFr)- Thus, 
k=1 i= j=l k=1 


i=l j=l 


Pp ie Ss Pp Tr Ss 
(a, 07 OT, Do Cily; >) duFi) Bn (a, >, Ody, D7 Chdy, D) GFR). 
i=l j=l RE i=l gt = 














Theorem 5.5. Let (H,+) be a hypergroup with identity “0” and0 +0 = 0. Then RNQ(H)/Gy = 
RNQ(H/8). 


Proof. Let d: RNQ(H)/By + RNQ(H/j) be defined as 


D r 


(Bn ((a, bof, dels » dF) = (B(@)s 2) B(b) Ti, 22 Bley), ¥ Blas). 


i=l j=l 


Theorem 5.4 asserts that @ is well-defined and one-to-one. Also, it is clear that ¢ is onto. We need to show that 
pisa sroup homomorphism. Let 


ig s biTi, = ae Ss Acevand gta » MDs, PD d!, Fk). Since By(@) B By(a’) = By(z) 
i= j= =1 


a 


p r s Pp is Ss 
where 7 = (2, e Yili, > 2515, 3 wreFr) S (a, > bT;,, > c4dj, DS dF.) O(a’, > b;T;, 3 cj Ty, > dif.) = 
1 = i=l j=l k=l i=l j=l k=1 


k=1 
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Pp 


(ata’, >7(0 + 0)Ti, DU 


r 
i=1 j=1 


(c) + &)Lj, 30 (de + d,) Fx), it follows that 
k=1 














(Bn (@) B By (a’)) = (2) = (8(a), Dy B(ys)Ti, a B(z)Ij, 5 > B(we) Fe): 


k=1 

















Having B(x) = B(a) ®B(a’), B(ys) = B(bi) ® BUY), B(25) = B(c;) ® B(E}) and B(we) = B(de) FA B(d;,) imply 


that $(8(@) B’ By (a’)) = o(8n(@)) &' o(Bna’). 


Corollary 5.6. Let (H,+) be a hypergroup with identity element “0” and 0 + 0 = 0. If G is the fundamental 
group of H (up to isomorphism) then RNQ(G) is the fundamental group of RNQ(H) (up to isomorphism). 












































Proof. The proof follows from Proposition 5.2 and Theorem 5.5. 





Corollary 5.7. Let (H,+) be a hypergroup with identity element “0” and0 +0 = 0. If H has a trivial 
fundamental group then RNQ(H) has a trivial fundamental group. 











Proof. The proof is straightforward by applying Corollary 5.6. 





Theorem 5.8. [8] Every single power cyclic hypergroup has a trivial fundamental group. 


Corollary 5.9. Let (H,+) be a single power cyclic hypergroup with 0 € H and0 +0 = 0. Then RNQ(H) 
has a trivial fundamental group. 











Proof. The proof follows from Corollary 5.7 and Theorem 5.8. 





6 Conclusion 


This paper contributed to the study of neutrosophic hyperstructures by introducing refined neutrosophic 
quadruple hypergroups (po-hypergroups) and determining their fundamental refined neutrosophic quadruple 
groups. Several interesting results related to these new hypergroups were obtained. For future work, it will be 
interesting to study new properties of other types of refined neutrosophic quadruple hyperstructures. 
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Abstract: Topology is a branch of mathematic that deals with the specific definitions given for spatial structure concepts, com- 
pares different definitions and explores the connections between the structures described on the sets. Also, neutrosophic triplet 
metric and neutrosophic triplet topology are a new concept in neutrosophy and they are completely different from __ classical 
structures. In this paper, we firstly study neutrosophic triplet metric topology. Furthermore, we give some new definitions 
and properties for neutrosophic triplet metric space, neutrosophic triplet topology and neutrosophic triplet metric topology. 
Thus, we obtain neutrosophic triplet metric topology using the neutrosophic triplet metric and neutrosophic triplet topology. 
Also, we show relationship between neutrosophic triplet metric space and neutrosophic triplet topology. 


Keywords: topology, metric space, neutrosophic triplet metric space, neutrosophic triplet topology, neutrosophic triplet metric 
topology 


1 Introduction 


In 1980 Smarandache first introduced the concept of neutrosophy. In neutrosophy, there are neutrosophic set, 
neutrosophic logic and neutrosophic probability. Neutrosophic sets are, in fact, the generalized state of the _pre- 
viously described fuzzy sets [2] and intuitionistic fuzzy sets [3]. Because, unlike fuzzy sets and intuitionistic fuzzy 
sets, in neutrosophic sets, truth value (t), falsity value (f) and indeterminacy value (i) are completely inde- 
pendent of each other. Therefore, neutrosophic sets are more useful in coping with uncertainties. For this reason, 
many researchers have done many studies on neutrosophic structures [3 - 15]. 


Smarandache and Ali defined neutrosophic triplet (NT) sets and neutrosophic triplet (NT) groups [16] in 2016 and 
gave the properties of these structures. In order for a set to be a NT set, for each “n” element in this set must have 
a neutral element and an anti element. The neutral element does not have to be just one for all elements as in the 
classical group and must be different from the classical identity element. So there may be more than one neutral 
element in NT sets. Also, a “n” element of a NT set is shown in the form of <n, neut(n), anti(n)>. Therefore, 
NT structures are different from classical structures. Also, many researchers have introduced NT structures. 


Recently, Ali and Smarandache studied neutrosophic triplet ring and neutrosophic triplet field [17]; Sahin and 
Kargin obtained neutrosophic triplet normed space [18]; Sahin and Kargin introduced neutrosophic triplet inner 
product space [19]; Smarandache, Sahin and Kargin studied neutrosophic Triplet G- Module [20]; Bal, Shalla and 
Olgun obtained neutrosophic triplet cosets and quotient groups [21]; Sahin, Kargin and Coban introduced fixed 
point theorem for neutrosophic triplet partial metric space [22]; Sahin and Kargin neutrosophic triplet v- 
generalized metric space [23]; Celik, Shalla and Olgun studied fundamental homomorphism theorems for neutro- 
sophic extended triplet groups [24]. 


Topology is a branch of mathematic that deals with the specific definitions given for spatial structure concepts, 
compares different definitions and explores the connections between the structures described on the sets. In math- 
ematics it is a large area of study with many more specific subfields. Subfields of topology include algebraic 
topology, geometric topology, differential topology, manifold topology. 


Topology has many different application areas in mathematic. For example, a curve, a surface, a family of curves, 
a set of functions or a metric space can be a topological space. Also, the topology has been studied on neu- 
trosophic set, fuzzy set, intuitionistic fuzzy set and soft set. Many researchers have introduced the topology in [25- 
32]. Furthermore, Sahin, Kargin and Smarandache obtained NT topology [33]. 


In this paper, we obtain NT metric topology. In Section 2; we give definitions of NT set [16], NT metric space 
[18] and NT topology [33]. In Section 3, we obtain some properties of NT topology. We define base for NT 
topology. In Section 4, we obtain some properties of NT metric space. We define NT open balls for NT metric 
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space and isometric NT metric spaces. We define NT metric topological space. Also, we show relationship between 
NT metric spaces and NT topology. In Section 5, we give conclusions. 


2 Preliminaries 


In this section, we give definition of NT sets [16], NT metric space [18], NT topology [33] and NT open 
sets [33]. We give new properties and definitions for NT topology and NT metric space using these definitions. 
Also, we firstly obtain NT metric topology using the NT metric space and NT topology. 

In this paper, we show neutrosophic triplet briefly with NT. 


Definition 2.1: [16]: Let # be a binary operation. A NT set (X, #) is a set such that for x € X, 
i) There is a neutral of “x” = neut(x) such that x#neut(x) = neut(x)#x = x, for every xEX; 


ii) There is an anti of “x” = anti(x) such that x#anti(x) = anti(x)#x = neut(x), for every xEX; 


Also, an element “x” is showed with (x, neut(x), anti(x)). 
Furthermore, neut(x) must different from classical identity element. 


Definition 2.2: [18] A NT metric on a NT set (N, *) is a function d:NxN— R such for every n, m,s EN, 

i) n*mEN 

ii) d(n, m) = 0 

ii1) If n = m, then d(n, m) = 0 

iv) d(n, m) = d(n, m) 

v) If there is at least an element s € N for each n, m E N pair such that d(n, m) < d(n, m*neut(s)), then 
d(n, m*neut(s)) < d(n, s)+ d(s, m). 


Definition 2.3: [33] Let (X, *) be a NT set, P(X) be set family of each subset of X and 7 be a subset family of 
P(X). If Z and X are satisfied the following conditions, then 7 is called a NT topology on X. 
i) A*B € X, for every A, BE X 
iO,XET 
iii) For Vi € K, If A; € X, then Ujep Ap ET 
iv) For Vi € K (K is finite), If A; © X, then Njcn~A, EF 
Also, ((X, *), J) is called NT topological space. 


Definition 2.4: [33] Let ((X, *), 7) be a NT topology. For every AEZ A is called a NT open set. 


3 Some Properties for Neutrosophic Triplet Topology 


Definition 3.1: Let ((X, *), % be a NT topological space and & C P(X) be a set family. If 8* = F such that 

B* ={ ACX: A = UC, CC3}, then it is said that 8 is a base of 7 

Theorem 3.2: Let (X, *) be a NT set and & C P(X) be a base of NT topology. If the following conditions are 
satisfied, then ((X, *), 8*) is a NT topological space such that 8* ={ACX: A = UC, CCS }. 

C,) x*y € X, for every x, ye X 

C2) X=UC (CC &) 

C3) For every C,, Cp € & and x € C, NC); there is at least a set Cz € ®B such that x € C3 CC, N C3. 

Proof: We suppose that conditions c,, cz and C3 are satisfied. We show that ((X, *), B*) is a NT topological space. 
In Definiton 2.3, 


i) is equal to condition c,. 


ii) It is clear that Oe B* since B* = {ACX: A = UC, Cc 8}. Also, we obtain Xe B* since condition c2, 
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iii) We take A;€ &* (i EI). UA; = UU C; (C; C &). Thus, we obtain U A; € 8. 
iv) We take A,, A, € 8*. Ifx € A, N Az, then x € A, and x € A,. Thus, there is at least a pair element C;, 
Cy € B such that x € C, C A,and x € C, C A, since 8* ={ACX: A = UC, CC & }. Then from cs, there are an 


element C;¢€ & such that x € C; C C,N C, C A,N A, . Thus, we obtain A,N A, € &* since 
Be = {ACX: A=UC, Cc 8}. 


4 Neutrosophic Triplet Metric Topology 
Definition 4.1: 


a) Let ((N, *), d) be a NT metric space and a€N. The set B(a, r) = {xEN:d(a, x) <r} is called open ball centered at 
a with radius r ( r> 0). 


b) Let ((N, *), d) be a NT metric space and a€N. The set B[a, r] = {xEN:d(a, x) <r} is called closed ball centered 
at a with radius r (r > 0). 





b) Let ((N, *), d) be a NT metric space and a€N. The set S(a, r) = {xEN:d(a, x) =r} is called sphere centered at a 
with radius r (r > 0). 


Definition 4.2: Let ((N, *), d) be a NT metric space and xEN.Then an open ball neighbourhood of x is a B(x, €), 
for some € > 0. 


Theorem 4.3: Let ((N, *) , d) be a NT metric space and B(a, €) be an open ball in this space. If there is at least an 
element x € N for each a, y € N pair such that d(a, y) < d(a, y*neut(x)), then there is an open ball such that B(x, r) 
Cc B(a, €) for all x € B(a, €). 

Proof: We suppose that there is at least an element x € N for each a, y € N pair such that 


d(a, y) < d(a, y*neut(x)). (1) 


Then, we take an element x € B(a, €). Thus, from Definition 4.1 we obtain d(a, x) < €. Also, we take areal number 
r such that 


O< r<e-—d(a, x). (2) 


Now, we take an element y € B(x, 7). Thus, from Definition 4.1 we obtain d(y, x) < r. From (1) and Def- 
inition 2.2, we obtain 


d(a, y) < d(a, x) +d (x, y). (3) 
From (2) and (3), we can write d(a, y) < d(a, x) +r < e. Thus, we obtained y € B(a, €) and B(x, r) C B(a, €). 


Theorem 4.4: Let ((N, *), d) be a NT metric space and & be set of all open ball of ((N, *), d)). Then & is a base 
of NT topology on (N, *). 


Proof: We show that 8 = {B(a, €): a € N, € > 0} is a base of a NT topology such that 
B* ={ ACN: A = UC, CC 8}. Thus, we show that B satisfies the conditions in Theorem 3.2. 


C,) It is clear that since ((N, *), d) is a NT metric space. 
C2) For every € >0 anda € N, we can write N = U B(a, €) since a€ B(a, €) CN. 
C3) Let C,, C, © Band x € C, NC,. From Theorem 4.3, 


if x € C,, then there exits at least a B(x, 7) open ball such that B(x, 7,) C 8 and r,> 0. Similarly, 
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if x € C, then there exits at least a B(x, 72) ball such that B(x, 72) C & and 12> 0. If we take r = min{7, 72}, then 
xE BY, NCC,NC. 
Thus, & is a base of NT topology on (N, *) such that &* ={ACN: A = UC, Cc 8}. 


Corollary 4.5: Let ((N, *), d) be a NT metric space and B be set of all open ball of ((N, *), d)). From 
Theorem 4.4 and Definition 3.1, ®* ={ ACN: A = UC, Cc 8}. is a NT topology on (N, *). 


Corollary 4.6: Let ((N, *), d) be a NT metric space and B(x, r) be an open ball in this space. From Corollary 4.5 
and Definition 2.4, B(x, r) is an open set. 


Definition 4.7: Let ((N, *), d) be a NT metric space and B be set of all open ball of ((N, *), d)). Then, 
((N, *), Hi = 8") is called NT metric topological space such that 8* ={ ACN: A = UC, Cc8}. 


Example 4.8: Let N = {0, 2, 5, 6} be a set. (N, .) is a NT set under multiplication module 10 in (Zj9, .). Also, NT 
are (0, 0, 0), (2, 6, 2), (5, 5, 5) and (6, 6, 6). 
Then we take that d: NxN—N is a function such that d(k, m ) = (| 2k — 2™1)/8. 
Now we show that d is a NT metric. 
i) It is clear that k, m € N, for every k,m € N. 
ii) If k =m, then d(k, m) = (| 2k — 2™|)/8 =(| 2 — 2*|)/8 =0. Also, d(k, m) = (| 2k — 2™|)/8 =0. 
iii) d(k, m) = (| 2k — 2™|)/8 =(| 2k — 2™])/8= dc, k). 
iv) 

It is clear that d(O, 0) < d(O0, 0.2) = d(O, 0). Also, d(O, 0) = 0 and d(0, 2) = 3/8 . Thus, we obtain 
d(0, 0) < (0, 2) + (2, 0). 

It is clear that d(O, 2) < d(O, 2.8) = d(0, 6). Also, d(O, 2) = 3/8 and d(0, 6) = 63/8. Thus, we obtain 
d(0, 6) < d(O, 8) + d(8, 2). 

It is clear that d(O, 4) < d(0, 4.6) = d(O, 4). Also, d(0, 4) = 15/8, d(O, 6) = 63/8 and d(6, 4) = 48/8 = 6. 
Thus, we obtain 
d(0, 4) < dO, 6) + d(6, 4). 

It is clear that d(O, 5) < d(0, 5.5) = d(O, 5). Also, d(O, 5) = 31/8 and d(5, 5) = 0. Thus, we obtain 
d(0, 5) < dO, 5) + d(5, 5). 

It is clear that d(0, 6) < d(0, 6.8) = d(O, 8). Also, d(0, 6) = 63/8, d(8, 6) = 192/8 = 24 and d(0, 8) = 255/8. 
Thus, we obtain 
d(0, 8) < d(O, 8) + d(8, 6). 

It is clear that d(0, 8) < d(0, 6.8) = d(O, 8). Also, d(0, 6) = 63/8, d(8, 6) = 192/8 = 24 and d(0, 8) = 255/8. 
Thus, we obtain 
d(0, 8) < dO, 6) + d(6, 8). 

It is clear that d(2, 2) < d(2, 2.5) = d(2, 0). Also, d(2, 0) = 3/8 and d(5, 2) = 28/8 = 7/2. Thus, we obtain 
d(2, 0) < dQ, 5) + d(5, 2). 

It is clear that d(2, 4) < d(2, 4.6) = d(2, 4). Also, d(2, 6) = 60/8 = 15/2 and d(4, 6) = 48/8 = 6. 
Thus, we obtain 
d(2, 4) < d(2, 6) + d(6, 4). 

It is clear that d(2, 5) < d(2, 5.5) = d(2, 5). Also, d(2, 5) = 28/8 = 7/2 and d(5, 5) = 0. Thus, we obtain 
d(2, 5) < d(2, 5) + d(5, 5). 

It is clear that d(2, 6) < d(2, 6.8) = d(2, 8). Also, d(2, 8) = 254/8 = 127/4 and d(6, 8) = 192/8 = 24. Thus, 
we obtain 
d(2, 8) < d(2, 8) + d(8, 6). 

It is clear that d(2, 8) < d(2, 6.8) = d(2, 8). Also, d(2, 8) = 254/8 = 127/4 and d(8, 8) = 0. Thus, we 
obtain 
d(2, 8) < d(2, 8) + d(8, 8). 

It is clear that d(4, 4) < d(4, 4.5) = d(4, 0). Also, d(4, 5) = 16/8 = 2 and d(4, 0) = 15/8. Thus, we obtain 
d(4, 0) < d(4, 5) + d(5, 4). 

It is clear that d(4, 5) < d(4, 5.4) = d(4, 0). Also, d(4, 5) = 16/8 = 2 and d(4, 0) = 15/8. Thus, we obtain 
d(4, 0) < d(4, 4) + d(4, 5). 

It is clear that d(4, 6) < d(4, 6.8) = d(4, 8). Also, d(4, 8) = 240/8 = 30 and d(8, 6) = 192/8 = 24. Thus, we 
obtain 
d(4, 8) < d(4, 8) + d(8, 6). 

It is clear that d(4, 8) < d(4, 8.6) = d(4, 8). Also, d(4, 8) = 240/8 = 30 and d(8, 8) = 0. Thus, we obtain 
d(4, 8) < d(4, 8) + d(8, 8). 
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It is clear that d(5, 5) < d(5, 5.0) = d(5, 0). Also, d(0, 5) = 31/8 and d(5, 5) = 0. Thus, we obtain 
d(5, 0) < d(5, 0) + d(0, 5). 

It is clear that d(5, 6) < d(5, 6.8) = d(5, 8). Also, d(5, 8) = 224/8 = 28 and d(8, 6) = 192/8 = 24. Thus, we 
obtain 
d(5, 8) < d6, 8) + d(8, 6). 

It is clear that d(5, 8) < d(5, 8.6) = d(5, 8). Also, d(5, 6) = 32/8 = 4 and d(8, 6) = 192/8 = 24. Thus, we 
obtain 
d(5, 8) < dG, 8) + d(8, 6). 

It is clear that d(6, 6) < d(6, 6.8) = d(6, 8). Also, d(6, 8) = 192/8 = 24. Thus, we obtain 
d(6, 8) < d(6, 8) + d(6, 8). 

It is clear that d(6, 8) < d(6, 8.6) = d(6, 8). Also, d(6, 8) = 192/8 = 24 and d(8, 8) = 0. Thus, we obtain 
d(6, 8) < d(6, 8) + d(8, 8). 

It is clear that d(8, 8) < d(8, 8.2) = d(8, 6). Also, d(6, 8) = 192/8 = 24. Thus, we obtain 
d(8, 6) < d(8, 6) + d(6, 8). 


Therefore, ((N, .), d) is A NT metric space. 


Now, we show that open balls in ((N, .), d). 
For 0 EN, 

B(O, 3/8) = {0} 

B(O,15/8 ) = {0, 2} 

B(O, 31/8) = {0, 2, 4} 

B(O, 63/8) = {0, 2, 4, 5} 

B(O, 255/8) = {0, 2, 4, 5, 6} 

B(O, 32) = {0, 2, 4, 5, 6, 8} 
For 2 EN, 

B(2, 3/8) = {2} 

B(2,3/2 ) = {0, 2} 

B(2, 7) = {0, 2, 4} 

BQ, 15/2) = {0, . 4, 5} 

B(2, 63/2) = {0, 2, 4, 5, 6} 

B(2, 32) = {0, 2, 4, 5, 6, 8} 
For 4 EN, 

B(4, 15/8) = {4} 

B(4, 3/2 ) = {0, 4} 

B(4, 2) = {0, 2, 4} 

B(4, 6) = {0, 2, 4, 5} 

B(4, 30) = {0, 2, 4, 5, 6} 

4,5,6 


B(, 31) = {0, 2, 4, 5, 6, 8} 
For 5 EN, 
B(5, 2) = {5} 


Bi, ia ee {4,5} 


B(5, 16) = {0, 2, 4, 5, 6, 8} 
For 6 EN, 

B(6, 4) = {6} 

B(6, 63/8) = {5, 6} 

B(6, 15/2) = {0, 5, 6} 

B(6, 8) = {0, 2, 5, 6} 

B(6, 24) = {0, 2, 4, 5, 6} 

B(6, 25) = {0, 2, 4, 5, 6, 8} 
For 8 EN, 

B(8, 31/2) = {8} 

B(8, 24) = {5, 8} 

B(8, 30) = {5, 6, 8} 

B(8, 63/2) = {4, 5, 6, 8} 

B(8, 255/8) = { 2, 4, 5, 6, 8} 
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B(8, 32) = {0, 2, 4, 5, 6, 8}. 
Thus, 
in ((N, .), d), we obtain set of every open ball B= {{0}, {2}, {4}, {5}, {6}, {8}, {0,2}, {0,4}, {4,5}, {5,6}, {5, 
Bie tos G83, 40, 5; 6}; 10,455), 10,2, 4}, 14, 5,6, 8},.{0) 25,6}, 10, 2,455), 105.45 5, OF, -{2,4)5, 6, 8h, 
{0, 2, 4, 5, 6}, {0, 2, 4, 5, 6, 8}}. 

Also, from Definition 3.1, it is clear that & is a base of Y= B* = {ACN: A = UC, Cc SB}. Furthermore, B 
and &* satisfy the conditions in Theorem 3.2. Therefore, ((N, .), 8”) is a NT topological space. Also, every open 
ball A € 8 is satisfies the conditions in Theorem 4.3. Finally, from Definition 4.7, ((N, .), Ji= &*) is a NT metric 
topological space. 


Corollary 4.9: Let ((N, *), d) be a NT metric space and ((N, *), Ja) be a NT metric topology. Then, there is a 
unique ((N, *), 7a) NT topology. 


Definition 4.10: Let ((N, *), d) be a NT metric space, A C N and & be set of all open ball of ((N, *) , d)). If 
A= UC; Gi €land C; C &) is satisfied, then it is called that A is an open set in ((N, *), d). 


Theorem 4.11: Let ((N, *), d) be a NT metric space. Then ((N, *), 7) is a NT metric topology such that 
Si = {C;CN: for every i €I and a€ C;, there exits at least a € >0 such that a€ B(a, €) C C;}. 


Proof: We show that 7 = {C;CN: for every i EI and a€ C;, there exits at least a ¢ >0 such that a € B(a, €) C C;} 
is a NT topology. 


i) It is clear that since ((N, *), d) is a NT metric space. 


ii) For every x € N, it is clear that B(x, ¢) C N. Thus, N € Ty. Also, if we choose the ¢ large enough, then we can 
write @ € J. 


ili) Let C; € Ty, for every i € I. We take an element x € Uj; C;. Thus, there is a j € I such that x€ Cj € %. 
Where, there is a € > O such that B(x, €) C C;. Hence, 


B(x, €) Cc Cj Cc Vier C; and Vier C; € Ja. 


iv) We suppose that C,, Cz, ..., C, € Tg. If CNC N... NC, = @, then we obtain C}NCZN...NC,=DE A 
since @ € J. We suppose that C;NC, N ... N C, # ©. Where, there is an element x € C;NC,N...N C,. Then, 


if x € C,, then there is at least 7, > 0 such that B(x, 7,)c C). 


if x € C,, then there is at least 7.> 0 such that B(x, 7)C Cy. 


if x € C,, then there is at least 7, > 0 such that B(x, %,)C Cp. 
If we take r = min{7y, 7%, ..., %}, then 

Bx, r)C BCX, 1)N BCX, 72)N ... NB, MIC CLNCZ NN... N Cy. 
Thus, we obtain C;NC2N...NC, € KH. 


Definition 4.12: Let ((N,, *), d,) and ((N2, *), dz) be NT metric spaces, Ty,and Tg, be NT metric topologies. If 
Tq, = Ta,, then it is called that ((N, *), d,) is equal to ((N, *), dz). 
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Definition 4.13: Let ((N,, *), d,), (Nz, *), dz) be NT metric spaces and f: N, +N, be a function. If 
d, (f(a), f(b)) = d,(a, b), for every a, b € Nj, then f is called a NT isometry. Also, if f is one to one and surjective, 
then it is called that ((N,, *), d,) and ((N2, *), dz) are NT isometric spaces. 


Example 4.14: From Example 4.8, 


N, = {0, 2, 5, 6}. (N;, .) is a NT set under multiplication module 10 in (Zjo, .). Also, NT are (0, 0, 0), (2, 6, 2), 
(5,5, 5) and (6, 6, 6). Thus, d,(k, m)=(| 2 — 2™|)/8 isa NT metric such that dy: N;xN,—N. 

Now, if we take that 

Nz = {10, 12, 15, 16}. (No, .) is a NT set under multiplication module 10 in (Zo, .). 

Actually, 10 = 0, 12 = 2, 15 =5 and 16 =6 in Z, 9. Thus, NTs are (0, 0, 0), (2, 6, 2), (5, 5, 5) and (6, 6, 6). 
Therefore, it is clear that d(k, m) = (| 2 — 2™|)/2"3 is a NT metric such that d: NxN,—N). 

Now, we define function f: N, — N, such that f(x) = x + 10. We show that f is a NT isometry. 


do(fa), f(b)) = d,(a + 10, b+ 10) = (| Derr ie DPE ote 

*0.) 28 — 2[/2?9 =| 28 — 2°))/2° =| 28 — 2°|\/8 = di(a, b). 
ie from Definition 4.13, f is a NT isometry. Also, it is clear that f is one to one and surjective. Therefore, 
((N,, .), d,) and ((Np, .), dz) are NT isometric spaces. 


Definition 4.15: Let ((N,, *), d,) and ((N2, *), dz) be NT metric spaces, x) € N, and f: N,N, be a function. f 
is continuous at point x, if and only if for every B(f(x,), €), there is a B(%9, 5) such that 
f(B(X, 5)) © B(f(%), €). 


Definition 4.16: Let ((N,, *), d,) and ((N2, *), dz) be NT metric spaces, x) € N, and f: N,N, be a function. f 
is continuous at point Xp if and only if 


There is a 6 > 0 depending on xX, and € such that itis d,(x9,x) <6 >d,(f(xo), f(x)) <€. 


Conclusion 


Topology has many different application areas in classical mathematic. Also, NT structures are a new concept in 
neutrosophy. In this paper, we introduce NT metric topology. We give some properties and definitions for NT 
topology, NT metric and NT metric topology. Also, we obtain that in a NT metric space, all NT open sets are a 
NT based for a NT topology. Hence, we can obtain a NT topology using each NT metric topology. Thus, we add 
NT metric topology to NT structures which is a new concept. 


Furthermore, by utilizing NT metric topology, researcher can obtain new structure and properties. For example, 
researcher can define NT quasi — metric topology, NT Hausdorff metric topology, NT partial metric topology, NT 
v-generalized metric topology, NT b-metric topology. 
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Abstract. Neutrosophic Continuity functions very first introduced by A.A.Salama et.al.Aim of this present paper is, we introduce and 
investigate new kind of Neutrosophic continuity is called Neutrosophic ags Continuity maps in Neutrosophic topological spaces and 
also discussed about some properties and characterization of Neutrosophic ags Irresolute Maps. 
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1. Introduction 

Neutrosophic set theory concepts first initiated by F.Smarandache[11] which is Based on K. Atanassov’s 
intuitionistic[6]fuzzy sets & L.A.Zadeh’s [20]fuzzy sets. Also it defined by three parameters truth(T), 
indeterminacy (I),and falsity(F)-membership function. Smarandache’s neutrosophic concept have wide range of 
real time applications for the fields of [1,2,3,4&5] Information Systems, Computer Science, Artificial Intelligence, 
Applied Mathematics, decision making. Mechanics, Electrical & Electronic, Medicine and Management Science 
etc,. 

A.A.Salama[16] introduced Neutrosophic topological spaces by using Smarandache’s Neutrosophic sets. 
I.Arokiarani.[7] et.al., introduced Neutrosophic a-closed sets.P. Ishwarya, [13]et.al., introduced and studied 
Neutrosophic semi-open sets in Neutrosophic topological spaces. Neutrosophic continuity functions introduced by 
A.A.Salama[15]. Neutrosophic ags-closed set[8] introduced by V.Banu priya&S.Chandrasekar. Aim of this 
present paper is, we introduce and investigate new kind of Neutrosophic continuity is called Neutrosophic ags 
Continuity maps in Neutrosophic topological spaces and also we discussed about properties and characterization 
Neutrosophic ags Irresolute Maps 


2. PRELIMINARIES 
In this section, we introduce the basic definition for Neutrosophic sets and its operations. 
Definition 2.1 [11] 
Let E be a non-empty fixed set. A Neutrosophic set X writing the format is 
X= {<e, na(e), or(e) ,yn(e) >:e€E} 
Where na(e), o(e) and y,(e) which represents Neutrosophic topological spaces the degree of membership function, 
indeterminacy and non-membership function respectively of each element e € E to the set 1. 
Remark 2.2 [11] 
A Neutrosophic set A={<e, nae), on(e), ya(e) >: e€E} can be identified to an ordered triple <na, o4, ya> in ]-0,1+[ 
on E. 
Remark 2.3[11] 
Neutrosophic set A={<e, na(e),ox(e),yx(e) >:e €E}our convenient we can write A=<e, Na, 02, Yr>-. 
Example 2.4 [11] 
we must introduce the Neutrosophic set On and In in E as follows: 
On may be defined as: 
(01) On={<e, 0, 0, 1>: eEE} 
(02) On={<e, 0, 1, 1>: e€E} 
(03) On ={<e, 0, 1, 0 >:eE€E} 
(04) On={<e, 0, 0, O>: eEE} 
1 may be defined as: 
(11) In= {<e, 1, 0, O>: e€E} 
(12) In = {<e, 1,0, 1 >: e€E} 
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(13) In ={<e, 1, 1,0 >: e€E} 
(14) In ={<e, 1, 1, 1 >: e€E} 
Definition 2.5 [11] 
Let A=<na, 01,y,> be a Neutrosophic set on E, then A° defined as A°={<e , yx(e) ,1- ox(e), na(e) >: e EE} 
Definition 2.6 [11] 
Let E be a non-empty set, and Neutrosophic sets 1 and pt in the form 
i ={<e, ma(e), oA(e), yA(e)>:e€E} and 
Lu ={<e, nu(e), o.(e), yu(e)>: e€E}. 
Then we consider definition for subsets (AG). 
AGu defined as: AGu —na(e) < nule), ox(e) < o,(e) and y,(e) = y,(e) for all e€E 
Proposition 2.7 [11] 
For any Neutrosophic set A, then the following condition are holds: 
(i) ONGA, ONE On 
(ii) AG In, INS 1n 
Definition 2.8 [11] 
Let E be a non-empty set, and A=<e, ny(e),ox(e), yr(e)> , WH =<e, Nu(e), on(e), Yu(e)> be two 
Neutrosophic sets. Then 
(i) AN defined as :ANp =<e, nace)Anu(e), or(e)Ao,(e),yx(e) Vy n(e)> 
(ii) AUp defined as :AUp =<e, na(e)Vnp(e), or(e)Voy(e), yra(e)Ayu(e)> 
Proposition 2.9 [11] 
For all A and u are two Neutrosophic sets then the following condition are true: 
(i) (AM p)S=ACUBS 
(ii) (AU p)S=ATN ES. 
Definition 2.10 [16] 
A Neutrosophic topology is a non-empty set E is a family ty of Neutrosophic subsets in E satisfying the follow- 
ing axioms: 
(i) On, In EtN , 
(ii) GiNG2Etn for any Gi, G2Etn, 
(iii) UGjEtw for any family {G;| ie} Ct. 
the pair (E, tn) is called a Neutrosophic topological space. 
The element Neutrosophic topological spaces of tn are called Neutrosophic open sets. 
A Neutrosophic set 4 is closed if and only if 4° is Neutrosophic open. 
Example 2.11[16] 
Let E={e} and 
A= {<e, .6, .6, .5>:eE€E} 
Ao= {<e, .5, .7, .9>:eEE} 
A3= {<e, .6, .7, .5>:e€E} 
Ag= {<e, .5, .6, .9>:eEE} 
Then the family ty={On, 1n,A1, Az, Az, Ag}is called a Neutrosophic topological space on E. 
Definition 2.12[16] 
Let (E, tn) be Neutrosophic topological spaces and A={<e, na(e), ox(e), yx(e)>:e€E} be a Neutrosophic set in E. 
Then the Neutrosophic closure and Neutrosophic interior of 4 are defined by 
Neu-cl(A)=N {D:D is a Neutrosophic closed set in E and ASD} 
Neu-int(A)=U {C:C is a Neutrosophic open set in E and CGA}. 
Definition 2.13 
Let (E, ty) be a Neutrosophic topological space. Then A is called 
(1) Neutrosophic regular Closed set [7] (Neu-RCS in short) if A=Neu-Cl(Neu-Int(A)), 
(11) Neutrosophic o-Closed set[7] (Neu-aCS in short) if Neu-Cl(Neu-Int(Neu-Cl(A))) SA, 
(1i1) Neutrosophic semi Closed set [13] (Neu-SCS in short) if Neu-Int(Neu-Cl(A))&A , 
(iv) Neutrosophic pre Closed set [18] (Neu-PCS in short) if Neu-Cl(Neu-Int(A))GA, 
Definition 2.14 
Let (E, ty) be a Neutrosophic topological space. Then A is called 
(i). Neutrosophic regular open set [7](Neu-ROS in short) if A=Neu-Int(Neu-Cl()), 
(ii). Neutrosophic a-open set [7](Neu-aOS in short) if AGNeu-Int(Neu-Cl(Neu-Int(A))), 
(111). Neutrosophic semi open set [13](Neu-SOS in short) if AG Neu-Cl(Neu-Int(A)), 
(iv).Neutrosophic pre open set [18] (Neu-POS in short) if AGNeu-Int(Neu-Cl(A)), 
Definition 2.15 
Let (E, ty) be a Neutrosophic topological space. Then A is called 
(i).Neutrosophic generalized closed set[9](Neu-GCS in short) if Neu-cl(A)GU whenever ACU and U is a Neu- 
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OS inE, 

(11). Neutrosophic generalized semi closed set[17] (Neu-GSCS in short) if Neu-scl(A)GU Whenever ASU and U 
is a Neu-OS in E, 

(iii). Neutrosophic o generalized closed set [14](Neu-aGCS in short) if Neu-acl(A)GU whenever AGU and U is a 

Neu-OS inE , 

(iv).Neutrosophic generalized alpha closed set [10] (Neu-GaCS in short) if Neu-acl(A)GU whenever AGU and U 
isa Neu-aOS inE. 

The complements of the above mentioned Neutrosophic closed sets are called their respective Neutrosophic open 

sets. 

Definition 2.16 [8] 

Let (E, tn) be a Neutrosophic topological space.Then A is called Neutrosophic a generalized Semi closed set (Neu- 

aGSCS in short) if Neu-acl(A)GU whenever ASU and U is a Neu-SOS in E 

The complements of Neutrosophic aGS closed sets is called Neutrosophic aGS open sets. 

3. Neutrosophic ags-Continuity maps 

In this section we Introduce Neutrosophic o-generalized semi continuity maps and study some of its properties. 

Definition 3.1. 

A maps f:(E1, ty)—>( E2, on) is called a Neutrosophic a-generalized semi continuity(Neu-aGS continuity in short) 

f''(u) is a Neu-aGSCS in (Ei, ty) for every Neu-CS pt of (Es, on) 

Example 3.2. 

Let E;={a1,a2}, Ex={b1,b2}, U=<e1,(.7,.5,.8),C.5,.5,4)> andV=<e2,(1,.5,.9),(.2,.5,.3)>.Then tr={On,U,1n} and 

on={On,V, ln} are Neutrosophic Topologies on E,and E2 respectively. 

Define a maps f:(E1, ty)—>( E2, on)by f(ai)=bi and f(az)=b2. Then f is a Neu-aGS continuity maps. 

Theorem 3.3. 

Every Neu-continuity maps is a Neu-aGS continuity maps. 

Proof. 

Let f:(E1, ty) —>( Ez, on) be a Neu-continuity maps. Let be a Neu-CS in Ep. Since f is a Neu-continuity maps, f 

'(X) is a Neu-CS in E;. Since every Neu-CS is a Neu-aGSCS,f'(A) is a Neu-aGSCS in E;. Hence f is a Neu-aGS 

continuity maps. 

Example 3.4. 

Neu-aGS continuity maps is not Neu-continuity maps 

Let E:={a1, a2}, Ex={bi, b2},U=< e1, (.5,.5,.3), (.7,.5, .8)> and V=< e2,(.4,.5,.3), (.8,.5, .9)>. Then tr={On,U, In} 

and on={0n,V,1n} are Neutrosophic sets on E; and E2 respectively. Define a maps f:(E1, ty) —>( E2, on) by f(a1)=b1 

and f(a2)=b2 . Since the Neutrosophic set A=<y ,(.3,.5, .4),(.9,.5, .8)> is Neu-CS in E», f!(A) is a Neu-aGSCS but 

not Neu-CS in E;. Therefore f is a Neu-aGS continuity maps but not a Neu-continuity maps. 

Theorem 3.5. 

Every Neu-a continuity maps is a Neu-aGS continuity maps. 

Proof. 

Let f:(E1, ty) —>( Ez, on)be a Neu- o continuity maps. Let 4 be a Neu-CS in E2. Then by hypothesis 

f(A) is a Neu-aCS in Ej. Since every Neu-aCS is a Neu-aGSCS,f(A)is a Neu-aGSCS in EF). Hence f is a Neu- 

aGS continuity maps. 

Example 3.6. 

Neu-aGS continuity maps is not Neu-o continuity maps 

Let E1={a1,a2}, Ex={bi,b2}, U=< e1,(.5,.5, .6), (.7,.5,.6)> and V=< e2 ,(.3,.5,.9), (.5,.5, .7)>. Then ty={O0n,U,1n} and 

on={On, V, In} are Neutrosophic Topologies on E; and E2 respectively. Define a maps f:(E1, ty)—>( E2, on) by 

f(a\)=b; and f(a2)=b2. Since the Neutrosophic set A=< e2 , (.9,.5, .3), (.7,.5, .5)> is Neu-CS in Es, f!(A) is a Neu- 

aGSCS continuity maps. 

Remark 3.7. 

Neu-G continuity maps and Neu-aGS continuity maps are independent of each other. 

Example 3.8. 

Neu-aGS continuity maps is not Neu-G continuity maps. 

Let E;={a1, a2}, Ex={bi, b2}, U=< e1,(.5,.5, .6), (.8,.5,.4)> and V=< ez ,(.7,.5,.4), (.9,.5, .3)>. Then tr={O0n,U, In} 

and on={On,V,1n} are Neutrosophic Topologies on E; and E2 respectively. Define a maps f:(E1, ty)—>( E2, on) 

by f(a1)=b; and f(a2)=b2 .Then f is Neu-aGS continuity maps but not Neu-G continuity maps. 

Since A=< e1,(.4,.5, .7), (.3,.5, .9)> is Neu-CS in Ep, f!(A)=< eo, (.4,.5, .7), (.7,.5, .3)> is not Neu-GCS in E). 

Example 3.9. 

Neu-G continuity maps is not Neu-aGS continuity maps. 

Let Ei={a1, a2}, Ex={b1,b2}, U=<e1,(.6,.5,.4), (.8,.5,.2)> and V=<e2,(.3,.5,.7), (.1,.5, .9)>. Then tr={On,U, In} and 

on={On,V, IN} are Neutrosophic Topologies on E; and E2 respectively. Define a maps f:( Ei, ty) >( E2, on) by 

f(ai)=b, and f(a2)=b2 . Then f is Neu-G continuity maps but not a Neu-aGS continuity maps. 

Since A=< e2 ,(.7,.5, .3), (.9,.5, .1)> is Neu-CS in Eo, f'(A)=< e1, (.7,.5, .3), (.9,.5,.1)> is not Neu-aGSCS in E). 
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Theorem 3.10. 

Every Neu-aGS continuity maps is a Neu-GS continuity maps. 

Proof. 

Let f f:(E1, ty) —>( Ez, on) be a Neu-aGS continuity maps. Let A be a Neu-CS in Ex.Then by hypothesis 

f'(4) Neu-aGSCS in E;. Since every Neu-aGSCS is a Neu-GSCS, f!(A) is a Neu-GSCS in E). Hence f is a Neu- 
GS continuity maps. 

Example 3.11. 

Neu-GS continuity maps is not Neu-aGS continuity maps. 

Let E;={a1, a2}, Ex={bi, b2}, U=< e1,(.8,.5,.4), (.9,.5,.2)> and V=< e2,(.3,.5,.9), (0.1,.5, .9)>. Then tr={On,U, In} 
and on={On,V,1n} are Neutrosophic Topologies on E; and Ez respectively. Define a maps f:(E1, tt) —>( E2, on) by 
f(a,)=b, and f(a2)=b2.Since the Neutrosophic set A=< e2,(.9,.5,.3),(.9, .5,.1)> is Neu-CS in Ep, f!(X) is Neu-GSCS 
in E; but not Neu-aGSCS in E;. Therefore f is a Neu-GS continuity maps but not a Neu-aGS continuity maps. 
Remark 3.12. 

Neu-P continuity maps and Neu-aGS continuity maps are independent of each other. 

Example 3.13. 

Neu-P continuity maps is not Neu-aGS continuity maps Let E;={a1, a2}, Ex={b1, b2},U= < e1, (.3,.5,.7),C4,.5,.6)> 
and V=< e2,(.8,.5,.3), (.9,.5, .2)>. Then ty={On,U,1n} and on={On, V, ln } are Neutrosophic Topologies on E; 
and E» respectively. Define a maps f:(E1, ty) —>( Ex, on)by f(ai)=bi and f(az)=b2.Since the Neutrosophic set A=< 
e2,(.3,.5, .8), (.2,.5, .9)> is Neu-CS in Ep, f'(A) is Neu-PCS in E; but not Neu-aGSCS in E;. Therefore f is a Neu- 
P continuity maps but not Neu-aGS continuity maps. 

Example 3.14. 

Neu-aGS continuity maps is not Neu-P continuity maps 

Let E;={a1, a2}, Ex={bi, bo}, U=< e1,(.4,.5,.8),(.5,.5,.7)> and V=< e1,(.5,.5,.7), (.6,.5, .6)> and W=< e2,(.8,.5,.4), 
(.5,.5,.7)>. Then tr={On,U,V,1N} and on={On,W,1n} are Neutrosophic Topologies on E; and Ez respectively. 
Define a maps f:(Ei, ty)—>( E2, on)by f(ai) = bi and f(az)=b2. Since the Neutrosophic set A=<y ,(.4,.5, .8), 
(.7,.5, .5)> is Neu-aGSCS but not Neu-PCS in Ep, f!()is Neu-aGSCS in E; but not Neu-PCS in E. Therefore f is 
a Neu-aGS continuity maps but not Neu-P continuity maps. 

Theorem 3.15. 

Every Neu-aGS continuity maps is a Neu-aG continuity maps. 

Proof. 

Let f:(E1, ty)—>( Ez, on)be a Neu-aGS continuity maps. Let 4 be a Neu-CS in E>. Since f is Neu-aGS continuity 
maps, f!(A) is a Neu-aGSCS in E;. Since every Neu-aGSCS is a Neu- aGCS, f'(A) is a Neu- aGCS in E;. Hence 
fis a Neu- aG continuity maps. 

Example 3.16. 

Neu- aG continuity maps is not Neu-aGS continuity maps 

Let E1={a1, a2}, Ex={b1, b2}, U=< e1,(.1,.5,.7),(.3,.5, .6)> and V=< e2,(.7,.5,.4), (.6,.5, .5)>.Then ty={O0n,U,1n} and 
on={On,V,1n} are Neutrosophic Topologies on E; and E2 respectively. Define a maps f:(E1, ty)—>( E2, on)by 
f(a)=b; and f(a2)=b2.Since the Neutrosophic set A=< e2,(.4,.5,.7),(.5,.5, .6)> is Neu-CS in Ep, f!(A) is Neu-aGCS 
in E; but not Neu-aGSCS in E;. Therefore f is a Neu-aG continuity maps but not a Neu-aGS continuity maps. 
Theorem 3.17. 

Every Neu-aGS continuity maps is a Neu-Ga continuity maps. 

Proof. 

Let f:(E1, ty)—>( Ex, on)be a Neu-aGS continuity maps. Let 4 be a Neu-CS in E>. Since f is Neu-aGS continuity 
maps, f!(A)is a Neu-aGSCS in E;. Since every Neu-aGSCS is a Neu-GaCs, f(A) is a Neu-GaCS in E;. Hence f 
is a Neu-Go continuity maps. 

Example 3.18. 

Neu-Goa continuity maps is not Neu-aGS continuity maps Let E;={a1, a2}, Ex={bi, b2}, U=< e1, (.5,.5,.7), 
(.3,.5, .9)> and V=< e2 ,(.6,.5,.6), (.5,.5,.7)>.Then tr={0n,U,1n } and on={On,V,1n} are Neutrosophic Topologies 
on E; and E» respectively. Define a maps f:(E1, ty)—>( E2, on)by f(ai)=b; and f(az)=b2. Since the Neutrosophic set 
d=<y,(.6,.5,.6), (.7,.5, .5)> is Neu-CS in Es, f!(A)is Neu-Ga CS in E; but not Neu-aGSCS in E;. Therefore f is a 
Neu-Ga continuity maps but not a Neu-aGS continuity maps. 

Remark 3.19. 

We obtain the following diagram from the results we discussed above. 
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Neu o cts-M—————> Neu aG cts-M ———— Neu Ga cts-M 


Neu cts-M 





Theorem 3.20. 

A maps f:(E1,tN)—>( E2,0n)is Neu-aGS continuity if and only if the inverse image of each Neutrosophic set in Ez 
is a Neu-aGSOS in E}. 

Proof. 

first part Let 4 be a Neutrosophic set in Ep. This implies X° is Neu-CS in Ep. Since f is Neu-aGS continuity, f 
"(AD is Neu-aGSCS in E). Since f '\(A9=(F'(A))®, f(A) is a Neu-aGSOS in E}. 

Converse part Let 4 be a Neu-CS in Ep. Then AC is a Neutrosophic set in Ex. By hypothesis f!(A°) is Neu-aGSOS 
in Ej). Since f'(A% =f '(A))°, (fF 1(A))° is a Neu-aGSOS in E). Therefore f'(A) is a Neu-aGSCS in E). Hence f is 
Neu-aGS continuity. 

Theorem 3.21. 

Let f:(E1, ty)—>( Es, on)be a maps and f'!(A) be a Neu-RCS in E;for every Neu-CS / in Ep. Then f is a Neu-aGS 
continuity maps. 

Proof. 

Let X be a Neu-CS in E and f!(A) be a Neu-RCS in E;. Since every Neu-RCS is a Neu-aGSCS, f(A) is a Neu- 
aGSCS in E;. Hence f is a Neu-aGS continuity maps. 
Definition 3.22. 

A Neutrosophic Topology (E, tn) is said to be an 
(i)Neu-agaU 12(in short Neu- agaU1/2) space ,if every Neu-aGSCS in E is a Neu-CS in E, 

(ii)Neu-aghU 12(in short Neu- ggpU1/2) space ,if every Neu-aGSCS in E is a Neu-GCS in E, 

(iii) Neu-agcU 1/2(in short Neu- agcU1/2) space, if every Neu-aGSCS in E is a Neu-GSCS in E. 

Theorem 3.23. 

Let f:(E1, ty)—>( E2, on)be a Neu-aGS continuity maps, then fis a Neu-continuity maps if E; is a Neu-ogaU12 
space. 

Proof. 

Let 4 be a Neu-CS in Ep. Then f'(A)is a Neu-aGSCS in E;, by hypothesis.Since E; is a Neu-agaU 12, f(A) is a Neu- 
CS in E;. Hence fis a Neu-continuity maps. 

Theorem 3.24. 

Let f:(Ei, ty)—>( E2, on)be a Neu-aGS continuity maps, then fis a Neu-G continuity maps if Ej is a Neu-agpU1/2 
space. 

Proof. 

Let 4 be a Neu-CS in Ep. Then f!(4) is a Neu-aGSCS in Ei, by hypothesis. Since E; is a Neu- aghUi7,f (A) is a 
Neu-GCS in E;. Hence f is a Neu-G continuity maps. 

Theorem 3.25. 

Let f:(E1, ty)—>( E2, on) be a Neu-aGS continuity maps, then fis a Neu-GS continuity maps if Ej; is a Neu-ggU1/2 
space. 
Proof. 

Let A be a Neu-CS in Ep. Then f'!(X) is a Neu-aGSCS in E;, by hypothesis. Since E; is a Neu- ggcUip,f (A) is a 
Neu-GSCS in E;. Hence f is a Neu-GS continuity maps. 

Theorem 3.26. 

Let f:(E1, ty)—>( E2, on)be a Neu-aGS continuity maps and g:( Ex, on)—>( Es, pn) be an Neutrosophic continuity, 
then gof :( Ei, ty)—>( Es, pn) is a Neu-aGS continuity. 

Proof. 

Let 4 be a Neu-CS in E3. Then g™'(A)is a Neu-CS in Ep, by hypothesis. Since f is a Neu-aGS continuity maps, f 
'(g-!()) is a Neu-aGSCS in E;. Hence gof is a Neu-aGS continuity maps. 

Theorem 3.27. 

Let f:(E1, ty)—>( Ex, on)be a maps from Neutrosophic Topology in E; in to a Neutrosophic Topology E2. Then 
the following conditions set are equivalent if E; is a Neu-agaU 1/2 space. 

(1) fis a Neu-aGS continuity maps. 

(ii) if wis a Neutrosophic set in E2 then f'!() is a Neu-aGSOS in E). 

(iii) f (Neu-int())Neu-int(Neu-Cl(Neu-int(f'(1)))) for every Neutrosophic set p in Eo. 

Proof. 
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(i)— (ii): is obviously true. 

(ii) (iii): Let u be any Neutrosophic set in Ex. Then Neu-int(1) is a Neutrosophic set in E2. Then f!(Neu-int(1)) 
is a Neu-aGSOS in Ej. Since E; is a Neu-agaUi2 space, f'(Neu-int(1))is a Neutrosophic set in E,.Therefore f 
‘(Neu-int())=Neu-int(f !(Neu-int())) G@Neu-int(Neu-Cl(Neu-int(f1(1)))). 

(iii)>(4) Let p be a Neu-CS in Ep. Then its complement p° is a Neutrosophic set in Ex. By Hypothesis f!(Neu- 
int(u°)) GNeu-int(Neu-Cl(Neu-int(f!(Neu-int(u°))))).This implies that f-!(u°)GNeu-int(Neu-Cl(Neu-int(f!(Neu- 
int(u°))))).Hence f!(u% is a Neu-aOS in E;. Since every Neu-aOS is a Neu-aGSOS, f!(u)is a Neu-aGSOS in E). 
Therefore f'!() is a Neu-aGSCS in E). Hence f is a Neu-aGS continuity maps. 

Theorem 3.28. 

Let f:(E1, ty) —>( Ez, on)be a maps. Then the following conditions set are equivalent if E; is a Neu- agaU1/2 space. 

(i) fis a Neu-aGS continuity maps. 

(ii) f(A) is a Neu-aGSCS in E; for every Neu-CS 4 in Fp. 

(iii) Neu-Cl(Neu-int(Neu-Cl(f1(A)))) Gf (Neu-Cl(A)) for every Neutrosophic set A in Eo. 

Proof. 

(i)— (il): is obviously true. 

(ii) (iii): Let ) be a Neutrosophic set in Ex.Then Neu-Cl(A) is a Neu-CS in E>. By hypothesis,f(Neu-Cl(A))is a 

Neu-aGSCS in Ej. Since E, is a Neu-agaU 12 space, f'(Neu- Cl(X)) is a Neu-CS in E;. Therefore Neu-Cl(f'(Neu- 

Cl(A)))=f (Neu-Cl(A)). NowNeu-Cl(Neu-int(Neu-Cl(f!(A)))) GNeu-Cl(Neu-int(Neu-Cl(f!(Neu-Cl(A))))) cf 

(Neu-Cl(A)). 

(iii) (i): Let 4 be a Neu-CS in E2. By hypothesis Neu-Cl(Neu-int(Neu-Cl(f1(A))))Gf \(Neu-Cl(A))=f (A). This 

implies f!(A) is a Neu-aCS in E; and hence it is a Neu-aGSCS in Ej. Therefore f is a Neu-aGS continuity maps. 

Definition 3.29. 

Let (E, ty) be a Neutrospohic topology.The Neutrospohic alpha generalized semi closure (Neu-aGSCl(A)in short) 

for any Neutrosophic set 4 is Defined as follows. Neu-aGSCl(A)=N{ K|Kis a Neu-aGSCS in E;and i CK}. Ifa is 

Neu-aGSCS, then Neu-aGSCl(A)=A. 

Theorem 3.30. 

Let f:(E1, ty) —>( Ez, on)be a Neu-aGS continuity maps. Then the following conditions set are hold. 

(i) f(Neu-wGSCl(A))SNeu-Cl(f()), for every Neutrosophic set A in E;. 

(ii) Neu-aGSCl(f!()) Sf !(Neu-Cl()),for every Neutrosophic set p in Ep. 

Proof. 

(i) Since Neu-Cl(f(A))is a Neu-CS in Ep and f is a Neu-aGS continuity maps, f!(Neu-Cl(f(A)))is Neu-aGSCS in 
E,. That is Neu-aGSCl(A)Gf!(Neu-Cl(f(A))). Therefore f(Neu-aGSCl(A)) GNeu-Cl(f(A)), for every 
Neutrosophic set A in Ej. 

(ii) Replacing A by f1(\1) in (i) we get f(Neu-aGSCl(f!())) SNeu-Cl(f(f"(u))) ¢Neu-Cl(). Hence Neu-aGSCl( 
f'(u))Sf!(Neu-Cl()), for every Neutrosophic set in Ep. 

4. Neutrosophic a-Generalized Semi Irresolute Maps 

In this section we Introduce Neutrosophic a-generalized semi irresolute maps and study some of its 

characterizations. 

Definition 4.1. 

A maps f:(E1, tn)—>( E2, on)is called a Neutrosophic alpha-generalized semi irresolute (Neu-aGS irresolute) maps 

if f'(X) is a Neu-aGSCSin (E), tn) for every Neu-aGSCS A of (Ep, on) 

Theorem 4.2. 

Let f:(E1, ty) —>( E2, on)be a Neu-aGS irresolute, then fis a Neu-aGS continuity maps. 

Proof. 

Let f be a Neu-aGS irresolute maps. Let 1 be any Neu-CS in E>. Since every Neu-CS is a Neu-aGSCS, A is a Neu- 

aGSCS in Ep. By hypothesis f1(X) is a Neu-aGSCS in E>. Hence f is a Neu-aGS continuity maps. 

Example 4.3. 

Neu-aGS continuity maps is not Neu-aGS irresolute maps. 

Let Ei={a1, a2}, Ex={bi, b2}, U=< e1,(.4,.5, .7), (.5,.5,.6)> and V=< ez ,(.8,.5,.3), (.4,.6, .7)>. Then tr={On,U, In} 

and on = {On, V,1n} are Neutrosophic Topologies on E; and E2 respectively. Define a maps f:(E1, ty) —>( Ez, on) by 

f(a1)=b, and f(a2)=b2. Then f is a Neu-aGS continuity. We have =< e2,(.2,.5, .9), (.6,.5, .5)> is a Neu-aGSCS in 

E> but f!(1) is not a Neu-aGSCS in E;. Therefore f is not a Neu-aGS irresolute maps. 

Theorem 4.4. 

Let f:(E1, ty)—>( Ex, on)be a Neu-aGS irresolute, then fis a Neutrosophic irresolute maps if E; is a Neu- ggaU 12 

space. 

Proof. 

Let 4 be a Neu-CS in Ep. Then A is a Neu-aGSCS in E2. Therefore f!(X) is a Neu-aGSCS in Ej, by hypothesis. 

Since E; is a Neu-gaUi/2 space, f!(A) is a Neu-CS in E;. Hence f is a Neutrosophic irresolute maps. 

Theorem 4.5. 
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Let f:(E1, ty)—>( Ex, on)and g:( Ex, on)—>( Es, pn) be Neu-aGS irresolute maps, then gof:( Ei, ty) —>( Es, pn)is a 
Neu-oaGS irresolute maps. 

Proof. 

Let 4 be a Neu-aGSCS in E3. Then g"!(A) is a Neu-aGSCS in Ep. Since f is a Neu-aGS irresolute maps. f!((g1(4))) 
is a Neu-aGSCS in E;. Hence gof is a Neu-aGS irresolute maps. 

Theorem 4.6. 

Let f:(E1, ty)—>( Ex, on)be a Neu-aGS irresolute and g:( Ex, on) —( Es, pn) be Neu-aGS continuity maps, then 
gof:(E1, ty) —>( Es, pn) is a Neu-aGS continuity maps. 

Proof. 

Let 4 be a Neu-CS in E3. Then g™!(A) is a Neu-aGSCS in Ep. Since f is a Neu-aGS irresolute, 

f((g'(4)) is a Neu-aGSCS in E;. Hence gef is a Neu-aGS continuity maps. 

Theorem 4.7. 

Let f:(E1, ty) —>( Ez, on)be a Neu-aGS irresolute, then f is a Neu-G irresolute maps if E; is a Neu-agbU 1/2 space. 
Proof. 

Let A be a Neu-aGSCS in E>. By hypothesis, f'(A) is a Neu-aGSCS in Ej. Since E; is a Neu- agpnUir space, f(A) 
is a Neu-GCS in E;. Hence f is a Neu-G irresolute maps. 

Theorem 4.8. 

Let f:(E1, ty)—>( Ez, on)be a maps from a Neutrosophic Topology E; Into a Neutrosophic Topology E2 

. Then the following conditions set are equivalent if E; and Ez are Neu- agaU 1/2 spaces. 

(1) f is a Neu-aGS irresolute maps. 

(ii) f (1) is a Neu-aGSOS in E; for each Neu-aGSOS up in Ep. 

(iii) Neu-Cl(f(u)) Sf (Neu-Cl(1)) for each Neutrosophic set of Eo. 

Proof. 

(i) >(ii) : Let u be any Neu-aGSOS in Ep. Then p° is a Neu-aGSCS in E2.Since f is Neu-aGS irresolute, f'(u% is 
a Neu-aGSCS in E). But f'(u9=(f!(y))°. Therefore f1(1) is a Neu-aGSOS in E). 

(ii)—-(iii) : Let 1 be any Neutrosophic set in Exand wGNeu-Cl(u). Then f!(u)Sf!(Neu-Cl(1)). Since Neu-Cl(1) is 
a Neu-CS in Es, Neu-Cl(1) is a Neu-aGSCS in E. Therefore (Neu-Cl(1))° is a Neu-aGSOS in E>. By hypothesis, 
f!((Neu-Cl())°) is a Neu-aGSOS in E;. Since f'((Neu-Cl(u))9=(F !(Neu-Cl(u)))°,f (Neu-Cl(u)) is a Neu-aGSCS 
in E;. Since E; is Neu- agaUi2 space,f'(Neu-Cl(p)) is a Neu-CS in E;. Hence Neu-Cl(f!(1))GNeu-Cl(f1(Neu- 
Cl(u)))=f(Neu-Cl()). That is Neu-Cl(f!(u)) Sf (Neu-Cl()). 

(ii)—(i) : Let p be any Neu-aGSCS in Ep. Since Ez is Neu-ggaUi2 space, is a Neu-CS in E2 and Neu- 
Cl(u)=p.Hence f!(u)=f'(Neu-Cl(u) 2 Neu-Cl(f(u)). But clearly f'(u)GNeu-Cl(f(u)). Therefore Neu-Cl(f 
‘(u))=f1(u). This implies f(y) is a Neu-CS and hence it is a Neu-aGSCS in E;. Thus f is a Neu-aGS irresolute 
maps. 

Conclusion 

In this research paper using Neu-aGSCS(Neutrosophic ags-closed sets ) we are defined Neu-aGS continuity maps 
and analyzed its properties.after that we were compared already existing Neutrosophic continuity maps to Neu- 
aGSCS continuity maps. Furthermore we were extended to this maps to Neu-aGS irresolute maps , Finally This 
concepts can be extended to future Research for some mathematical applications. 
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Abstract: In this paper, we introduce and study a new class of neutrosophic closed set called neutrosophic a”’-closed 
set. In this respect, we introduce the concepts of neutrosophic a””-continuous, strongly neutrosophic a” continuous, 
neutrosophic a””-irresolute and present their basic properties. 


Keywords:Neutrosophic a’”-closed set, neutrosophic a’”-continuous, strongly neutrosophic a"”-continuous, neu- 
trosophic a””-irresolute. 


1 Introduction 


In 1965, Zadeh [21] studied the idea of fuzzy sets and its logic. Later, Chang [8] introduced the concept of fuzzy 
topological spaces. Atanassov [1] discussed the concepts of intuitionistic fuzzy set[[2],[3],[4]]. The concepts 
of strongly fuzzy continuous and fuzzy gc-irresolute are introduced by G. Balasubramanian and P. Sundaram 
[6]. The idea of a”-closed in topological spaces was introduced by M. Mathew and R. Parimelazhagan[16]. He 
also introduced and investigated, a’’-continuous maps in topological spaces together with S. Jafari[17]. The 
concept of fuzzy a’ -continuous function was introduced by R. Dhavaseelan[13]. After the introduction of the 
concept of neutrosophy and neutrosophic set by F. Smarandache [[19], [20]], the concepts of neutrosophic crisp 
set and neutrosophic crisp topological space were introduced by A. A. Salama and S. A. Alblowi[18]. In this 
paper, a new class of neutrosophic closed set called neutrosophic a” closed set is studied. Furthermore, the 
concepts of neutrosophic a’’-continuous, strongly neutrosophic a™-continuous, neutrosophic a”’-irresolute 
are introduced and obtain some interesting properties. Throughout this paper neutrosophic topological spaces 
(briefly NTS) ($1, €&1),(:S2, €2) and ($3, €3) will be replaced by $1, and $3, respectively. 
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2 Preliminiaries 


Definition 2.1. [19] Let T,I,F be real standard or non standard subsets of |0~,17[, with supr = tsup,infr = 
lin 

SUPT = toup, inf = linf 

SUPF = ieee infr — Jag 

n— Sup = E sup tai tea 

n—inf =ting + ting + fing - T, 1, F are neutrosophic components. 














Definition 2.2. [19] Let S, be a non-empty fixed set. A neutrosophic set (briefly N-set) A is an object such 
that A = {(2,,(2),0, (2), y,(v)) : © € Si} where 4, (%),0,(#) and y,(2) which represents the degree 
of membership function (namely j1,(x)), the degree of indeterminacy (namely o, (x)) and the degree of non- 
membership (namely 7, (x)) respectively of each element x € Sj to the set A. 


Remark 2.3. [19] 


(1) An N-set A = {(x, u,(@),0, (x), P,(x)) : « € Sy} can be identified to an ordered triple (w,,0,,T°,) in 
]O-,1+[ on Sy. 


(2) In this paper, we use the symbol A = (,,0,,0,) for the N-set A = {(x, u,(%),0,(%),P,(x)) : @ € 
Si}. 


Definition 2.4. [18] Let S, 4 0 and the N-sets A and I be defined as 
Near (eee) (eye ee oil SA ee) oe), Fae) SS}. Then 


(a) A CT iff w(x) < u(x), o,(2) < o,(2) andl, (2) > T,(2) for all z € 54; 

(b) A=TiffA CT andl CA; 

(c) A= {(x,T, (x), 0, (x), uy (x)) : x € 91}; [Complement of A] 

@) ANT ={(a,1,(2) A fp (2), 04 (0) A o,(2),T,() VP, (a) : 2 € Si}; 

(e-) AUT = {(2, 4, (2) V p(2), 04(2) V o,(2),T,(e) Arg(a)) 2 @ € Si}; 

() [IA = { (0, W,(2),04(2),1 — y(2)) 2 € Si}: 

(g) (A = {(2, 1-1, (2), 04(2),P,(a)) 1 € Si}. 
Definition 2.5. [10] Let {A; : 7 € J} be an arbitrary family of N-sets in S,. Then 

(@) (Ai = (2, Mit, (2), Ao, (2), VE, (2) © Ss 

() Ui = { (2, Vita, (@).V,, (0), AV 4, (2)) +2 © Sr}, 

In order to develop NT'S we need to introduce the N-sets 0,, and 1,, in S; as follows: 

Definition 2.6. [10] 0, = {(z,0,0,1) : 2 € S;} andl, = {(x,1,1,0): a” € Sy}. 


Definition 2.7. [10] A neutrosophic topology (briefly N-topology) on S; 4 @ is a family €, of N-sets in S; 
satisfying the following axioms: 
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Cs 0 ree rea er 
(ii) G1 NG» € T for any Gi, Gy € &, 
(iii) UG; € &; for arbitrary family {G; | i ¢ A} C &. 


In this case the ordered pair (5), €,) or simply S, is called an NT'S and each N-set in &; is called a neutrosophic 
open set (briefly V-open set) . The complement A of an N-open set A in Sj is called a neutrosophic closed set 
(briefly N-closed set) in S}. 


Definition 2.8. [10] Let A be an N-set in an N7'S S,. Then 

Nint(A) = U{G | G is an N-open set in S; and G C A} is called the neutrosophic interior (briefly 
N-interior ) of A; 

Ncl(A) = (\{G | G is an N-closed set in 5; and G D A} is called the neutrosophic closure (briefly V-cl) 
of A. 


Definition 2.9. Let S; 4 0. If r,t, s be real standard or non standard subsets of |0~, 1*[ then the N-set x1. is 
called a neutrosophic point(briefly NP )in S, given by 


ie Osta);  e= a, 
Lrt,s\lp) = 
mene (0,0,1), if #2, 


for x, € 5S; is called the support of z,.,,, where r denotes the degree of membership value, ¢ denotes the degree 


of indeterminacy and s is the degree of non-membership value of 7,.;.s. 


Now we shall define the image and preimage of -sets. Let S; 4 J and Sy 4 0 andQ: S; > Sy bea 
map. 


Definition 2.10. [10] 


(a) If = {(y, u(y), o,(y), 0. (y)) : y © So} is an N-set in 5), then the pre-image of I under 2, denoted 
by Q71(L), is the N-set in S; defined by 
OL) = { (0, 2-Mu,)(e), O(0,) a), OH(D,)(e)) :@ € Si}. 

(b) If A= {(2, uw, (x), 0, (x), 0, (@)) : « € S,} is an N-set in 5}, then the image of A under Q, denoted by 
Q(A), is the NV-set in Sy defined by 
QCA) = {(y, ty )(Y), (6, )(Y), A -— QU —T,))(y)) + y € So}. where 


SUP rEQ-1(y) My (x), if Q7*(y) # 0, 
0, otherwise, 


— J 8UPren-1(y) Fr (x), if Q-*(y) # 0, 
Q Ze 
(7) ' otherwise, 


aa _ Jinfreo-1~@ P(t), if O-"(y) 49, 
ene r= 4 otherwise, 


In what follows, we use the symbol Q_(I’,) for 1 — Q(1 —T,). 
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Corollary 2.11. [10] Let A , A;(i € J) be N-sets in 5S), T, T;(i € K) be N-sets in S; and Q : S$; > Sga 
function. Then 


(a) Ay C Ag = Q(Ay) C O(AgQ), 

(bY PPC Pe S07 (i) EC -O(8 5), 

(c) AC Q71(Q(A)) { If 2 is injective,then A = 0O71(Q(A)) }, 
(d) Q(Q-1(L)) CT { If Q is surjective, then Q(Q-1(T)) =T }, 


(e) OMUT;) = Ua“"(L)), 

) ONT ;) =Na-*(P)), 

(g) QU As) = UO(Ad), 

(hy) Q(P AG) © ai i) { If Q is injective,then Q(() Ai) = FT) Q(Ag)}, 
Gi) OTM(1y) = 

Gj) 27 (0y) = 

(k) Q(1,,) = 1,, if Q is surjective 

Q) Q(0,) = 

(m) Q(A) C on ), if Q is surjective, 

(a) O71'(P) = O-1(1). 


Definition 2.12. [11] An N-set A in an NT'S (Sj, €,) is called 
1) aneutrosophic semiopen set (briefly N-semiopen) if A C Ncl(Nint(A)). 


2) aneutrosophic a open set (briefly Na-open set) if A C Nint(Ncl(Nint(A))). 
3) aneutrosophic preopen set ( briefly -preopen set) if A C Nint(Ncl(A)). 
4) aneutrosophic regular open set (briefly N-regular open set) if A = Nint(Ncl(A)). 


5) aneutrosophic semipre open or ( open set (briefly NG-open set) if A C Ncl(Nint(Ncl(A))). 
An N-set A is called a neutrosophic semiclosed set, neutrosophic a closed set, neutrosophic preclosed set, 
neutrosophic regular closed set and neutrosophic ( closed set, respectively, if the complement of A is an 
N-semiopen set, Na-open set, V-preopen set, N-regular open set, and NV 3-open set, respectively. 
Definition 2.13. [10] Let (S,,&,) be an NTS. An N-set A in (1, €) is said to be a generalized neutrosophic 
closed set (briefly g-V-closed set) if Ncl (A) C G whenever A C G and G is an N-open set. The complement 
of a generalized neutrosophic closed set is called a generalized neutrosophic open set (briefly g-N-open set). 


Definition 2.14. [10] Let (5), ) be an NTS and A be an N-set in S;. Then the neutrosophic generalized 
closure (briefly N-g-cl) and neutrosophic generalized interior (briefly N-g-Int) of A are defined by, 
@)NGcd(A) = (){G: Gisa g-N-closed 
set in S; and A C G}. 
(ii) NGint(A) = (LU{G: Gis a g-N-open 
set in S; and A D G}. 
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3  Neutrosophic a” continuous functions 


Definition 3.1. An N-subset A of an NT'S (.51, €) is called neutrosophic a"-closed set (briefly Na’"-closed 
set) if Nint(Ncl(A)) C U whenever A Cc U and U is Na-open. 


Definition 3.2. An N-subset of an NT'S' (1, 1) is called a neutrosophic ag-closed set (briefly Nag-closed 
set) if aNcl(X) C U whenever \ C U and U is an Na-open set in S}. 


Definition 3.3. An N-subset \ of an NT'S' (51, €1) is called a neutrosophic ga-closed set (briefly N ga-closed 
set) if aNcl(A) C U whenever A C U and U is an N-open set in 5}. 


Remark 3.4. In an NT'S (1, €,), the following statements are true: 
(i) Every N-closed set is an Ng-closed set. 
(ii) Every N-closed set is an Na-closed set. 
Remark 3.5. In an NT'S (51, €,), the following statements are true: 
(i) Every Ng-closed set is an Nga-closed set. 
(ii) Every Na-closed set is an Nag-closed set. 
(iii) Every Nag-closed set is an Nga-closed set. 
Remark 3.6. In an NT'S (51, €,), the following statements are true: 
(i) Every N-closed set is an Na""-closed set. 
(ii) Every Na™-closed set is an Na-closed set. 
(iii) Every Na™-closed set is an Nag-closed set. 
(iv) Every Na™-closed set is an NV ga-closed set. 


Proof. (i) This follows directly from the definitions. 
(ii) Let A be an Na -closed set in S; and U a N-open set such that A C U. Since every N-open set is an Na- 
open set and A is a Na"-closed set, Nint(Ncl(A)) C (Nint(Ncl(A))) U (Nel(Nint(A))) C U. Therefore, 
A is an Na-closed set in 5}. 

(iii) It is a consequence of (ii) and remark 3.5 (ii). 
(iv) It is a consequence of (iii) and remark 3.5 (iii). 














Proposition 3.7. The intersection of an Na"™-closed set and an N-closed set is an Na’-closed set. 


Proof. Let A be an Na-closed set and VW an N-closed set. Since A is an Na-closed set, Nint(Ncl(A)) CU 
whenever A C U, where U is an Na-open set. To show that AM WV is an Na-closed set, it is enough to show 
that Nint(Ncl(A M V)) C U whenever AM WV C U, where U is an Na-open set. Let M = S, — W. 
Then A C UUM. Since M is an N-open set, U U M is an Na-open set and A is an Na™-closed set, 
Nint(Ncl(A)) CUUM. Now, Nint(Ncl(AN W)) C Nint(Nel(A)) 9 Nint(Nel(W)) C Nint(Nel(A)) 9 
VC(UUUM)AYVC(UNWV)U(MNYW) C (UNV) UOn CU. This implies that AN W is an Na™-closed 
set. 
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Figure 1: Implications of a neutrosophic a-closed set 


Proposition 3.8. If A and I’ are two Na™-closed sets in an NT'S (51, €), then AMT is an Na™-closed set in 
Sj. 


Proof. Let A and T be two Na™-closed sets in an NTS (5), &). Let U be a Na-open set in S; such that 
ANT CU. Now, Nint(Ncl(ANT)) C Nint(Nel(A))N Nint(Ncl(T)) C U. Hence ANT is an Na™-closed 
set. 














Proposition 3.9. Every Na™-closed set is Na-closed set. 
The converse of the above Proposition 3.9 need not be true. 


ras ke 3.10. aa Si = {a, b,c}. Define os N-subsets A and [ s follows 
= {2, (ci) a8) 08) (G7) 06 08) (OS aa oe} FP = {2, (si) 3: 93°03) (95 039 03) (a7 o7a7)t- Then 
as = {0g,,ls,, A, 0} is an N-topology on S;. Clearly (S;,&,) is an NT7’S. Observe that the N-subset © = 


{, (4,4, 5) (4S, &, S&S), (S. 4, &)} is No-closed but it is not Na™-closed set. 











Definition 3.11. Let (5), &€,) be an N7'S and A an N-subset of S,. Then the neutrosophic a"-interior (briefly 
Na™-I) and the neutrosophic Na™-closure (briefly Na"™-cl) of A are defined by, 

a™ Nint(A) = U{U|Uis Na™-open set in S; and A > U} 

a Nel(A) = N{U|Uis Na'™-closed set in S; and A C U}. 


Proposition 3.12. If A is an Na-c-set and A CT C Nint(Ncl(A)), then TP is Na™-c-set. 


Proof. Let A be an Na"-c-set such that A C [TC ee Let U be an Na-open set of S; such 
that [ C U. Since A is Na™-c-set, we have Nint(Ncl(A)) C U, whenever A C U. Since A C IT and 
TC Nint(Ncl(A)), then Nint(Ncl(L)) C Nint(Nel(Nint(Ncl(A)))) C Nint(Nel(A)) C U. Therefore 
Nint(Ncl(T)) C U. Hence T is an Na™-c-set in S}. 0 


Remark 3.13. The union of two Na™-c-sets need not be an Na" -c-set. 


Remark 3.14. The following are the implications of an N.a"-c-set and the reverses are not true. 
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Definition 3.15. Let (5), 1) and (52, €) be any two NTS. 


1) Amap : ($1,&) + (So, 2) is called neutrosophic a’”"-continuous (briefly Na™-cont) if the inverse 
image of every N-closed set in (55, £2) is Na” -c-set in ($1, €1). 
Equivalently if the inverse image of every V-open set in (.52, 2) is Na’”-open set in (5), 1). 


2) Amap 2: (1, &,) + (So, &) is called neutrosophic a""-irresolute (briefly Na"-/) if the inverse image 
of every Na" -c-set in (S2, &) is Na™-c-set in (51, 1). 
Equivalently if the inverse image of every Na"-open set in (52, £2) is Na™-open set in (51, 1). 


3) A map 2 : (51,1) + (So, &2) is called strongly neutrosophic a-continuous (briefly SNa™-cont) if 
the inverse image of every Na"-c-set in (.52, £2) is N-closed set in (5), €1). 
Equivalently if the inverse image of every Na"-open set in (55, 2) is N-open set in ($5), 1). 


Proposition 3.16. Let (S),€,) and ($2, €) be any two NTS. If Q : (91,61) + (So, 2) is NC, then it is 
Na™-cont. 


Proof. Let A be any N-closed set in (95, &). Since f is NC, Q71(A) is N-closed in (5;,€,). Since every 
N-closed set is Na’”-c-set, Q~'(A) is Na™-c-set in (S$), €;). Therefore Q is Na”™-cont. 














The converse of Proposition 3.16 need not be true as it is shown in the following example. 


Example 3.17. Let S; = {a,b,c} and Sj = {a,b,c}. Define N-subsets E’, F, G and D as follows 

BE = {x, (33) 95) 03): (a> 05) 03) ey Fe {g, a), Ce (a 05°96) } G= 
{2, (si ga» 05)» (Gar da 35)» (Ger ag: ag) hand D = {x, (F5, 53 a5): 5303705 (a7 a7? a5) s- Then the 
family £; = {0s,,1s,, £, F} is an NT on S; and & = {0s,,15,,G,D} is an NT on Sg. Thus (51, €) and 
(So, €) are NTS. Define 2 : ($1, &1) + (2, €2) as N(a) = a, Q(b) = c, Q(c) = b. Clearly Q is Na™-cont 
but Q is not NC since 07'(D) ¢ & for D € &. 














Proposition 3.18. Let (5), ) and (S2,&) be any two neutrosophic NTS. If Q : (S1,&) — (So, 2) is 
Na™-I, then it is Na™-cont. 


Proof. Let A be an N-closed set in (.5p, £2). Since every N-closed set is Na’”-c-set, A is Na™-c-set in Sb. 
Since 0 is Na™-I, Q7'(A) is Na™-c-set in ($1, €,). Therefore Q is Na™-cont. 














The converse of Proposition 3.18 need not be true. 


Example 3.19. Let 5S; = {a,b,c}. Define the N-subsets E,F and G as follows 

B= \z, (sa 95) 0.4)" (Gay 05 0.4)» (a5 05° 0.6) ) F = {2, (gs 96 08)» (Ge ag 05)» (da ga og) } and G = 
1a toes wennae Teh Ou aee tae 0.6? aa) te Then fi = fs, {0s,,15,,F, Et and fo ans {05,,15,,C} are N- 
topologies on S;. Define 2 : (51,1) > ($1, &) as follows Q(a) = b,Q(b) = a,Q(c) = c. Observe that 
Q is Na™-continuous. But Q is not Na™-I. Since D = {z, (4, 4,5), (4,4. 5). (4.5.4) 
c-set in ($1, €&), Q7'(D) is not Na-c-set in (Sj, €;). 














his Na™- 
Proposition 3.20. Let (5), €,) and (S2, 2) be any two NTS. If Q : ($1, 1) > (So, €2) is SNa™-I, then it is 
ING, 


Proof. Let A be an N-closed set in (52, &). Since every N-closed set is Na™-c-set. Since 2 is SNa™-cont, 
Q~1(A) is N-closed set in ($1, €;). Therefore Q is NC. 
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The converse of Proposition 3.20 need not be true. 


Example 3.21. Let S, = {a,b,c}. Define the N-subsets E,F and G as follows 


a b ic a b Cc a b c a boc a boc a b oc 
He {@, (Gi on» 04) (oar Or Gi)» Oo a9 09)} aS Lia GeEaint ne ACI EN RIN OL CIER CERT and G = 
{Z, (a 0? aa THe 0? a ) ee 1? oe Then 1 = {0s,, 1s,, £, F} and fo — {0s,, 15,,G} are N-topologies 


on $;. Define (S$), €1) > ($1, €2) as follows O(a) = Q(b) = a, Q(c) = c. Qis NC but 2 is not SNa™-cont. 
a be 


Since D = {x, (54,2, ©), (s%, 2, 5), (se, 2. S)} is Na™-c-set in (5), &), N~'(D) is not N-closed set 
in (51, 1). 


Proposition 3.22. Let ($1, £1), (S2,&) and (53, €3) be any three N7'S. Suppose 2 : (S1,&1) > (So, 2), 
= : ($2, &) + (93, €3) are maps. Assume 2 is Na-J and = is Na’”-cont, then = o Q is Na'™-cont. 














Proof. Let A be an N-closed set in (53, £3). Since = is Na™-cont, =~1(A) is Na™-c-set in (92, 2). Since 2 
is Na™-I,Q71(=7'(A)) is Na™-closed in ($1, €,). Thus = o Q is Na™-cont. 














Proposition 3.23. Let (5), &1), (S2,&2) and (53,3) be any three NTS. Let Q : (S),&1) — (S2,&) and 
E : (So,&) + (53,3) be maps such that 2 is SNa"™-cont and = is Na™-cont, then = 0 Qis NC. 


Proof. Let A be an N-c-set in ($3, €3). Since = is Na™-cont, 2~'(A) is Na™-c-set in (52, €2). Moreover, 
since 2 is SNa™-cont, Q71(Q71(A)) is N-closed in ($1, €,). Thus = o Qis NC. 














Proposition 3.24. Let (5), &), (S2,&2) and (53, &3) be any three NTS. Let Q : (51,61) — ($2, &2) and 
= : (So,&2) + (53,3) be two maps. Assume 2 and = are Na"-J, then = 0 Qis Na™-I. 


Proof. Let A be an Na™-c-set in (93, €3). Since E is Na™-I, =~1(A) is Na™-c-set in ($2, 2). Since Q is 
Na™-I, w}(E71(A)) is an Na™-c-set in (S1, €,). Thus 20 Nis Na™-I. 














4 Conclusions 


In this paper, a new class of neutrosophic closed set called neutrosophic a” closed set is introduced and 
studied. Furthermore, the basic properties of neutrosophic a”’-continuity are presented with some examples. 
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Abstract: In this research paper, we apply the idea of bipolar neutrosophic sets to incidence graphs. We present some 
notions, including bipolar neutrosophic incidence graphs, bipolar neutrosophic incidence cycle and bipolar neutro- 
sophic incidence tree. We define strong path, strength and incidence strength of strongest path in bipolar neutrosophic 
incidence graphs. We investigate some properties of bipolar neutrosophic incidence graphs. We also describe an 
application of bipolar neutrosophic incidence graphs. 


Keywords: Bipolar neutrosophic incidence graphs; Bipolar neutrosophic incidence cycle; Bipolar neutrosophic 
incidence tree. 


1 Introduction 


Graph theory is a mathematical structure which is used to represent a relationship between objects. It has been 
very successful in engineering and natural sciences. Sometimes, in many cases, graph theoretical concepts 
may be imprecise. To handle such cases, in 1975, Rosenfeld [1] gave the idea of fuzzy graphs. He consid- 
ered fuzzy relations and proposed the structure of fuzzy graphs, obtaining analogs of several graph theoretical 
concepts. Bhutani and Rosenfeld [2] studied the strong edges in fuzzy graphs. By applying bipolar fuzzy sets 
[3] to graphs, Akram [4] introduced the notion of bipolar fuzzy graphs. He described the different methods to 
construct the bipolar fuzzy graphs and discussed the some of their properties. Broumi et al [5] introduced the 
single-valued neutrosophic graphs by applying the concept of single-valued neutrosophic sets to graphs. Later 
on, Akram and Sarwar [6] studied the novel multiple criteria decision making methods based on bipolar neu- 
trosophic sets and bipolar neutrosophic graphs. They developed the independent and dominating sets of bipolar 
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neutrosophic graphs. Ishfaq et al [13, 14] introduced the rough neutrosophic digraphs and their applications. 
Later Akram et al [15] introduced the decision making approach based on neutrsophic rough information. 
Dinesh [7, 8] studied the graph structures and introduced the fuzzy incidence graphs. Fuzzy incidence graphs 
not only give the limitation of the relation between elements contained in a set, but also give the influence or 
impact of an element to its relation pair. Fuzzy incidence graphs play an important role to interconnect the 
networks. Incidence relations have significant parts in human and natural made networks, including pipe, road, 
power and interconnection networks. Later Mathew and Mordeson [9] introduced the connectivity concepts 
in fuzzy incidence graphs and also introduced fuzzy influence graphs [10]. In this paper, we apply the idea 
of bipolar neutrosophic sets to incidence graphs and introduce a new concept, namely bipolar neutrosophic 
incidence graphs. 

Some of essential preliminaries from [7] and [11] are given below: 

Let V* be a non-empty set. Then G* = (V*, E*, J*) is an incidence graph, where E* is a subset of V* x V* 
and J* is a subset of V* x E*. 

A fuzzy incidence graph on an incidence graph G* = (V*, E*, /*) is an ordered triplet G’ = (p1’, X’, w’), where 
tl’ is a fuzzy set on V*, X’' is a fuzzy relation on V* and y” is a fuzzy set on V* x E* such that 


W'(y,yz) Sw (WAN(YZ), Vy,2eV*. 


A bipolar neutrosophic set on a non-empty set V* is an object having the form 





B= {(b, Ty (0), Ly (0), FY (), Ty (0), Ly (0), Fy (8) be V*}, 


where, 7," , [;', F,’ : V* — [0,1] and T; , J, , Fy : V* — [-1,0]. 
For other notations and applications, readers are referred to [15-21]. 


2 Bipolar Neutrosophic Incidence Graphs 


Definition 2.1. A bipolar neutrosophic incidence graphs (BNIG) on an incidence graph G* = (V*, E*, I*) is 
an ordered triplet G = (X,Y, Z), where 


(1) X is a bipolar neutrosophic set on V*. 

(2) Y isa bipolar neutrosophic relation on V*. 

(3) Z is a bipolar neutrosophic set on V* x E* such that 

Tz («,ry) <min{Ty(x),Ty(ry)}, Tz (x, cy) >max{Ty (x), Ty (ry)}, 


IZ (a, xy) <min{Ix(x), Fe (ey)}, Iz (#, vy) 2 max{I¢ (x), Ty (xy) }, 
Fy (a, cy) 2max{Fy (x), Fy (vy)}, Fz (2, cy) <min{ Fy (2), Fy (vy)},Va,y eV". 





Example 2.2. Let G* = (V*, E*, I*) be an incidence graph, as shown in Fig. 1, where V* = {w, 2, y, z}, 
E* = {wa, cy, yz, zw} and I* = {(w, wo), (x, wx), (x, zy), (y, cy), (y, yz), (z, yz), (2, zw), (w, zw)}. Let X 
be a bipolar neutrosophic set on V* given as 


X = {(w, 0.2, 0.4, 0.7, — 0.1,-0.2, — 0.4),(z, 0.3, 0.5, 0.9,-0.1, — 0.6,-0.7), 
(y, 0.4, 0.6, 0.9, —0.1,—0.2, — 0.8),(z, 0.5, 0.6, 0.8,-0.2, — 0.8,—-0.6)}. 
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Let Y be a bipolar neutrosophic relation on V* given as 


Y = {(wz, 0.1, 0.2, 0.8, —0.1, —0.2, —0.9), (xy, 0.2, 0.4, 0.7, 0.2, —0.3, 0.9), 
(yzy (0:1,/0:2; 0.8, 04, =0.2,=0.9), (zw, 0.2, 0:3, 0.6, 0.1, =0.2)—0.7)}: 


Let Z be a bipolar neutrosophic set on V* x E* given as 


Z = {((w,wz),0.1, 0.1, 0.8,—0.2, — 0.2,—0.9), ((z, wx), 0.1, 0.2, 0.8,-0.2, — 0.3, —0.9), 
((x, xy), 0.2, 0.3, 0.8,—0.2, — 0.4,—0.9), ((y, zy), 0.1, 0.1, 0.8,-0.2, — 0.2, —0.9), 
((y, yz),0.1, 0.2, 0.7,-0.2, — 0.3,-0.9), ((z, yz),0.1, 0.2, 0.7,-0.2, — 0. 3, =0.7), 
((z, zw),0.1, 0.1, 0.8,—0.2, — 0.2,-0.9), ((w,zw), 0.2, 0.3, 0.5,—0.3, — 0.3,—-0.8)}. 


Then G = (X,Y, Z) is a BNIG as shown in Fig. 2. 





Figure 1: G* = (V*, E*, I*) 
Definition 2.3. Let G = (X,Y,Z) be a BNIG of G*. Then support of G = (X,Y, Z) is denoted by 


supp(G)=(supp(X ),supp(Y’ ),supp(Z)) such that 


supp(X) = {x € X|Ty (zx) > 0, 
Le); 


Bria) S02 (aS) 
ig(e)= 0; Fee) < Of. 
T¥ (ay) > 0, FY (xy) > 0, 
Ty (xy) <0, Fy (xy) < Of, 


supp(Y) = {xy € Y|T} (zy) > 0, 
Ty (xy) < 0, 


supp(Z) = {(x, xy) € Z|T7 (x, ry) > 0, IZ (x, xy) > 0, FZ (x, xy) > 0, 
Tz (x, vy) <0, I7(u,2y) <0, F(x, xy) < O}. 
Definition 2.4. A sequence 


£0, (Lo, Lo®1), LoL1, (L1, LoF1), F1, *--) Fn—1, (Ln-1, Ln-1F n), Ln-1F nj (Ln, Ln-1E 0), Ln 
of vertices, edges and pairs in BNIG G is called walk. 
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Figure 2: BNIG G = (X,Y, Z) 


If x) = Xp, It is a close walk. 

If edges are distinct, it is a trail. 

If pairs are distinct, it is an incidence trail. 
If vertices are distinct, it is a path. 

If pairs are distinct, it is an incidence path. 


Example 2.5. In a BNIG G = (X,Y, Z) as shown in Fig.2, 
Ww, (w, we), Wi, (x, we), xz, (es LY), LY, (y, ry), Y, (y, YZ), YZ, (2; yz), zy (z, zw), ZW, (w, zw), W, (w, we), Wi, 
(x, wx), x ia a walk. It is not a path, trail and an incidence trail. 


Ww, (w, wee), Wi, (3; we), x, (x, LY), LY, (y, ny); Y; (y, yz), YZ, ea YZ), z 


is a path, trail and an incidence trail. 


Definition 2.6. The BNIG G = (X,Y, Z) is a cycle if and only if supp(G)=(suppCX ),supp(Y ),supp(Z)) is a 
cycle. 


Example 2.7. Ina BNIG G = (X, Y, Z) as shown in Fig.2, consider a walk 


w,(w, wx), wer, (rz, wx), x, (2, cy), cy, (y, ry), Ys (YYZ), YZ, (2, YZ), 2, (Zz, Zw), Zw, (w, zw), w. 


which is a cycle. SoG = (X,Y, Z) is a cycle. 
Definition 2.8. The BNIG G = (X, Y, Z) is a bipolar neutrosophic cycle if and only if 


supp(G) = (supp(X), supp(Y’), supp(Z)) 
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is a cycle and there exist at least two xy € supp(Y’) such that 



































Ty (xy) = min{T}(we) |wv € supp(Y)}, 
I (xy) = min{I; (uv) |uv € supp(Y)}, 
FS (ay) = max{ FE (uv) |uv € supp(Y)}, 
Ty (xy) = max{Ty (uv) |uv € supp(Y)}, 
Ty (wy) = max Fz (wv) uw € supp(Y)}, 
Fy (ay) = min{ Fy (uv) |uv € supp(Y)}. 
Example 2.9. In a BNIG G = (X, Y, Z) as shown in Fig.2, 
we have 
Ty (bey = OFS mint Ty (we), Ty lry), Te 2), Ty ew 
Iy(wx) = 0.2=min{ Iy(wa), Ty (zy), Te (yz), LY (ew)}, 
Fy (we) = 0:8 = max{ Fy (wa), Fy ty), Fy 2), Blew), 
Ty (wx) = —0.1 = max{Ty (wx), Ty (zy), Ty (yz), Ty (zw)}, 
Ty (wx) = —0.2 = max{ Iy(wx), Iy(xy), Ty (yz), Ly (zw)}, 
Fy (wx) = —0.9 = min{ Fy (wa), Fy (zy), Fy (yz), Fy (zw)} 
Also 
Ty(yz)= 01=min{ Ty(w2), Ty (cy), TY (yz), Ty (zw)}, 
y(yz)= 0.2=min{ Iy(wa), Ty (zy), Ty (yz), Ly (zw)}, 
Y(yz) = 0.8 = max{Fy (wa), Fy (zy), FY (yz), FY (zw)}, 
Ty (yz) = —0.1 = max{Ty (wa), Ty (zy), Ty (yz), Ty (zw)}, 
Ty (yz) = —0.2 = max{ Iy(wa), Iy (ay), Ty (yz), Ty (ew)}, 
FY (yz) = —0.9 = min{ Fy (wa), FP (cy), Fy (yz), Fp (ew)} 


So G = (X,Y, Z) is a bipolar neutrosophic cycle. 


Definition 2.10. The BNIG G = (X,Y, Z) is a bipolar neutrosophic incidence cycle if and only if it is a 


bipolar neutrosophic cycle and there exist at least two (x, xy) € supp(Z) such that 


T? (x, ry) = min{T} (u, vw) |(u, vw) € supp(Z)}, 
I(x, ry) = min{I}(u, vw) |(u, vw) € supp(Z)}, 
FF (x, ry) = max{F3(u, vw)|(u, vw) € supp(Z)}, 
Tz (x, ry) = max{T7 (u, vw) |(u, vw) € supp(Z)}, 
IZ (a, ry) = max{I7 (u, vw) |(u, vw) € supp(Z)}, 
FY (a, cy) = min{F; (u, vw) |(u, vw) € supp(Z)}. 





Example 2.11. Ina BNIGG = (X,Y, Z) as shown in Fig.2, 
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we have 
TZ (w,wr)= 0.1 = min{T}(u, vw) |(u, vw) € supp(Z)}, 
Ii (w,wr) = 0.1 =min{IZ(u, vw) |(u, vw) € supp(Z)}, 
FF(w,wr) = 0.8 = max{F}(u, vw)|(u, ww) € supp(Z)}, 
T; (w, wx) = —0.2 = max{Tz (u, vw) |(u, vw) € supp(Z)}, 
IZ (w, wr) = —0.2 = max{IZ(u, vw) |(u, vw) € supp(Z)}, 
FZ (w, wx) = —0.9 = min{ FZ (u, vw) |(u, vw) € supp(Z)} 
and 
Tay) 0.1 = min{T7 (u, vw) |(u, vw) € supp(Z)}, 
T3(y,cy) = 0.1 =min{I}(u, vw) |(u, vw) € supp(Z)}, 
Fry, cy) = 0.8 = max{F}(u,vw)|(u, vw) € supp(Z)}, 
Tz (y, ry) = —0.2 = max{T7 (u, vw) |(u, vw) € supp(Z)}, 
Ip (y, cy) = —0.2 = max{I7(u, vw) |(u, vw) € supp(Z)}, 
Fy (y, cy) = —0.9 = min{ FZ (u, vw) |(u, vw) € supp(Z) }. 





So G = (X,Y, Z) is a bipolar neutrosophic incidence cycle. 


Definition 2.12. If G = (X,Y, Z) is a BNIG, then H = (X*,Y%*, Z*) is a bipolar neutrosophic incidence 
subgraph of G if 
RPER VY CY FCF 


H = (X*,Y*, Z*) isa spanning subgraph if X = X*. 


Definition 2.13. Strength of the strongest path from x to y in BNIG G = (X,Y, Z) is defined as 
k k k 
Ty (2, y) =\/ Tr(a), Loli) Sd ig), Felt, y) =) FG), 
i=1 i=1 i=1 


k k k 
i=1 i=l i=l 


where p(x, y) is the strength of path from xz to y such that 


T, (a, y)= A {Ty (vy) |ey € supp(Y)}, 
Ty (,y) =A {Ty (xy) |vy € supp(Y)}, 
Fy (a, y)= V {FY (xy) |xy € supp(Y)}, 
T, (#, y= V {Ty (xy) [zy € supp(¥)} 
T, (ty) =V tly (ay) |zy € supp(Y)} 

(Y)} 


Fy (2, y= A {Fy (ry) [zy € supp(Y 


’ 


o) 
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Definition 2.14. Incidence strength of the strongest path from x to wy in BNIG G = (X,Y, Z) is defined as 


ae 


k 
Tea a\/) 0) aay). Flay) INT (a wy), 
i=l i=1 
k k 
Tyoo(X, wy) os V Ih @,wy), Tyoo(Z, wy) =| 1,,(2, vy), 
i=l i=l 
k k 
Fy. (2, wy) =A Fie, wy), Fyeo(e, wy) =\f Fy,(x, wy). 
i=l i=1 


where w(x, wy) is the incidence strength of path from x to wy such that 


Ty (x, wy) = A {Tz (x, wy) 
Tj (x, wy) =A (17 (2, wy) 
Fy (a, wy)= V {Fz (a, wy) 
Ty (@, wy) = V {Tz (x, wy) 
I, (x, wy) = V {Iz (x, wy) 
Fy (@, wy)= A {Fz (a, wy) 


xv, wy) € supp(Z)}, 
x,wy) € supp(Z)}, 
) € supp(Z) }, 
) (Z) 

) (Z) 

) 








x, wy 
x, wy) € supp(Z)}, 
x, wy) € supp(Z)}, 





( 
( 
( 
( 
( 
(x, wy) € supp}(Z). 


Example 2.15. Ina BNIGG = (X,Y, Z) as shown in Fig.3 
the strength of path w, (w, wy), wy, (y, wy), ¥, (Y, YZ), ¥%, (2, yz), 2 Is 


w(0.2, 0.4, 0.6, 
—0.1, —0.2, —0.3) 






(0.3, 0.4, 0.5, 


=0.3, —0.4, = —0.1, —0.2, —0.6) 


_o.1; 
(01,0307 ~ 





(01,02,06, _ 
0.2, 0.4, —0.7) 


—0.2, —0.3, —0.5) 


Figure 3: BNIG G = (X,Y, Z) 


(0.1, 0.1, 0.8, —0.3, —0.4, —0.9), 
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the strength of path w, (w, wx), wa, (x7, wx), x, (x, ry), ry, (y, ry), y, (y, yz), YZ, (2, yz), z IS 
(0.1, 0.2, 0.8, —0.1, —0.3, —0.9), 

the strength of the strongest path from w to z is 
(0.1, 0.2, 0.8, —0.3, 0.4, -0.9). 


Ina BNIG G = (X,Y, Z) as shown in Fig.3 
the incidence strength of the path w, (w, wy), wy, (y, wy), y, (Y, yz), yz IS 


(0.1, 0.1, 0.9, —0.2, —0.3, —0.9), 

the incidence strength of the path w, (w, wx), wx, (x,wx), x, (x, ry), ry, (y, ry), y, (Y, yz), yz is 
(0.1, 0.1, 0.8, —0.2, —0.3, —0.9), 

the incidence strength of strongest path from w to yz is 


(O01, 08; =0.92-0:32=0.0). 


Definition 2.16. BNIG G = (X, Y, Z) is called a tree if and only if supp(G)=(suppCX ),supp(Y ),supp(Z)) is a 
tree. 


Definition 2.17. G = (X, Y, Z) is a bipolar single-valued neutrosophic tree if and only if bipolar neutrosophic 
incidence spanning subgraph H = (X,Y*, Z*) of G = (X,Y, Z) is a tree such that 


Ty (ty) > Tye(t,y), Ty (xy)> Ign(a.y), Fy (vy) < Fye(z,y), Vay € supp(Y)\supp(Y"). 


where ¢* (x, y) is the strength of strongest path from x to y in H = (X,Y*, Z*). 


Definition 2.18. G = (X,Y, Z) is a bipolar neutrosophic incidence tree if and only if bipolar neutrosophic 
incidence spanning subgraph H = (X,Y, Z*) of G = (X,Y, Z) is a tree such that 


Tela ee oy) is ey) = Ta eaey), Hae) SP ay) 


Tz (x, zy) > Tre(z, xy), IZ (x, cy)> To(a, ry), Fz (x, ry) < F(z, cy), V(x,ry) € supp(Z)\supp(Z"). 


where 7°°(x, xy) is the strength of strongest path from x to ry in H = (X,Y*, Z*). 


Example 2.19. G = (X, Y, Z) is a bipolar neutrosophic tree as shown in Fig.4 because a bipolar neutrosophic 
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incidence spanning subgraph H = (X,Y~*, Z*) of G = (X,Y, Z) as shown in Fig.5 is a tree and 


= 01< 0.2=Tj.(w, 2), 
= O01< 0.2=J3.(u,2) 
=) 00S: NONE sh 








u(0.2, 0.4, 0.6, 
—0.1, —0.2, —0.3) 







57 — 0.3, -0.8) 


v(0.3, 0.4, 0.5, 


1,09 4 29% 3 —0.1, —0.2, —0.6) 
y(0.1, 0.4, 0.9, 8y 


—0.2, —0.3, —0.5)'S. 


fee 
(0.1, 0.2;0.9, 
—0.3, —0.4, —0.9) 


yw (0.6, 0.2, 0.9, 
—0.2, —0.2, —0.8) 


x(0.4, 0.3, 0.8, 
—0.1, —0.4, —0.5) ee a 


Figure 4: BNIG G = (X,Y, Z) 


Theorem 2.20. Let G = (X,Y, Z) be acycle. Then G = (X,Y, Z) is a bipolar neutrosophic cycle if and only 
if G = (X,Y, Z) is not a bipolar neutrosophic tree. 
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@ 
oO 
1 
u(0.2, 0.4, 0.6, S 
—0.1, —0.2, —0.3) 
7 
i 
aon 
*3 c ‘A 
os 
or 
ye : 
o DS 
\e 4,09 99) 
xo) - 9 
~ gd Le ~ (0.3, 0.4, 0.5, 
ae a 
(0.10.9 _ 7 —0.1, —0.2, —0.6) 
y(0.1, 0.4, 0.9, “8. 
—0.2, —0.3, —0.5)'S._ 0. 
(0.1, 0.3, ie 9, 9) 
—0.3, —0.4, —0.9) 
209 
05) 
aS) w(0.6, 0.2, 0.9 
NI —0.2, —0.2, —0.8) 


x(0.4, 0.3, 0.8, ‘y 
—0.1, —0.4, —0.5) 


Figure 5: H = (X,Y*, Z*) 


Proof. Let G = (X,Y, Z) be a bipolar neutrosophic cycle. So there exists wv, xy € supp(Y ) such that 
Ty (uv) =Ty (xy) = A {Ty (yz) yz € supp(Y)}, 
Ty (uv) =Iy (xy) = A {1 (yz) lyz © supp(Y)}, 
FY (uv)=F¥ (xy)= V {FY (yz) lyz € supp(Y) }, 
(¥)} 
(Y)} 
(Y)}- 








Ty (uv) =Ty (ry) = V {Ty (yz) yz € supp(Y 
Ty (uv) =Iy (xy) = V {ly (yz) lyz € supp(Y 
Fy (uv)=Fy (xy)= A {Fy (yz) lyz € supp(Y 


’ 


’ 





If H = (X, Y*, Z*) is aspanning bipolar neutrosophic incidence tree of G = (X,Y, Z), then supp(Y )\supp(Y*) = 
{yz} for some y, z € V because G = (X,Y, Z) is acycle. 
Hence there exists no path between y and z in H = (X, Y*, Z*) such that 


Ty (yz)<T yoy, 2), Te (yz) <Iga(y,2), FY (yz)>Fpe(y, 2), 
Ty (yz) >Tyooly, 2), Ly (yz) >Lgc0(y, 2), FY (yz) <Fjooly, 2). 


Thus, G = (X, Y, Z) is not a bipolar neutrosophic tree. 
Conversely, let G = (X,Y, Z) be not a bipolar neutrosophic tree. Because G = (X, Y, Z) is a cycle, so for all 
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yz € supp(Y), H = (X,Y~*, Z*) is spanning bipolar neutrosophic incidence tree in G = (X,Y, Z) such that 


where 


and 


Tif.(w)=T} (uv), Lf.(we) =Li (we), Ff. (uo)=Fit(w), 


Hence, there exists more than one edge such that 





Ty (yz)= A {Ty (xy) |zy € supp(Y)}, 
Ty (yz) =A { Ty (xy) |ry € supp(Y)}, 
FY (yz)= V {FY (xy) ly € supp(Y )}, 
Ty (yz)=V {Ty (xy) |zy € supp(Y) , 
Ty (yz) =V { Ty (xy)|ry € supp(Y) }, 
Fy (yz)= {Fy (xy)|xy € supp(Y) }- 














Thus, G = (X,Y, Z) is a bipolar neutrosophic cycle. 





Theorem 2.21. IfG = (X,Y, Z) is a bipolar neutrosophic tree and supp(G) = (supp(X), supp(Y ), supp(Z)) 
is not a tree, then there exists at least one edge xy € supp(Y ) such that 


Ty (xy) >To (t,y), Ty (xy) >Lje(t,y), Fy (ry)<Fix(z, y) 


where °°(x, y) is the strength of strongest path between u and v in G = (X,Y, Z). 
Proof. Let G = (X,Y, Z) be a bipolar neutrosophic tree, then there exists a bipolar neutrosophic spanning 
subgraph H = (X,Y~*, Z*) that is tree and 


Ty (y)>Thxo(@,y), Ly (wy) >Lp0(@,y), Fy (wy) <Fi (x,y), Yuu € supp(Y )\supp(Y"). 


<7 


Also 


Tey) Ta) Thx (a, y) SP t a); Bets) 2 (et) 


LD Y) OT OU )y Lele ye a 00) ee hy) SP): 
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Thus, 


Ty (xy)<T jm (2, y), Ty (xy) Elia, y), Fy (xy) >Fio(z,y), 
Ty (ry) >Tyx(@,y), Ly (ry) Lie (t,y), Fy (vy) <Fi(2,y), Vuv © supp(Y)\supp(Y") 











and by hypothesis there exists at least one edge xy € supp(Y). 





Theorem 2.22. Let G = (X,Y, Z) be acycle. Then G = (X,Y, Z) is a bipolar neutrosophic incidence cycle 
if and only if G = (X,Y, Z) is not a bipolar neutrosophic incidence tree. 


Proof. Let G = (X,Y, Z) be a bipolar neutrosophic incidence cycle. Then there exist at least two (x, wy) € 
supp(Z) such that 
TH (a, yz) = min{TF (u, vw) 


I} (2, yz) = min{ IF (u, vw) 


x, yz) = max{T; (u, vw) 


Z ) (u, vw) (Z)} 
Z ) (u, vw) (Z)} 
FF (a, yz) = max{ FF (u, vw)|(u, vw) € supp(Z)}, 
Tz ) (u, vw) (Z)} 
TZ ) (u, vw) (Z)} 
Fy ) (u, vw) (Z)} 





( 

(x, yz) = max{I7(u, vw) 
(x, yz) = min{ FZ (u, vw) 
If H = (X, Y*, Z*) is aspanning bipolar neutrosophic incidence tree of G = (X, Y, Z), then supp(Z)\supp(Z*) = 
{(z, yz)} for some x € V yz € supp(Y). 

Hence there exists no path between x and yz in H = (X, Y*, Z*) such that 


Tz (2, aed BREN crea IF (2, yz) <i ts Fr (a, yz)>F 4. (2, yz), 
Tz (2, yz)>Tro(2, yz), Iz (x, yz) > Tyo (2X, yz), Fz (2, yZ)<Fyeo(2, yz). 


Thus, G = (X, Y, Z) is not a bipolar neutrosophic incidence tree. 
Conversely, let G = (X,Y, Z) be not a bipolar neutrosophic incidence tree. Then for all (x, yz) € supp(Z), 
H = (X,Y™%, Z*) is spanning bipolar neutrosophic incidence tree in G = (X, Y, Z) such that 


Teel Gy), Iya yz) SL G92). FS eae s key); 


where 


and 
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Hence, there exists more than one pair such that 











Tz (u, vw) =A {Tz (@, yz)|(@, y2) € supp(Z)}, 
Iz (u,vw) =A { 17 (a, y2)|(x, yz) € supp(Z)}, 
Fz (u, ow)=V {Fz (a, y2)|(@, yz) € supp(Z) f, 
Tz (u, vw)=V {Tz (@, yz)|(@, yz) € supp(Z)}, 
Tz (u, vw) =V { Iz (a, y2)|(@, yz) € supp(Z) f, 
Fz (u,ow)=A {Fz (a, y2)|(@, yz) € supp(Z) }- 











Thus, G = (X,Y, Z) is a bipolar neutrosophic incidence cycle. 





Definition 2.23. Let G = (X,Y, Z) be a BNIG. An edge xy is called a strong edge if 


TeGyel sai); Te ays 
Pay) Sse dy@g) S12), 
FY (zy)<F4.(2,y), Fy (zy) > 





An edge xy is called a-strong if 


Ty (wy) >To (2, y) 
Ty (ay) >I (a, 4), 








An edge xy is called 6-strong if 
Ty (zy) =Tee (a, y), Ty 
Ty (ay) =[(2,y), Ty 
FY (ay)=F& (2, y), Fy 








where €* (2, y) is the strength of strongest path between x and y. 


Definition 2.24. Let G = (X,Y, Z) be a BNIG. An edge xy is called a 6-edge if 


Tey) SE) 1 (o.) Se ey), 
Li) Asay); IgG) 
BY ay) ol (ey) Bele yy) <P elaey)- 





Definition 2.25. Let G = (X,Y, Z) be a BNIG. A pair (w, ry) is called a strong pair if 


Tz (w, xy) 2Tj(w, ry), Tz (w, ry) 


<Tyo(w, ry), 
TZ (w, cy) >Tyn(w, cy), Iz(w, ty) < [po(w, zy), 
2 


Fz (w, ty) (w, ry), Fy (w, ry) Feo (w, xy). 
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A pair (w, xy) is called a-strong if 


Tz (w, ry) >To (w, zy), Tz (w, zy) <To(w, ry), 


TZ (w, ry) eo ae (w, ry), rs (w, ry) < To (w, xy), 


Fy (w, ty)<Fio(w, ry), F 








(w, vy) >Fo(w, xy). 
A pair (w, xy) is called 3-strong if 


Tz (w, ry) =T)~(w, zy), Tz (w, ry) =T,~(w, ry), 
Ty (w, cy) =Ifo(w, ay), IZ (w, cy) = Ip. (w, ry), 
5 


Lf wi (w, ry). 








Fy (w, cy)=Fyo(w, cy), Fz (w, ry) 


where 7° (w, xy) is incidence strength of strongest path between w and xy. 


Definition 2.26. Let G = (X,Y, Z) be a BNIG. A pair (w, ry) is called a 6-pair if 


Tz (w, ry) <Tjx(w, zy), Tz (w, vy) >Tx(w, ry), 
Iz (w, cy) <Ijo(w, ry), Tz (w, ry) - Tyo (w, ty), 
FZ (w, ty)>Fyo(w, zy), Fz (w, ry) <Fyo(w, ry). 








2(0.2, 0.2, 0.3, 
—0.6, —0.7, —0.1) /Z 
6 ) @ 





w(0.6, 0.2, 0.9, 
—0.2, —0.2, —0.8) 


2(0.4,0.3,0.8, gy 
Ne 
—0.1,-0.4,—-0.5) (9: 


Figure 6: BNIG G = (X,Y, Z) 


Example 2.27. In Fig.6 all edges except xw are strong. Indeed, wz and xz are a—strong edges. 
whereas, a pair (z, wz) is an a-strong pair and (w, rw) is a G-strong pair. 


Definition 2.28. A path P in G = (X,Y, Z) is called a strong path if all edges and pairs of P are strong. 
If strong path is closed, then it is called a strong cycle. 


Example 2.29. In Fig.7 a path x, (x, ru), ru, (u, ru), u, (u, uw), uw, (w, ww), w is strong path. 
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(0.2 . 0.8) 
> 0.2, 0.7, ~0.9 5 _9.6, 
0.5, _ 5.07 u(0.2, 0.2, 0.3, —0.6, —0.7, —0.8) 
” ~0.6) 93,0? BAO AS 
oA; er > 













x(0.4, 0.3, 0.8, 0.1, —0.4, —0.5) 


> 
-_- 





eo = 


x 
N 


(0.1, 0.1, 0.8, —0.2, —0.3, —0.9 
oe ( 
= 60~‘o. 
eo~ ‘Lon - 


~ 


o~'F'0- %0-‘¢-0'T-9 1-9) 


- 


efie j See nie 6 
w(0.6, 0.2, 0.9, —0.2, —0.2, —0.8)8 (0.3, 0.4.0.5, 0.1, -0.2, 0.6) 
S 


Figure 7: BNIG G = (X,Y, Z) 


Theorem 2.30. Let G = (X,Y, Z) be a BNIG. A pair (w, xy) is strong if 











Tz (w, zy) = V{TzZ (u, vw) |(u, vw) € supp(Z)}, 
Iz (w, ty) = V{IZ(u, vw) |(u, vw) € supp(Z)}, 
FZ (w, vy) = A{FZ(u, vw)|(u, vw) € supp(Z)}, 
Tz (w, ry) = A{Tz (u, vw) |(u, vw) € supp(Z)}, 
Iz (w, vy) = AtIz (u, vw) |(u, vw) € supp(Z)}, 
Fy (w, xy) = V{F7(u, vw)|(u, vw) € supp(Z)} 


Proof. Let W*(w, xy) be an incidence strength of strongest path between w and xy in G = (X,Y, Z), then 








Tijoo(w, ry) <Tz (w, zy), Tyo (w, xy) >Tz (w, ry), 
Tyo (w, zy) <IZ(w, zy), Tjo(w, ty) > Iz (w, xy), 
Fo (w, cy)>F7(w, zy), Fyo(w, ry) <P; (w, ry). 


If (w, xy) is only one pair such that 











Tz (w, zy) = V{T?Z (u, vw) |(u, vw) € supp(Z)}, 
TZ (w, zy) = V{Iz (u, vw) |(u, vw) € supp(Z)}, 
FZ (w, vy) = A{Fz (u, vw)|(u, vw) € supp(Z)}, 
Tz (w, ry) = A{Tz (u, vw) |(u, vw) € supp(Z)}, 
Iz (w, cy) = AtIz (u, vw) |(u, vw) € supp(Z)}, 
Fl (w, zy) = V{ Fz (u, vw)|(u, vw) € supp(Z)}. 
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then for every path between u and vw, we have 


Tio (u, vw) <Tz (w, zy), Tyo(u, vw) >Tz (w, xy), 








Ifo (u, vw) <If(w, xy), Ipo(u, vw) > Iz (w, xy), 


Fjo(u, vw) >FZ (w, zy), Fyo(u, vw) <Fz (w, ry). 


hence 


Tyjoo(w, ry)<Tz (w, ry), Tyo(w, ry) >Tz (w, xy), 











Tyo (w, zy) <Iz(w, ry), Tjo(w, xy) > Iz (w, ry), 


Fijxo(w, zy)>Fz(w, zy), Fyo(w, cy) <Fz(w, ry). 


Thus, (w, xy) is an a-strong pair. If (w, xy) is not unique, then 


Tz (w, cy) =Tyn(w, ty), Tz (w, ry) =Tyo(w, ry), 
I} (w, cy) =I. (w, zy), I7(w,cy) =1 
FY (w, ry) =F (w, zy), Fz (w, ry) =Fyo(w, ry). 




















Hence (w, xy) is G-strong pair. 


Theorem 2.31. If G = (X,Y, Z) is a bipolar neutrosophic incidence tree and P is a strong path between any 
two vertices x and y. Then P have maximum strength between x and y. 


Proof. Let P be only one strong path between x and y. Because FP is strong, all edges and pairs of P are in 
the spanning bipolar neutrosophic incidence tree H of G. We prove that P is a path between x and y having 
maximum strength. 

Suppose, on contrary that P is not a path having maximum strength from x to y and P’ is such a path. Then P 
and P’ are not equal, hence P and and reversal of P’ form a cycle. Since H* is tree, so there exist no cycle in 
H, . Hence any edge z’y’ of P’ must not exist in H. 

By definition of G, we have 


Ty ('y!) <Tjeo(ey), B(e'y’)< (pees), FY (e'y') > Foe (ey’), 

Ty (2’y’) Pa Tjc0 ear y'), ly (x'y')> T 20 (z; y'), Fy (a'y’) s F 20 @ y'). 
It means there exist a path between z’ and y’ in H and we can replace all edges x’y’ of P’ which not exist in H 
by a path P* from x to y in H. Hence P* is at least as strong as P’. Hence P* and P cannot be equal. So, P 


and reversal of P* form a cycle in H, which is a contradiction to the fact that H™ is tree. 
Hence our assumption P is not a path having maximum strength from z to y is wrong. 














3 Application to Illegal Migration 


Suppose Mr.Kamran wants to travel from Bangladesh to India illegally. For this he use all borders line be- 
tween Bangladesh and India. He have three ways, first one is a direct way, i.e. Bangladesh to India, second 
one is Bangladesh to Pakistan and Pakistan to India and the third one is Bangladesh to Bhutan, Bhutan to 
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Pakistan, Pakistan to Nepal and Nepal to India. Let V={Bangladesh(BGD), Bhutan(BT'N), Pakistan(PAK), 
Nepal(N PL), India] N D)} be the set of countries and EF = {(BG'D, BTN), (BTN, PAK), (PAK, NPL), 
(NPL,IND),(BGD, PAK),(PAK,IND),(BGD,IND)} asubset of V x V. 

Let X be the bipolar neutrosophic set on V, which is given as 


X = {(BGD,0.3,0.2, 0.6, —0.1, —0.2, —0.5), (BT'N, 0.3, 0.6, 0.9, —0.2, —0.4, —0.6), 
(PAK, 0.4, 0.5, 0.6, —0.1, —0.3, —0.4), (NPL, 0.9, 0.7, 0.8, —0.4, —0.3, —0.4), 
(IND ,0.6,0.9, 0.1, —0.1, —0.2, —0.3)}. 


Let Y be the bipolar neutrosophic relation on V, which is given as 


Y = {((BGD, BTN 


( 0:10:27 0:8, 0.02203 =0-7).( BINUPAR),02, 05,0905, =0 3,<0°7), 
(PAK, NPL 

( 

( 


) 
0.3, 0.4, 0.7, —0.2, —0.4, —0.5 ),((N PL, IND ), 0.5, 0.6, 0.7, —0.2, —0.3, —0.5), 
0.3, 0.1, 0.6, —0.2, —0.2, —0.6 ),((PAK, IND), 0.4, 0.4, 0.5, —0.1, —0.3, —0.5), 
0.2, 0.1,0.5, —0.1, —0.3, —0.6)}. 


BGD, PAK 
BGD,IND 


ee Na RF NS 


Let Z be the bipolar neutrosophic set on V x F, which is given as 


Z = {((BGD, (BGD, BTN 
BGD, BTN 
BTN, PAK 
BTN, PAK 
PAK, NPL 
PAK,NPL 
NPL,IND 
NPL,IND 
.(BGD, PAK 
,(BGD, PAK 
PAK,IND 
PAK,IND 
BGD,IND 
BGD,IND 


1)0100100-7, =0 0.3.08") 
y),0.1,:0-2' 0.8:-=0:3:=0:8:208. 
1020 4.0.8:0.2, 0:3, =0:84 
02040602) =04-0 7) 
)), 0.3, 0.3, 0.5, —0.1, —0.4, —0.5 ) 
)), 0.2, 0.3, 0.8, —0.2, —0.3, —0.6 ) 
)), 0.4, 0.5, 0.7, 0.3, —0.3, —0.6 ) 
1) 30450.5.0.5,—0:1=025<0:7 ); 
1501501205, 0.2.0 30:7.) 
\)/051;0:120:5,0. 2: 20:2. =0:6") 
)), 0.3, 0.3, 0.5, 0.1, —0.3, —0.6 ) 
)), 0.4, 0.3, 0.4, —0.1, —0.3, —0.6 ) 
05010 A= 0,909. =017") 
yy0.1,0470.5-0.1, 0:3: 08). 
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Thus, G = (X, Y, Z) is a BNIG as shown in Fig.8. 
Let TF (u,v) represent the degree of protection for an illegal immigrant to use u as origin and come to a 
destination v. There are three paths from BGD to IND 


P, : BGD,(BGD,(BGD,IND)),(BGD,IND),(IND,(BGD,IND)),IND. 
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Figure 8: BNIG G = (X,Y, Z) 


P): BGD,(BGD, (BGD, PAK)),(BGD, PAK), (PAK, (BGD, PAK)),PAK, 
(PAK,(PAK,IND )),(PAK,IND ),(IND,(PAK,IND )),IND. 
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p~(BGD,IND) is the strength of strongest path between BGD and I ND. This is the safest path between 
BGD and IND. To calculate the value of p*(BGD,I ND), we need the strength of paths P,, Py and P3, 
which is denoted by pp,(BGD,IND), pp,(BGD, IND) and pp,(BGD, IND), respectively. 

By calculation, we have 


pp,(BGD, IND) = (0.2,0.1,0.5, —0.1, —0.3, —0.6), 


pp,(BGD, IND) = (0.3,0.1, 0.6, —0.1, —0.2, —0.6), 
pp,(BGD, IND) = (0.1, 0.2, 0.9, —0.2, —0.3, —0.7). 


p™~(BGD, IND) =(0.3, 0.2, 0.5, —0.2, —0.3, —0.6). 
We see that 
Eo BGD, END) Tp, (BED, IND). 
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Hence P is safest path for an illegal immigrant. 


We present proposed method in the following Algorithm 3.1. 


3.1 


1. 
2 


Algorithm 


Input the vertex set V*. 


Input the edge set F* C V* x V*. 


. Input the bipolar neutrosophic set X on V*. 
. Input the bipolar neutrosophic relation Y on V*. 


. Input the bipolar neutrosophic set Z on V* x E*. 


T, (2, y= A {Ty (xy) 
P(a,y) =A{E (cy) 
FY (x, y= V (Fy (zy) 
T, (x, y= V {Ty (xy) 
I, (@,y) =V Uy (zy) 
Fy (xt, y= {Fy (zy) 








. Calculate the strength of path p(x, y) from x to y such that 


xy € supp(Y )}, 


xy € supp(Y 
xy € supp(Y 


d 
o) 


xy € supp(Y 


d 





(Y)} 
(Y)} 
ey, 
ry € supp(Y)}, 
(Y)} 
(Y)} 


xy € supp(Y 


7. Calculate the incidence strength p™(x, y) of strongest path from x to y such that 


8. 


k 
Py) = Voy): Te) = VV 
i=1 i=1 
k k 
Tey) =4\ 0 en), Law) \ 


i=1 i=1 


ae 


The safest path is S(vz) = VV T(z, y). 


7=1 


L(a,)s Fo (Og) = /\ Fay), 


9. If v, has more than one value then any path can be chosen. 


4 Conclusion 


Graph theory has become a branch of applied mathematics. Graph theory is considered as a mathematical 
tool for modeling and analyzing different mathematical structure, but it does not give the relationship between 
element and its relation pair. We have introduced BNIG which not only give the limitation of the relation 
between elements contained in a set, but also give the influence or impact of an element to its relation pair. We 
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have defined the bipolar neutrosophic incidence cycle and tree. An application to illegal migration is presented 
using strength of strongest path in BNIG. 


Conflict of interest: The authors declare that they have no conflict of interest. 


References 


[1] A. Rosenfeld. Fuzzy graphs, Fuzzy Sets and their Applications to Cognitive and Decision Processes, 
(1975), 77-95. 


[2] K. R. Bhutani and A. Rosenfeld. Strong edges in fuzzy graphs, Information Sciences, 152(2003) 319-322. 


[3] W. R. Zhang. Bipolar fuzzy sets and relations: a computational framework for cogitive modeling and 
multiagent decision analysis, Fuzzy Information Processing Society Biannual Conference, 1994. Indus- 
trial Fuzzy Control and intelligent Systems Confrence, and the NASA Joint Technology Workshop on 
Neural Networks and Fuzzy Logic, IEEE, (1994), 305-309. 


[4] M. Akram. Bipolar fuzzy graphs, Information Sciences, 181(24)(2011), 5548-5564. 


[5] S. Broumi, M. Talea, A. Bakali and F. Smarandache. Single-valued neutrosophic graphs, New Trends in 
Neutrosophic Theory and Applications, (2015), 187. 


[6] M. Akram and M. Sarwar. Novel multiple criteria decision making methods based on bipolar neutro- 
sophic sets and bipolar neutrosophic graphs, Italian Journal of Pure and Applied Mathematics, 38(2017), 
368-389. 


[7] T. Dinesh. A study on graph structures, Incidence Algebras and thier Fuzzy Analogues, Ph.D. thesis, 
Kannur University (2012). 


[8] T. Dinesh. Fuzzy incidence graph-An introduction, Advances in Fuzzy Sets and Systems, 21(1) (2016) 
33-48. 


[9] S. Mathew and J. N. Mordeson. Connectivity concepts in fuzzy incidence graphs, Information Sciences, 
382(2017) 326-333. 


[10] S. Mathew and J. N. Mordeson. Fuzzy influence graphs, New Mathematics and Natural Computation, 
13(3) (2017) 311-325. 


[11] Deli, Irfan, M. Ali and F. Smarandache. Bipolar neutrosophic sets and their application based on multi- 
criteria decision making problems, Advanced Mechatronic Systems (ICAMechS), International Confer- 
ence on, IEEE, (2015), 249-254. 


[12] S. Mathew and J. N. Mordeson. Fuzzy endnodes in fuzzy incidence graphs, New Mathematics and 
Natural Computation, 13(1) (2017) 13-20. 


[13] N. Ishfaq, S. Sayed, M. Akram and F. Smarandache. Notions of rough neutrosophic digraphs, Mathe- 
matics, 6(2) (2018): 18. 





M. Akram, N. Ishfag, F- Smarandache, §. Broumi and Application of Bipolar Neutrosophic sets to Incidence 
Graphs. 


Neutrosophic Sets and Systems, Vol. 27, 2019 200 





[14] S. Sidra, N. Ishfaq, M. Akram and F. Smarandache. Rough neutrosophic digraphs with application, 
Axioms, 7(1) (2018): 5. 


[15] M. Akram, N. Ishfaq, S. Sayed, and F. Smarandache. Decision-making approach based on neutrosophic 
rough information, Algorithms, 11(5), 59 (2018). 


[16] M. Akram, S. Sayed and F. Smarandache. Neutrosophic incidence graphs with application, Axioms, 
7(3)(2018), 47; https://doi.org/10.3390/axioms7030047. 


[17] M. Akram and S. Shahzadi. Neutrosophic soft graphs with application, Journal of Intelligent and Fuzzy 
Systems, 32(1)(2017), 841-858. 


[18] M. Akram and S. Shahzadi. Single-valued neutrosophic hypergraphs, TWMS Journal of Applied and 
Engineering Mathematics, 10.26837/jaem.377615, 2018. 


[19] M. Akram and K. P. Shum. Bipolar neutrosophic planar graphs, Journal of Mathematical Research with 
Applications, 36(6)(2017), 631-648. 


[20] M. Akram and M. Sitara. Bipolar neutrosophic graph structures, Journal of the Indonesian Mathematical 
Society, 23(1)(2017), 55-76. 


[21] M. Akram. Single-valued neutrosophic graphs, Infosys Science Foundation Series in Mathematical 
Sciences, Springer, 2018. 


Received: April 26, 2019. Accepted: June 04, 2019. 





M. Akram, N. Ishfaq, F- Smarandache, §. Broumi and Application of Bipolar Neutrosophic sets to Incidence 
Graphs. 


wars 
Na N SS Neutrosophic Sets and Systems, Vol.27, 2019 201 


NM University of New Metco <p 





Neutrosophic Hyper BCK-Ideals 


S. Khademan!, M. M. Zahedi ?*, R. A. Borzooei ?, Y. B. Jun 3+ 


‘Department of Mathematics, Tarbiat Modares University, Tehran, Iran. 

E-mail: somayeh.khademan@modares.ac.ir, Khademans@gmail.com 
?Department of Mathematics, Graduate University of Advanced Technology, Kerman, Iran. 
E-mail: zahedi_mm@kgut.ac.ir, zahedi_mm@yahoo.com 
3Department of Mathematics, Shahid Beheshti University, Tehran 1983963113, Iran. 
E-mail: borzooei@sbu.ac.ir 
4Department of Mathematics Education, Gyeongsang National University, Jinju 52828, Korea. 
E-mail: skywine@gmail.com 


*Correspondence: M. M. Zahedi (zahedi_mm@kgut.ac.ir, zahedi_mm@yahoo.com) 


Abstract: In this paper we introduced the notions of neutrosophic (strong, weak, s-weak) hyper BCK-ideal 
and reflexive neutrosophic hyper BCK-ideal. Some relevant properties and their relations are indicated. 
Characterization of neutrosophic (weak) hyper BCK-ideal is considered. Conditions for a neutrosophic set 
to be a (reflexive) neutrosophic hyper BCK-ideal and a neutrosophic strong hyper BCK-ideal are discussed. 
Also, conditions for a neutrosophic weak hyper BCK-ideal to be a neutrosophic s-weak hyper BCK-ideal, 
and conditions for a neutrosophic strong hyper BCK-ideal to be a reflexive neutrosophic hyper BCK-ideal 
are provided. 


Keywords: Hyper BCK-algebra; hyper BCK-ideals; neutrosophic (strong, weak, s-weak) hyper BCK-ideal; 
reflexive neutrosophic hyper BCK-ideal. 


1 Introduction 


Algebraic hyperstructures represent a natural extension of classical algebraic structures and they were 
introduced in 1934 by the French mathematician F. Marty [17] when Marty defined hypergroups, began 
to analyze their properties, and applied them to groups and relational algebraic functions (See [17]). 
Since then, many papers and several books have been written on this topic. Hyperstructures have 
many applications to several sectors of both pure and applied sciences. (See [4, 5, 8, 11, 14, 19, 25]). 
In [16], Jun et al. applied the hyperstructures to BC’K-algebras, and introduced the concept of a 
hyper BC K-algebra which is a generalization of a BC’ K-algebra. Since then, Jun et al. studied more 
notions and results in [12] and [15]. Also, several fuzzy versions of hyper BC K-algebras have been 
considered in [10] and [13]. The neutrosophic set, which is developed by Smarandache ([20], [21] and 
[22]), is a more general platform that extends the notions of classic set, (intuitionistic) fuzzy set and 
interval valued (intuitionistic) fuzzy set. Borzooei et al. [6] studied neutrosophic deductive filters on 
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BL-algebras. Zhang et al. [26] applied the notion of neutrosophic set to pseudo-BCI algebras, and 
discussed neutrosophic regular filters and fuzzy regular filters. Neutrosophic set theory is applied to 
varios part and received attentions from many researches were proceed to develop, improve and expand 
the neutrosophic theory ([1], [2], [3], [7], [9], [18], [23] and [24]). 

Our purpose is to introduce the notions of neutrosophic (strong, weak, s-weak) hyper BCK-ideal, and 
reflexive neutrosophic hyper BCK-ideal. We consider their relations and related properties. We discuss 
characterizations of neutrosophic (weak) hyper BCK-ideal. We give conditions for a neutrosophic set 
to be a (reflexive) neutrosophic hyper BCK-ideal and a neutrosophic strong hyper BCK-ideal. We 
are interested in finding some provisions for a neutrosophic strong hyper BCK-ideal to be a reflexive 
neutrosophic hyper BCK-ideal. We discuss conditions for a neutrosophic weak hyper BCK-ideal to be 
a neutrosophic s-weak hyper BCK-ideal. 


2 Preliminaries 
In this section, we give the basic definitions of hyper BCK-ideals and neutrosophic set. 

For a nonempty set H a function o : H x H — P*(H) is called a hyper operation on H. If A, B C H, 
then AoB=Uf{acob|aeA, be B}. 

A nonempty set H with a hyper operation “o” and a constant 0 is called a hyper BCK-algebra (See 
[16]), if it satisfies the following conditions: for any x,y,z € H, 

(HBCK1) (foz)o(yoz)<roy, 

(HBCK2) (eoy) o2z=— (Foz) oy, 


(HBCK3) xoH « {ch}, 


(HBCK4) x«<yandy <z imply r=y, 





where x < y is defined by 0 € roy. Also for any A,B C H, A < B is defined by Va € A, Jb E B 
such that a < b. 


Lemma 2.1. ({16]) In a hyper BCK-algebra H, the condition (HBCK3) is equivalent to the following 
condition: 

(Vz,y € H)(roy « {z}). (2.1) 
Lemma 2.2. ({16]) Let H be a hyper BCK-algebra. Then 


(i) ro0 < {x}, 0Dor < {0} and 000 < {0}, for alla e H 


(ii) (AoB)oC=(AoC)oB,AcoB<Aand00A « {0}, for any nonempty subsets A, B and C 
of H. 
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Lemma 2.3. ({16]) In any hyper BCk-algebra H, we have: 


000={0},0<2,2<KrandA<A, (2.2) 
AC B implies A < B, (2.3) 
Qox = {0} and 00A= {0}, (2.4) 
A < {0} implies A = {0}, (2.5) 
Teco, (2.6) 
for all x,y,z € H and for all nonempty subsets A, B and C of H. 
Let J C H be such that 0 € J. Then J is said to be (See [16] and [15]) 
e hyper BCk-ideal of H if 
(Vz,yeE H)(roy< A, yEA > ZEA). (27) 
e weak hyper BCK-ideal of H if 
(Vz,yE H)(moyCA, yEA > LEA). (2.8) 
e strong hyper BCK-ideal of H if 
(Vz,yE H)((roy)N AZO, yEA > LEA). (2.9) 


A subset J of a hyper BCK-algebra H is said to be reflexive if (xox) C J for all x € H. 
Let H be a non-empty set. A neutrosophic set (NS) in H (See [21]) is a structure of the form: 


A := {(2; Arp(x), Ay(x), Ar(x)) | x € H} 


where Ar : H — (0, 1] is a truth membership function, A; : H — [0,1] is an indeterminate membership 
function, and Ar : H — [0,1] is a false membership function. For abbreviation, we continue to write 
A = (Ar, Az, Ar) for the neutrosophic set 


A := {(x; A(x), Ar(x), Ar(x)) | x € A}. 


Given a neutrosophic set A = (Ar, A;, Ar) in a hyper BCK-algebra H and a subset S of H, by ,Ar, 
*Ar, xAy, *Ar, sAp and *Ar we mean 


»Ar(S) = inf Ar(a) and *A7(S) = euDAnt ) 

xAz(S) = inf A(a) and *A;(S) = supAr(a ), 

Apts) = inf Ap(a) and *Ap(S) = “supr(a Ns 
respectively. 


Notation. From now on,in this paper, we assume that H is a hyper BCk-algebra. 
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3 Neutrosophic hyper BCKk-ideals 


In this section, we introduced the notions of neutrosophic (strong, weak, s-weak) hyper BCk-ideal, 
reflexive neutrosophic hyper BCK-ideal and discuss their properties. 


Definition 3.1. Let A = (Ar, Ay, Ar) be a neutrosophic set in H. Then A is said to be a neutrosophic 
hyper BCK-ideal of H if it satisfies the following assertions for all x,y € H, 


(y) 


Ar(z) T\Y 
1(y) (3.1) 


Ps 
gy =< Azo) > 
Ap(x) < Ar(y) 

pe > min {,Ar(xo y), Ar(y)} 
> min {,A;(x 0 y), Ar(y)} . (3.2) 
Ante) < max {*Ap(xoy), Ar(y)} 


A 
A 


Example 3.2. Let H = {0,a,b} be a hyper BCK-algebra. The hyper operation “o” on H described by 
Table 1. 


ave) ” 


Table 1: Cayley table for the binary operation 





fo) 0 a b 

0 {0} 10} {0} 
a {a} {0, af {0, a} 
b {b} {a, b} {0, a, b} 


We define a neutrosophic set A = (Ar, Ay, Ar) on H by Table 2. 


Table 2: Tabular representation of A = (Ar, A;, Ar) 





0 0.77 0.65 0.08 
a 0.55 0.47 0.57 
b 0.11 0.27 0.69 


It is easy to check that A = (Ar, Ay, Ar) is a neutrosophic hyper BCK-ideal of H. 


Proposition 3.3. For any neutrosophic hyper BCK-ideal A = (Ar, Ay, Ar) of H, the following assertions 
are valid. 


(1) A= (Ap, Ar, Ar) satisfies 
Ar(0) > Ar(@) 


(vzeH){ A,(0)>A,(z) |. (3.3) 
Ar(0) < Ar(2) 
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(2) If A= (Ar, Ar, Ar) satisfies 
Ar(a) = .Ar(S) 
(VS C H)(Sa,b,c€ S) | Ars(b)=.Ar(S) |, (3.4) 
Ar(c) = *Ar(S) 


then the following assertion is valid. 


Ar(x) = min{Ar(a), Ar(y)} 
(Va,y € H)(da,b,ce xoy) | Ar(x) = min{A;(d), Ar(y)} (3.5) 
Ap(x) < max{Ap(c), Ar(y)} 


Proof. By (2.2) and (3.1) we have 


Assume that A = (Ar, Az, Ar) satisfies the condition (3.4). For all x,y € H, there exists ao, bo, co € LOY 
such that 


Ar(ao) = «Ar(xo y), Ar(bo) = «Ar(x oy) and Ap(co) = *Ar(xoy). 
Now condition (3.2) implies that 


Ar(x) = min {,Ar(x oy), Ar(y)} = min{ Ar(ao), Ar(y)} 
A;(x) > min {,A;(x 0 y), Ar(y)} = min{A;(b9), Ar(y)} 
Ap(xz) < max {*Ap(x 0 y), Ar(y)} = max{Ap(co), Ar(y)}. 











This completes the proof. 





We define the following sets: 


U(Ar,ér) = 4a CH | Ar(az) > er}, 
U(Arz, €r) = Pa CH | Ar;(x) 2 er}, 
D(Ap,ér) := {x € H | Ap(z) < ep}, 


where A = (Ar, A;, Ar) is a neutrosophic set in H and 7, €7, €r € (0, 1]. 


Lemma 3.4 ([12]). Let A be a subset of H. If J is a hyper BCK-ideal of H such that A < IJ, then A is 
contained in I. 


Theorem 3.5. A neutrosophic set A = (Ar, Ay, Ar) is a neutrosophic hyper BCK-ideal of H if and 
only if the nonempty sets U(Ar, er), U(Ar,¢r) and L(Ar,¢r) are hyper BCK-ideals of H for all er, €7, 
Epe [0, 1), 


Proof. Assume that A = (Ar, A;, Ar) is a neutrosophic hyper BCK-ideal of H and suppose that 
U(Ar,er), U(Ar,€r) and L(Ar,ér) are nonempty for all er, €7, er € [0,1]. It is easy to see that 
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0 € U(Ar,ér), 0 € U(Az,€7) and 0 € L(Ar,er). Let x,y € H be such that roy < U(Ar, er) and 
y € U(Az, er). Then Ar(y) > er and for any a € x oy there exists ag € U(Ar, er) such that a < ao. 
We conclude from (3.1) that Ar(a) > Ar(ao) > er for alla € roy. Hence ,Ar(x oy) > er, and so 


Ar(z) = min {.Ar(zoy), Ar(y)} = er, 


that is, c € U(Ar,er). Similarly, we show that if roy < U(Ay,er) and y € U(Az,¢;), then x € 
U(A,,€7). Hence U(Ar,er) and U(A;,¢7) are hyper BCK-ideals of H. Let x,y € H be such that 
coy < L(Ar,épr) andy € L(Ap,er). Then Ar(y) < er. Let b € roy. Then there exists by € L(Ar, €r) 
such that b < bo, which implies from (3.1) that Ar(b) < Apr(bo) < er. Thus *Ap(x oy) < ep, and so 


Ap(xz) < max {*Ar(z oy), Ar(y)} < er. 
Hence z € L(Ar,¢ér), and therefore L(Ar,¢r) is a hyper BCK-ideal of H. 
Conversely, suppose that the nonempty sets U(Ar,er), U(Ar,¢r) and L(Apr,ér) are hyper BCK- 
ideals of H for all er, €7, er € [0,1]. Let x,y € H be such that x < y. Then 
y € U(Ar, Ar(y)) NU(Ar, Ar(y)) N LAP, Ar(y)), 
and thus x < U(Ar, Ar(y)), « < U(Ay, Ar(y)) and « « L(Ar, Ar(y)). According to Lemma 3.4 we 
have x € U(Arz, Ar(y)), © € U(A;, Ar(y)) and x € L(Ap, Ar(y)) which imply that A7(x) > Ar(y), 
Ar(z) > Ar;(y) and Ap(x) < Ap(y). For any z,y © AH, let ep :-= min{,Ar(zoy), Ar(y)}, er := 
min {,A7(x 0 y), A7(y)} and ep := max {*Ap(x oy), Ar(y)}. Then 
YE U(Ar, €ér) al U(Ay, €7) al L(Ap, €p), 


and for each arp, b;,cr € xo y we have 


Ar(ar) = »Ar(x oy) = min {.Ar(r oy), Ar(y)} = er, 


Aj(by) 2 »Aj(a 0 y) 2 min {,A7(x 0 y), Ar(y)} = Er 
and 
Ap(cr) <*Apr(xoy) < max {*Ap(x oy), Ar(y)} = er. 
Hence ap € U(Ar, €r), by € U(Ay, €7) and cr € L(Ap, er), and so roy CU(Az, er), roy C U(Az, 7) 
and roy C L(Ar,ér). By (2.3), we have roy < U(Ar, er), roy < U(Ay,€7) and roy < L(Ap, ép). 
It follows from (2.7) that 
CE U(Ar, €r) mM U(Az, €1) ‘al L(Ap, €r). 


Hence 


A(x) > er = min {,Ar(z oy), Ar(y)}, 
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Aj(x) > er = min{,Ar(x 0 y), Ar(y)} 
and 


Ap(x) < er = max {"Ap(x oy), Ar(y)}- 











Therefore A = (Ar, Ar, Ar) is a neutrosophic hyper BCK-ideal of H. 





Theorem 3.6. If A= (Ar, Ay, Ar) is a neutrosophic hyper BCK-ideal of H, then the set 
is a hyper BCk-ideal of H. 


Proof. It is easy to check that 0 € J. Let x,y € H be such that roy < J andy € J. Then Ar(y) = 
Ar(0), Ar(y) = A7(0) and Ar(y) = Ar(0). Let a € xoy. Then there exists a9 € J such that a < ao, 
and thus by (3.1), Ar(a) > Ar(ao) = Ar(0), Ar(a) > Ar(ao) = Ar(0) and Ar(a) < Ar(ao) = Ar(0). It 
follows from (3.2) that 


Ar(x) 2 min {.Ar(w oy), Ar(y)} 2 Ar(0), 


Aj(x) > min {,A7(x 0 y), Ar(y)} = Ar(0) 
and 
Ap(x) < max {"Ap(roy), Ar(y)} < Ap(0). 


Hence Ar(x) = Ar(0), Ar(x) = Ar(0) and Ap(x) = Ap(0), that is, x € J. Therefore J is a hyper 
BCk-ideal of H. 














We provide conditions for a neutrosophic set A = (Ar, A;, Ar) to be a neutrosophic hyper BCK-ideal 
of H. 


Theorem 3.7. Let H satisfy |x o y| < oo for all x,y € H, and let {| t € A C [0,0.5]} be a collection 
of hyper BCk-ideals of H such that 


ORE (3.7) 
(Vs,tEA\(s>t & Jc J). (3.8) 


Then a neutrosophic set A = (Ar, A;, Ar) in H defined by 


Ar: H > [0,1], cH sup{te A| xe J}, 
A,;:H > (0,1), r/ sup{te A| ae J}, 
Arp: H > (0,1), rH mf{teA|lzre A} 


is a neutrosophic hyper BCK-ideal of H. 
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Proof. We first shows that 


€ (0, 1] => U J, is a hyper BCk-ideal of H. (3.9) 


pEA,p>q 


It is clear that 0 € UU J, for all g © [0,1]. Let x,y € H be such that roy = {aj,a9,--- , an}, 


pEA,p>q 
csoy< UYU Jandye LU J,. Then y € J, for some r € A with g <r, and for any a; € roy 
peEA,p>q peEA,p>q 
there exists b} € (J Jp, and so b; € J, for some t; € A with gq < t;, such that a; < );. If we let 
pEA,p>q 


t := min{t; | i € {1,2,--- ,n}}, then 4, C J for alli € {1,2,--- ,n} andsoroy < J with q < t. We 
may assume that r > t without loss of generality, and so J, C J. By (2.7), wehavexe J, C (LU Jp. 
peEA,p>q 
Hence (J J, is a hyper BCK-ideal of H. Next, we consider the following two cases: 
pEA,p>q 


(i) t=sup{qeAlq<t}, (ii) t Asup{qeA]|q< th}. (3.10) 
If the first case is valid, then 


x eU(Ar,t) & ceJ,forallg<t 2€( )Ja, 
q<t 


and so U(Ar,t) = (| J, which is a hyper BCK-ideal of H. Similarly, we know that U(Ay,t) is a hyper 
q<t 


BCk-ideal of H. For the second case, we will show that U(Ar,t) = ae Ifae YU Jy, then t € Jy 


for some q >t. Thus A7(x) > q >t, and so x € U(Ar,t) which die that Bee (Ap. t). Assume 
qot 


that « ¢ UJ,. Then x ¢ J, for all g > t, and so there exist 6 > 0 such that (t — 6,t) OA = 0. Thus 


qat 
x ¢ J, for all g > t—4, that is, if x € J, then gq <t—d<t. Hence x ¢ U(Ar,t). This shows that 
U(Ar,t) = U J, which is a hyper BCK- ideal of H by (3.9). Similarly we can prove that U(A;,t) isa 


hyper BCK- ee of H. Now we consider the following two cases: 
s=inffreA|s<r}ands¥inffreA|s<r}. (3.11) 
The first case implies that 


xé€L(Ap,s) & ce€J,foralls<r o 2€( |Jr, 
s<r 


and so L(Ar,s) = ()J; which is a hyper BCK-ideal of H. For the second case, there exists 6 > 0 


s<r 


such that (s,s +6)NA=9. Ifa € UJ,, then x € J, for some s > r. Thus Ap(x) < r < 5, that is, 
s>r 
x € L(Ap,s). Hence UJ, C L(Ar,s). Ifa ¢ UdJ,, then x ¢ J, for all r < s and thus x ¢ J, for all 
s>r s>r 


r<s+6. This shows that ifz € J, then r > 5s+6. Hence Ar(x) >s+6> 5, ie, ¢ € L(Ap,s). 
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Therefore L(Ap,s) C UJ,. Consequently, L(Ar, s) = U J; which is a hyper BCK-ideal of H by (3.9). 


s>r s>r 


It follows from Theorem 3.5 that A = (Ar, Ar, Ar) is a neutrosophic hyper BCK-ideal of H. 














Definition 3.8. A neutrosophic set A = (Ar, A;, Ar) in H is called a neutrosophic strong hyper BCK- 
ideal of H if it satisfies the following assertions. 


sAr(xo x) > Ap(x) > min { sup An(aa), Antu) } : 
agexoy 


RC ee ere Co Ai(v)} , (3.12) 


bo Exoy 
*Ap(tox) < Ap(az) < max { inf Ar(co) Antu) } 
coe roy 
for all x,y € H. 
Example 3.9. Consider a hyper BCK-algebra H = {0, a,b} with the hyper operation “o” which is given 
by Table 3. 


Table 3: Cayley table for the binary operation “o” 





fo) 0 a b 

0 {O} {O} {O} 
a {a} {O} {a} 
b {b} {by {0, b} 


Let A = (Ar, A;, Ar) be a neutrosophic set in H which is described in Table 4. 


Table 4: Tabular representation of A = (Ar, Ay, Ar) 





A Ar(az) A;(x) Ap(x) 
0 0.86 0.75 0.09 
a 0.65 0.57 0.17 
b 0.31 0.37 0.29 


It is routine to verify that A = (Ar, A;, Ar) is a neutrosophic strong hyper BCK-ideal of H. 


Theorem 3.10. For any neutrosophic strong hyper BCK-ideal A = (Ar, A;, Ar) of H, the following 
assertions are valid. 


(1) A= (Ar, Ar, Ar) satisfies the conditions (3.1) and (3.3). 
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(2) A= (Apr, Ar, Ar) satisfies 


z 
(Vx,y € H)(Va,b,c€ xoy) | Ar(x) > min{A;(b Re vl } . (3:13) 
< 


Proof. (1) Since x <x, ie.,0€ xo for all x € H, we get 


Ar(0) > sAr(xo x) > Ar(2), 
A,(0) > .Ar(t ox) > Az(z), 
Ar(0) <*Ap(rzox) < Ap(a), 


which shows that (3.3) is valid. Let x,y € H be such that x < y. Then 0 € roy, and so 
*“Ar(xoy) > Ar(0), *Ar(x oy) > Azr(0) and ,Ar(x 0 y) < Ap(O). 
It follows from (3.3) that 


> min {*Ar(w oy), Ar(y)} = min{Ar(0), Ar(y)} = Ar(y), 
A io = min {*A;(w oy), Ar(y)} = min{Az(0), Ar(y)} = Ar(y), 
Ap(x) < max {,Ap(a oy), Ar(y)} < max{Ap(0), Ar(y)} = Ar(y). 


Hence A = (Ar, A;, Ap) satisfies the condition (3.1) . 
(2) Let x,y, a,b,c € H be such that a,b,c € roy. Then 


Ag(2) > min { sit Aa Cas) Antu) } See OO 


agexoy 


Ar(x) > min { sup Ar(bo) Anto)} > min{A;(b), Ar(y)}, 


bo Exoy 


Ap(x) < max {int Arto) Ar(v)} < max{Ap(c), Ar(y)}. 











This completes the proof. 





Theorem 3.11. If a neutrosophic set A = (Ar, A;, Ay) is a neutrosophic strong hyper BCK-ideal of H, 
then the nonempty sets U(Ar,ér), U(A;,¢7) and L(Ar,¢,r) are strong hyper BCK-ideals of H for all 
ep, Er, Er € (0, 1]. 


Proof. Let A = (Ar, Ar, Ar) be a neutrosophic strong hyper BCK-ideal of H. Then A = (Ar, Ar, 
A,r) is a neutrosophic hyper BCK-ideal of H. Assume that U(Ar, er), U(A;,¢;) and L(Ap,epr) are 
nonempty for all er, €7, er € [0,1]. Then there exist a € U(Ar,ér), 6 € U(A;,€;) and c € L(Ap,€ér), 
that is, Ar(a) > ep, A7(b) > e; and Ap(c) < er. It follows from (3.3) that Ar(0) > Ar(a) > er, 
Ar(0) > Ar(b) > €; and Ap(0) < Ap(c) < er. Hence 


OE U(Ar, €r) NM U(Ar,€1) M L(Ap, €pr). 
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Let x,y,a,0,u,v € H be such that (10 y) NU(Arz, er) 4 0, y € U(Azr, er), (206) NU(Az, er) FO, 
b € U(A;, er), (uov) NO L(Ap,er) £0 and v € L(Ap,er). Then there exist 79 € (x0 y) NU(Azr, er), 
ap € (ao b) NU(Ayz, Er) and up € (uov)N L(Ar, er). It follows that 


Ar(x) = min {*Ar(w oy), Ar(y)} = min{Ar(xo), Ar(y)} 2 er, 


PeOeatn { ee An(t)} Saint A asi Aone 


déaob 


and 


Ar(u) < max { inf Ap(e), Ar(v)} < max{Apr(uo), Ar(v)} < er. 


eGuov 


Hence x € U(Ar, er), a € U(Az, €7) and u € L(Ar,er). Therefore U(Ar, er), U(Az,€r) and L(Ar, €r) 
are strong hyper BCk-ideals of H. 














Theorem 3.12. For any neutrosophic set A = (Ar, A;, Ar) in H satisfying the condition 


Ar(a) = *Ar(S) 
(WS C H)(Ja,b,ce 8) | Ap(b)=*A,(S)_ J, (3.14) 
Ap(c) = »Ar(S) 





if the nonempty sets U(A7,¢r), U(Ar,€7) and L(Ar,¢r) are strong hyper BCk-ideals of A for all er, 
€7, €r € [0,1], then A = (Az, A;, Ap) is a neutrosophic strong hyper BCK-ideal of H. 


Proof. Assume that U(Ar,er), U(Ar,€r) and L(Ar,ér) are nonempty and strong hyper BCK-ideals 
of H for all er, er, er € [0,1]. For any x,y, z € H, such that x € U(Ar, Ar(x)), y € U(Ar, Ar(y)) and 
z € L(Ap, Ar(z)), since ror < x, yoy < yand zoz < z by (2.1), we have ror < U(Ar, Ar(z)), yoy < 
U(A;, Ar(y)) and zoz « L(Ap, Ar(z)). By Lemma 3.4, rox C U(Ar, Ar(x)), yoy C U(Az, Ar(y)) and 
zozg C L(Ap, Ar(z)). Hence a € U(Ar, Ar(2)), b € U(Az, Ar(y)) and c € L(Ap, Ar(z)) for all a € roz, 
be yoyandce€ zoz. Therefore ,A7(xox) > Ar(x), «Ar(yoy) > Ar(y) and *Ap(zoz) < Ap(z). Now, 
let er := min {*Ar(xoy), Ar(y)}, er := min {*A;(roy), Ar(y)} and er := max {,Ap(ro y), Ar(y)}. 
By (3.14), we have 


Ar(ao) = *Ar(roy) = min {*Ar(x oy), Ar(y)} = er, 


Ay(bo) = *Ar(x oy) = min {*A7(x 0 y), Ar(y)} = €7 
and 
Ap(co) = «Ar(a oy) < max {,Ap(a oy), Ar(y)} = Er 
for some do, bo, co € OY. Hence ag € U(Ar, 7), bo € U(Ar, Er) and cp € L(Ar,ér) which imply that 


(xo y)NU(Arz, er), (coy) NU(Az,€7) and (oy) N L(Ar,ér) 
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are nonempty. Since y € U(Ar, er) NU(Az, €r) N LAr, €r), it follows from (2.9) that « € U(Ar, er) N 
U(Az, Er) mM" L(Ar, Ep). Thus 


Ar(x) > er =min {*Ar(x oy), Ar(y)}, 


A;(x) > er = min {*A;(x 0 y), Ar(y)} 
and 


Ap(x) < €p = max {.Ap(r 0 y), Ar(y)}- 











Consequently, A = (Ar, Ar, Ar) is a neutrosophic strong hyper BCK-ideal of H. 





Since any neutrosophic set A = (Ar, A;, Ar) satisfies the condition (3.14) in a finite hyper BCK- 
algebra, we have the following corollary. 


Corollary 3.13. Let A = (Ar, Ar, Ar) be a neutrosophic set in a finite hyper BCK-algebra H. Then 
A = (Ar, Ar, Ar) is a neutrosophic strong hyper BCK-ideal of H if and only if the nonempty sets 
U(Ar,er), U(Ar,ér) and L(Ar, €r) are strong hyper BCk-ideals of A for all er, €7, er € [0,1]. 


Definition 3.14. A neutrosophic set A = (Ar, A;, Ar) in H is called a neutrosophic weak hyper BCK- 
ideal of H if it satisfies the following assertions. 


Ar(0) = Ar(z) = min{.Ar(roy), Ar(y)}, 
A;(0) = Ar(x) = min {.A7(x oy), Ar(y)} , 
Ap(0) < Ar(x) < max {*Ap(x oy), Ar(y)} 


(3.15) 


for alla,y € H. 


Definition 3.15. A neutrosophic set A = (Ar, A;, Ar) in H is called a neutrosophic s-weak hyper BCK- 
ideal of H if it satisfies the conditions (3.3) and (3.5). 


O99 


Example 3.16. Consider a hyper BCK-algebra H = {0,a,b,c} with the hyper operation “o” which is 
given by Table 5. 


Table 5: Cayley table for the binary operation “o” 


0 a b C 
{0} {0} {0} {0} 
{a} {0} {0} {0} 
{b} {b} {0} {0} 

{ce} {c} {b,c} {0, b,c} 





qaucr 8k OO 


Let A = (Ar, Ay, Ar) be a neutrosophic set in H which is described in Table 6. 
It is routine to verify that A = (Ar, Ar, Ar) is a neutrosophic weak hyper BCK-ideal of H. 
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Table 6: Tabular representation of A = (Ar, Ar, Ar) 





A Ar(a) A;(x) Ar(x) 
0 0.98 0.85 0.02 
a 0.81 0.69 0.19 
b 0.56 0.43 0.32 
c 0.34 0.21 0.44 


Theorem 3.17. Every neutrosophic s-weak hyper BCK-ideal is a neutrosophic weak hyper BCK-ideal. 


Proof. Let A = (Ar, Ay, Ar) be a neutrosophic s-weak hyper BCK-ideal of H and let x,y € H. Then 
there exist a,b,c € x 0 y such that 


Ar(x) > min{A7(a), Ar(y)} > min { inf Ar(ao), An} : 


agexoy 


A;(x) > min{A;(b), Ar(y)}, > min { inf Ar(bo) Antw)} ; 


boExoy 


Ap(x) < max{Ap(c), Ar(y)}. < max { sup An(co) Antu) } 


coExoy 





Hence A = (Ar, Ay, Ar) is a neutrosophic weak hyper BCK-ideal of H. 











We can conjecture that the converse of Theorem 3.17 is not true. But it is not easy to find an 
example of a neutrosophic weak hyper BCK-ideal which is not a neutrosophic s-weak hyper BCKk-ideal. 

Now we provide a condition for a neutrosophic weak hyper BCK-ideal to be a neutrosophic s-weak 
hyper BCK-ideal. 


Theorem 3.18. If A = (Ar, Ar, Ar) is a neutrosophic weak hyper BCK-ideal of H which satisfies the 
condition (3.4), then A = (Ar, A;, Ar) is a neutrosophic s-weak hyper BCK-ideal of H. 


Proof. Let A = (Ar, A;, Ar) be a neutrosophic weak hyper BCK-ideal of H in which the condition 
(3.4) is true. Then there exist ao, bo,co € xO y such that Ar(aj) = .Ar(x oy), Ar(bo) = 4Ar(x oy) and 
Ar(co) = *Ar(xo y). Hence 


Ar(x) > min {,Ar(a oy), Ar(y)} = min{Ar(ao), Ar(y)}, 
A;(x) > min {,A7(x 0 y), Ar(y)} = min{A;(bo), Ar(y)}, 
Ap(x) < max {*Apr(x oy), Ar(y)} = max{Apr(co), Ar(y)}- 


Therefore A = (Ar, Ay, Ar) is a neutrosophic s-weak hyper BCK-ideal of H. 














Remark 3.19. In a finite hyper BCK-algebra, every neutrosophic set satisfies the condition (3.4). Hence 
the concept of neutrosophic s-weak hyper BCK-ideal and neutrosophic weak hyper BCK-ideal coincide 
in a finite hyper BCK-algebra. 
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Theorem 3.20. A neutrosophic set A = (Ar, Ar, Ar) is a neutrosophic weak hyper BCK-ideal of H if 
and only if the nonempty sets U(Ar, er), U(Ar,€r) and L(Apr,ér) are weak hyper BCK-ideals of H for 
all er, €7, Er € lO 














Proof. The proof is similar to the proof of Theorem 3.5. 


Definition 3.21. A neutrosophic set A = (Ar,A;, Ar) in H is called a reflexive neutrosophic hyper 
BCk-ideal of H if it satisfies 


sAr(xo x) > Ar(y) 
(Vz,y€ H)| .Ar(rox) > Ar(y) ; (3.16) 
“Ap(xox) < Ap(y) 


and 


Ar(x) = min {*Ar(x oy), Ar(y)} 
A;(x) > min {*A;(x 0 y), Ar(y)} (3.17) 
Ap(x) < max {,Ar(a oy), Ar(y)} 


(Vz,y € H) 


Theorem 3.22. Every reflexive neutrosophic hyper BCK-ideal is a neutrosophic strong hyper BCk-ideal. 











Proof. Straightforward. 





Theorem 3.23. If A = (Ar, Ar, Ar) isa reflexive neutrosophic hyper BCK-ideal of H, then the nonempty 
sets U(Ar, er), U(Ar,e€r) and L(Ar, €r) are reflexive hyper BCK-ideals of H for all er, €7, er € (0, 1]. 


Proof. Assume that U(Ar,er), U(Ar,¢€7) and L(Ar,ér) are nonempty for all er, €7, er € [0,1]. Let 
a € U(Ar, er), 6 € U(Az, er) and c € L(Ap,ér). If A = (Az, Az, Ar) is a reflexive neutrosophic hyper 
BCk-ideal of H, then by Theorem 3.22, A = (Ar, A;, Ar) is a neutrosophic strong hyper BCK-ideal 
of H, and so it is a neutrosophic hyper BCk-ideal of H. It follows from Theorem 3.5 that U(Ar,r), 
U(A;,€r) and L(Apr,ér) are hyper BCK-ideals of H. For each x € H, let ao, bo,co € Ox. Then 


Ar(ao) > inf Ar(u) > Ar(a) > ev, 


“ u€xroxr 


Ay(bo) > inf A;(v) > A,(b) > ET, 


~~ veroxr 


Ar(co) < sup Ar(w) < Ap(c) < ér, 


WELOXL 
and so ag € U(Ar, €r), bo € U(Az, €7) and cy € L(Ap, er). Hence rox C U(Az, er), rox C U(Az, er) 


and xox C L(Ap,ér). Therefore U(Ar,ér), U(A;,¢;) and L(Ar,¢r) are reflexive hyper BCK-ideals 
of H. 














Lemma 3.24 ([15]). Every reflexive hyper BCK-ideal is a strong hyper BCK-ideal. 
We consider the converse of Theorem 3.23 by adding a condition. 


Theorem 3.25. Let A = (Ar, Ay, Ar) be a neutrosophic set in H satisfying the condition (3.14). If the 
nonempty sets U(Ar7,¢er), U(Ar,ér) and L(Ar, pr) are reflexive hyper BCK-ideals of H for all er, €7, 
er € [0,1], then A = (Ar, Az, Ap) is a reflexive neutrosophic hyper BCK-ideal of H. 
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Proof. If the nonempty sets U(Ar,ér), U(Ayz,¢€r) and L(Ar,ér) are reflexive hyper BCK-ideals of H, 
then by Lemma 3.24 they are strong hyper BCK-ideals of H. By Theorem 3.12 that A = (Ar, Ar, 
Arf) is a neutrosophic strong hyper BCK-ideal of H. Hence the condition (3.17) is valid. Let x,y € H. 
Then the sets U(Ar, Ar(y)), U(Ar, Ar(y)) and L(Ap, Ar(y)) are reflexive hyper BCk-ideals of H, and 
sozox C U(Ar,Arly)), cox C U(A;, Ar(y)) and coax C L(Ap, Ar(y)). Hence Ar(a) > Ar(y), 
Ay(b) > Ay(y) and Ar(c) < Ar(y) for all a,b,c € xox and so,Ar(xo x) > Ar(y), «Ar(x ox) > Az(y) 
and *Ap(zox) < Ap(y). Therefore A = (Ar, Ar, Ar) is a reflexive neutrosophic hyper BCK-ideal of 
Ay 














We provide conditions for a neutrosophic strong hyper BCK-ideal to be a reflexive neutrosophic 
hyper BCK-ideal. 


Theorem 3.26. Let A = (Ar, Ar, Ar) be a neutrosophic strong hyper BCK-ideal of H which satisfies 
the condition (3.14). Then A = (Ar, Ay, Apr) is a reflexive neutrosophic hyper BCk-ideal of H if and 
only if the following assertion is valid. 


xAr(x ox) > Ar(0) 
(Vx € H) | ,Ar(xox) > Az(0) ; (3.18) 
*Ar(xox) < Ap(0) 


Proof. It is clear that if A = (Ar, Ay, Ar) is a reflexive neutrosophic hyper BCK-ideal of H, then the 
condition (3.18) is valid. 

Conversely, assume that A = (Ar, A;, Ar) is a neutrosophic strong hyper BCK-ideal of H which 
satisfies the conditions (3.14) and (3.18). Then A7(0) > Ar(y), Ar(0) > Ar(y) and Ap(0) < Ap(y) for 
all y € H. Hence 


sAr(xox) > Ar(y), «Ar(vox) > Ar(y) and *Ap(xo x) < Ap(y). 
For any x,y € H, let 


ep = min {*Ar(z oy), Ar(y)}, 
ey := min {*A;(xoy), Ar(y)}, 
ep := max{,Apr(roy), Ar(y)}. 


Then U(Ar,er), U(Ar,€7) and L(Ar,ér) are strong hyper BCK-ideals of H by Theorem 3.11. Since 
A = (Ar, Az, Ar) satisfies the condition (3.14), there exist ao, bo, co € xO y such that 


Ar(ao) =*Ar(roy), Ar(bo) =*Ar(xzoy), Ar(co) =+Ar(x oy). 


Hence Ar(ao) > er, Ar(bo) > €; and Ar(co) < Ep, that is, ag € U(Ar,er), bo € U(Ar,er) and 
co € L(Ap,er). Hence (xo y)NU(Az, er) £4 0, (xno y) NU(A;z,€7) 4D and (roy)NL(Ap,er) 4 9. 
Since YE U(Ar,ér) al U(Az, €7) NM L(Apr, €p), by (2.9), LE U(Ar,ér) al U(Ay, €7) al L(Ap, €pr). Thus 


Ar(x) > er =min {*Ar(x oy), Ar(y)}, 
ey =min {*A;(xoy), Ar(y)}, 
ep = max{,Apr(roy), Ar(y)}. 
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Therefore A = (Ar, Ar, Ar) is a reflexive neutrosophic hyper BCK-ideal of H. 


4 














Conclusions 


We have introduced the notions of neutrosophic (strong, weak, s-weak) hyper BCK-ideal and reflexive 
neutrosophic hyper BCK-ideal. We have considered their relations and related properties. We have 
discussed characterizations of neutrosophic (weak) hyper BCK-ideal, and have given conditions for 
a neutrosophic set to be a (reflexive) neutrosophic hyper BCK-ideal and a neutrosophic strong hyper 
BCk-ideal. We have provided conditions for a neutrosophic weak hyper BCK-ideal to be a neutrosophic 
s-weak hyper BCK-ideal, and have provided conditions for a neutrosophic strong hyper BCK-ideal to 
be a reflexive neutrosophic hyper BCK-ideal. 
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Abstract. Neutrosophic cognitive maps and their application in decision-making have become an important subject for 
researchers and practitioners. Especially, PESTEL analysis based on neutrosophic cognitive maps is a useful method, which 
permits to analyse specific topics statically. In the present paper strategies for the external factors that contribute to the 
identification of agricultural contexts in the South-Eastern plain of the province of Pinar del Rio, Cuba are studied based on 
PESTEL analysis and neutrosophic cognitive maps. Here, PEST analysis incorporates Ecological and Legal factors and their 
characteristics. This study aims to determine which factors affect the agricultural sustainability of the South - Eastern plain of 
the province of Pinar del Rio. The main contribution of the present paper is that it was identified quantitatively the factors that 
affect the agricultural sustainability, they are, the technological, political and economic ones. 


Keywords: PESTEL analysis, Neutrosophy theory, cognitive maps, agricultural sustainability. 


1 Introduction 


The term sustainable, lasting or sustainable development applies to socio-economic development. It was for- 
malized for the first time in the so-called document Brundtland Report in 1987, as the result of the work of the 
World Commission on Environment and Development of the United Nations, created in the United Nations As- 
sembly in 1983. This definition assumes the Principle of 3" Rio Declaration of 1992, according the needs of the 
present without compromising the ability of future generations to meet their own needs. 

The scope of the development conceptually sustainable is divided into three parts, viz., environmental, eco- 
nomic and social. The social aspect is defined as the relationship that exists among social welfare, environment 
and the economic bonanza. 

Based on the aforementioned conceptualization, it is noteworthy that agricultural sustainability in Cuba, as a 
small island and as a developing state, presents a high degree of vulnerability to the impacts of global 
environmental problems. In particular climate change, which they are intensely reflected through ecological, 
environmental, legal and industrial factors of the key sectors of the economy, such as agriculture, tourism, 
construction, transport and fishing, substantially affecting their objective of achieving real sustainable 
development, see [1]. 

The South-Eastern plain of the province of Pinar del Rio in Cuba has a livestock production, which is one of 
the most important agricultural branches, for its role in human nutrition. It is referred in [1] that the flat relief is 
favorable for agricultural sustainability since the climate in this area of study is favorable for the forage plants 
growth, which guarantees the feeding of livestock. 

Similarly, other papers of the aforementioned author refer to the agricultural production in the Southern-East 
plains of the province of Pinar del Rio. Aridity and other adverse factors affect this territory, increasing the 
unfavourable effects on soils, and causing the accelerated loss of agro-productivity. 

Some of these adverse effects are, the groundwater contamination because of saline wedges penetrations, the 
lower availability of water resources for irrigation due to the recurrence and extension of droughts, the loss of 
crops due to the appearance of pests and diseases, the decrease in yields due to the rise in temperature and the 
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losses due to the occurrence of extreme hydro-meteorological phenomena. 

Moreover, let us note that Cuban agriculture is a source of significant direct and indirect revenues to the 
economy in terms of convertible currencies. These are products containing a recognized quality, which are 
exportable funds or essential attractions for the tourism and the domestic foreign exchange market. 

Among the main products that contribute to the existence of sustainable agriculture in Cuba are, coffee, cocoa, 
citrus, sugar cane, rum and honey. All of them are affected by the impacts caused by climate change, in one way 
or another. 

Based on the aforementioned elements and the analysis of the effects produced by the adverse factors that 
affect the sustainable agricultural development in the area of study, PESTEL analysis is applied. 

The PESTEL analysis is a strategic analysis technique to determine the external environment that affects the 
following factors, namely, Political, Economic, Socio-cultural, Technological, Ecological and Legal. This analysis 
consists in determining the social forces that affect the microenvironment, i.e., to analyze all those general factors 
(nationals and internationals) that determine the framework in which the institutions of a given region act and that 
affect their specific environment: sector, market, customers, competition, suppliers, among others. 

PESTEL analysis, as it is reported in [2], is a technique for analyzing business that permits and determines the 
context in which it moves, in turn, enables the design of strategies to defend themselves, take advantage or adapt 
to anything that affects the sector or market. The categories contemplated by this analysis are the following: 

* — Political factors 

* Economic factors 

¢  Socio-cultural factors 

* Technological Factors 

* — Ecological factors 

¢ Legislative factors 

In this analysis, it is necessary to differentiate two levels of the environment; general and specific. In our case 
of study, the general environment refers to the external environment surrounding agricultural sustainability in the 
South-Eastern plain of the province of Pinar del Rio, from a generic perspective. This analysis is realized in two 
ways. Firstly, the macroeconomic figures of the environment are detailed, as well as the evolution of the 
agricultural sector, to put it in a context that serves as a starting point, and secondly, the sector has been analyzed 
using the PESTEL model. 

The analysis with the PESTEL model, according to [3], has gained ground in the literature in recent years. The 
aforementioned author reports that the term PESTEL was used for the first time by the authors Johnson and Scholes 
in their book "Exploring Corporate Strategy“, in the sixth edition of the year 2002, without claiming the invention 
of the acronym PESTEL. For our case of study, the PESTEL model integrates the factors shown in Figure 1. 





_ - 5 Economic 
af 

a g 

ee 


Figure 1. Factors that integrate PESTEL analysis and which affect the agricultural sustainability of the South-Eastern plain of the province of 
Pinar del Rio. 


A group of environmental factors, according to [4], using the PESTEL model and specified in Figure 1, are 
determined to identify the variables that have major incidence on the agricultural sustainability of the South- 
Eastern of the province of Pinar del Rio. 

Neutrosophy theory was proposed by Florentin Smarandache, for the treatment of neutralities. It generalizes 
crisp and fuzzy set theories, among others, introducing for the first time new concepts like neutrosophic sets and 
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neutrosophic logic [5]. 

Neutrosophic PESTEL analysis, which combines PESTEL analysis with Neutrosophic Cognitive Maps has 
been previously applied by other authors, see [6] where it was used to determine the factors that affect Food 
Industry. However, the problem we study in this research is particularly complex, because these six aspects are 
interrelated each other, in such a way that does not make sense to study only one of them independently of the 
other ones, and all the population is concerned. 

Therefore, our main motivation is to propose strategies to solve this complex problem, which is a universal 
one. Additionally, we intend to demonstrate that neutrosophic PESTEL can be applied to solve problems of such 
magnitude. These are our aims to write this paper. 

Neutrosophy is a useful theory that is increasing the number of its applications in many fields. In this case, the 
inclusion of this theory enriches the possibilities of PESTEL analysis, mainly because of two issues, firstly, the 
addition of the notion of indeterminacy and secondly the possibility to calculate using linguistic terms. 

In the present study, PESTEL analysis using neutrosophic cognitive maps facilitates greater interpretability of 
the obtained results and contributes to the correlation between the characteristics of the factors of study. The 
analysis of the characteristics of each factor in PESTEL model eases to obtain the most important of them that 
influences in a greater agricultural sustainability of the South-Eastern plain of the province of Pinar del Rio. 

Furthermore, neutrosophy theory has significantly enhance crisp techniques, tools and methods. For instance, 
it has been successfully used in conjoint with methods like TOPSIS, VIKOR, ANP and DEMATEL, see [7-9]. 

The present paper is divided as follows, Section 2 of Materials and Methods summarizes the basic concepts 
necessaries to achieve the solution of this problem. Section 3 of Results exposes the application of Neutrosophic 
PESTEL in the solution of the case of agricultural sustainability in the Province of Pinar del Rio, Cuba. Finally, 
conclusions are drawn. 


2 Materials and methods 


In the present study, PESTEL analysis with neutrosophic cognitive maps are applied to determine the factors 
that affect the agricultural sustainability of the South-Eastern plain of the province of Pinar del Rio. This is based 
on a descriptive methodology with a quantitative method. The result was achieved by using the descriptive meth- 
odology, which demonstrates that it is feasible to define the characteristics of the factors that intervene in the 
PESTEL model related to agricultural sustainability of the South-Eastern plain of the province of Pinar del Rio, 
Cuba. 

Firstly, let us formally expose the original definition of neutrosophic logic as it is shown in [10]. 

Definition 1. Let N = {(T, L, F): T, I, Fe [0,1]} be a neutrosophic set of evaluation. v:P—N is a mapping of a 
group of propositional formulas into N, i.e., each sentence pe P is associated to a value in N, as it is exposed in 
the Equation 1, meaning that p is T% true, 1% indeterminate and F% false. 

v(p) = (7,LF) (1) 

Hence, the neutrosophic logic is a generalization of fuzzy logic, based on the concept of neutrosophy according 
to [5, 11]. 

Definition 2. (See [12-13]) Let K be the ring of real numbers. The ring generated by KUI is called a 
neutrosophic ring if it involves the indeterminacy factor in it, where I satisfies I? = I, I+I = 21 and in general, 
I+I+...41 = nl, if keK, then k.I = kI, OI = 0. The neutrosophic ring is denoted by K(I), which is generated by KUI, 
i.e., KI) = <KUI>, where <KUI> denotes the ring generated by K and I. 

Definition 3. A neutrosophic matrix is a matrix A = [aij] i =1, 2, ..., m andj = 1, 2, ...,n; m, n21, such that 
each ajj¢K(1), where K(I) is a neutrosophic ring, see [14]. 

Let us observe that an element of the matrix can have the form a+blI, where a and b are real numbers, whereas 
I is the indeterminacy factor. The usual operations of neutrosophic matrices can be extended from the classical 
matrix operations. 


For example ce: ; 2) ; i : See. 271 oe) 
PEM Sa 2 47 65 —284+1 49413] 35+617 


Additionally, a neutrosophic graph is a graph that has at least one indeterminate edge or one indeterminate 
node [15]. The neutrosophic adjacency matrix is an extension of the adjacency matrix in classical graph theory. aij 
= 0 means nodes i and j are not connected, aj = 1 means that these nodes are connected and aj = I means the 
connection is indeterminate (unknown if it is or if not). Fuzzy set theory does not use such notions. 

On the other hand, if the indetermination is introduced in a cognitive map as it is referred in [16], then this 
cognitive map is called a neutrosophic cognitive map, which is especially useful in the representation of causal 
knowledge [5, 17]. It is formally defined in Definition 4. 
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Definition 4. A Neutrosophic Cognitive Map (NCM) is a neutrosophic directed graph with concepts like pol- 
icies, events, among others, as nodes and causalities or indeterminates as edges. It represents the causal relationship 
between concepts. 

Neutrosophic Cognitive Maps are used in this paper, according to the proposed objective to include an inde- 
terminate framework in the PESTEL analysis. The proposed framework is shown in Figure 2. 


Start 
a 
Identification of the factors and factors 
sub for the PESTEL analysis 


¥ 


Comparison of the importance of each factor 


a 


Modulation of the influence that practices each factor 


¥ 


Obtaining of the matrix that represents the factors of 
incidence in our case of study 


¥ 


Global of the correct weight vector 


i 


| Stop 








Figure 2. Framework to obtain the characteristics analyzed in each factor of the PESTEL model based on neutrosophic cognitive maps. 


Neutrosophic cognitive maps are a generalization of fuzzy cognitive maps. Fuzzy cognitive maps are 
introduced by Axelrod, see [18], where nodes represent concepts or variables in a particular area of study and arcs 
indicate either positive or negative influences, and which are considered like causal relationships. They have been 
applied in various areas, especially in supporting decision making and in the analysis of complex systems as it is 
referred in [19]. Static analysis in a cognitive neutrosophic map focuses on the selection of the most important 
concepts, characteristics or factors in the modeled system [20]. 

The framework proposed in Figure 2 guides the process to obtain the characteristics of each analyzed factor, 
for agricultural sustainability in the South-Eastern plain of the province of Pinar del Rio, with the PESTEL model. 
Integrated structure factors corresponding to an analysis of PESTEL and characteristics are modeled using neutro- 
sophic cognitive maps, which contributes to obtain quantitative analysis of the characteristics that correspond to 
factor analysis. 

The measures described below are used in the proposed model, they are based on the absolute values of the 
adjacency matrix [21]: 

e Outdegree (vi) is the sum of the row elements in the neutrosophic adjacency matrix. It reflects the strength of 
the outgoing relationships (cij) of the variable. 


od(v;) = Lins Ci (2) 
e =Indegree (vi) is the sum of the column elements. It reflects the strength of relations (ci) outgoing from the 
variable. 
id(¥;) = Mins Gi (3) 
e = Total centrality (total degree td (vi)), is the sum of the indegree and the outdegree of the variable. 
td(v,) = od(v,) + id(v,) (4) 


The static analysis is applied using the adjacency matrix, taking into consideration the absolute value of the 
weights [20]. Static analysis in Neutrosophic Cognitive Maps (NCM), see [22], initially contains the neutrosophic 
number of the form (a + bI, where I = indetermination) [23]. It requires a process of de-neutrosiphication as 
proposed in [21] by Salmeron and Smarandache, where I € [0, 1] and it is replaced by their values maximum and 
minimum. 

Finally, we work with the average of the extreme values, which is calculated using Equation 5, which is useful 
to obtain a single value as it is referred in [24]. This value contributes to the identification of the characteristics to 
be attended, according to the factors obtained with the PESTEL model, for our case study. 
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A([ay,a2]) = SS (5) 
Then, 

A>Bo es we (6) 

3 Results 


Figure 3 shows the factors and characteristics of the PESTEL model obtained for the analysis of agricultural 
sustainability in the South-Eastern plain of the province of Pinar del Rio. 


PEST 
Agricultural Sustainability 





FE 


Figure 3. PESTEL hierarchical model for the analysis of Agricultural Sustainability in the South-Eastern Plain of Pinar del Rio. 


After obtaining the characteristics corresponding to the PESTEL model factors, we analyzed them keeping in 
mind that the PESTEL model is a strategic analysis technique to define the context of a determined area about the 
analysis of external factors, as it is referred in [25]. It is noteworthy that the PESTEL analysis incorporates the 
ecological and legal factors into the PEST analysis so that in the present investigation a PEST analysis was previ- 
ously applied. Thus, the factors analyzed by using the PEST technique according to [26] are the following: 

e Political factors: The first element of PEST Analysis is that we must make a study of political factors. In 
this sense, for our case of study, the political factors to evaluate are related to the impact of any political or 
legislative change that may affect agricultural sustainability in the South-Eastern plain of the province of 
Pinar del Rio. 

e Economic factors: Political factors do not operate independently, and public policy decisions have economic 
implications. All companies are affected by economic factors of national, international or global order. Be- 
havioural, purchasing power is related to the stage of boom, recession, stagnation or recovery throughout 
which an economy growth. Economic factors affect the purchasing power of resources necessary for agricul- 
tural sustainability and the cost of capital for the company responsible for maintaining agricultural sustaina- 
bility. 

e =©Social factors: Agricultural sustainability focuses on the forces that act in the society and affect attitudes, 
interests and opinions of those who are influenced by decision-making. In reference [27] it is assured that 
social factors vary and include aspects as diverse as demography changes. 

e «Technological factor: it is another one of the factors to be taken into account, since technology is a driving 
force that contributes to an improvement in quality, it reduces entrance barriers. 

After factors of the macro environment were defined with the aid of PEST technique, we defined the external 
factors that affect the agricultural sustainability in the South-Eastern plain, again by using the PESTEL model. 
Factors that are obtained with the purpose of defining this environment to measure the agricultural sustainability 
of this region and discussed according to [18], are the following: 

1. Ecological factors 

2. Legal factors 

In the present study, the analyzed ecological factors correspond to the characteristics related to the protection 
of the environment and climate change. On the other hand, and with regard to legal factors, the characteristics 
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related to environmental licenses and the protection and regulation of the agricultural sector in the study area are 
analyzed. 

In [28] it is pointed out that the obtained results with the PEST and PESTEL analysis, in particular, for each 
characteristic representing the factors under study, are presented in form of linguistic terms, therefore, in order to 
obtain a greater interpretability, a linguistic treatment is necessary to be able to quantify them. For this reason, in 
the present study, neutrosophic cognitive maps are used, as a tool for modeling the characteristics that are related 
to the factors that affect the agricultural development of this region. 





Figure4. Neutrosophic cognitive map. Source: [29] 


Essentially, to perform static analysis on a NCM should follow the steps shown in Figure 5. 


Calculate De- 


neutrosiphication 


centrality Classifying nodes 
measures 


Ranking nodes 





Figure 5. Steps to follow for static analysis in a neutrosophical cognitive map. Source: [29] 


For the evaluation of the PESTEL factors with a neutrosophic cognitive map, the factors obtained with the 
PESTEL technique and the characteristics related to each factor that was represented in a hierarchical way in 
Figure 3 are taken into account. The MCN, for our case study, is developed through the capture of knowledge. The 
neutrosophic adjacency matrix generated is shown in Table 1. 
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Table 1. Neutrosophic adjacency matrix. 
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The measures of centrality are calculated using the Outdegree measures and Indegree, using Equations 2 and 


3, the results are shown in Table 2. 








Node Id Od 

P, 0.4 0.3 
P2 I 0.25 
EC, 0 0.2 
EC, 1.05 0.3 
Si I 0.7+1 
S2 0 I 
Ti 0.55 0.2 
To 0.3 0.35 
EL; = 0.25 0 
EL, 0.30 0 
Li 0 0.30 
Ly 0 0.20 





Table 2. Measures of centrality, outdegree, indegree. 


Once the measures of centrality were calculated, the nodes of the neutrosophic cognitive map were classified. 
This classification is shown in Table 3. 








Node transmitter Receivingnode Ordinary 

P; x 
Po Xx 
EC; x 
EC, xX 

Si x 
S2 xX 

Ti x 
To x 
EL; x 
EL» x 
Li Xx 
lo x 





Table 3. Classification of the nodes. 


According to the results shown in Table 3, E2 and S2 are receiving nodes. The rest of them are ordinary. 


The total centrality (total degree td (vi)), is calculated using Equation 4, the results for our case of study are 
shown in Table 4. 








td 
Pi 0.7 
P2 0.25 +I 
EC; 0.2 
EC, 1.35 
Si 0.7 + 21 
S2 I 
Ti 0.75 
T2 0.65 
EL, 0.25 
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EL, 0.30 
Li 0.30 
Ly 0.20 





Table 4. Total, centrality. 


Next, the process of des-neutrosophication is applied as it is referred by Salmeron and Smarandache in [30]. I 
€ [0,1] is replaced by values maximum and minimum. The Interval values are displayed in Table 5. 








td 
P, 0.7 
P2 [0.25, 1.25] 
EC; 0.2 
EC. 1.35 
Si [0.7, 2.7] 
So [0, 1] 
Ti 0.75 
To 0.65 
EL; 1.25 
EL, 1.30 
Li 1.30 
Lz 1.20 





Table 5. Total, des - neutrosophication of the values of total centrality. 


Based on Equation 5, the mean of the extreme values are obtained to analyze the characteristics to be attended 
according to the factors obtained with the PESTEL technique in the present study. The results are shown in Table 
6. 

We conclude the factors that address the sustainability of the agricultural sector in the province of Pinar del 
Rio are the technological, political and economic factors. The measurements of the central position of the obtained 
factors with the PESTEL technique and analyzed according to the use of the neutrosophic cognitive maps are 
shown in Figure 6. 

Then, the priorities can be ordered as follows: 

S, > EC, > EL2 ~ Ly > EL, > Lz > Pp ~ T, > P, > Tp > Sz > EC. 








Td 
P, 0.7 
P2 0.75 
EC; 0.2 
EC? 1.35 
Si 1.7 
S2 0.5 
Ti 0.75 
To 0.65 
EL; 1.25 
EL, 1.30 
Li 1.30 
Ly 1.20 





Table 6. Median of the extremes values. 
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PIE CHART OF THE NEUTROSOPHIC PESTEL ANALYSIS BY FACTORS 


Political factor (12%) 


Legal factor (22%) 


Economic factor (13%) 


Ecological factor (22%) 


Social factor (19%) 


Technological factor (12%) 





Figure 6. Values of central position for factors. 


Conclusions 


In the present study a characterization of the agricultural sustainability of the South - Eastern plain of the 
province of Pinar del Rio, Cuba, is made. The PESTEL technique is used, contributing to environmental analysis, 
identifying key factors that have significant impact on the agricultural sector. 

The most influential characteristics for the region and the agricultural sustainability of each identified factor 
are described. 

The characteristics were modeled using neutrosophic cognitive maps, taking into account the 
interdependencies between the characteristics and the factors identified with the PESTEL technique, from which 
a quantitative analysis was applied, based on the static analysis provided by the use of neutrosophic cognitive 
maps. 

It is shown that in order to achieve agricultural sustainability, technological, political and economic factors 
must be addressed. This result is the main contribution of this paper. Nevertheless, other contribution is that it was 
demonstrated that Neutrosophic PESTEL can be applied to the solution of complex problems like it is. 

A future direction of this study is to assess the impact of the technological, political and economic measures 
that should be applied to reverse this negative situation. 
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Abstract Recently, Neutrosophy theory and its application in decision-making has became in a significant issue for the scientific 
community. In this paper, an extension of the PESTEL (Political, Economic, Social, Technological, Ecological and Legal) tech- 
nique adapted to the neutrosophic environment is proposed for decision making in management. The proposal is specially tailored 
for the dynamic analysis of the different factors in an uncertain environment. The framework developed for the extension of the 
PESTEL technique to the neutrosophic environment is compound for six fundamental activities. A system of recommendation 
is designed for practical purposes. A case study is developed for the use of the neutrosophic PESTEL to show the applicability 
of the technique. The paper ends with conclusions and recommendations for future work. 


Keywords: PESTEL, business management, neutrosophy theory, decision making. 


1 Introduction 


The start-up of a company or a new business unit requires detailed knowledge of the context in which it is 
going to develop. There exist numerous external factors that will condition its operation, hence the analysis of the 
environment is the key to know future trends and define in advance the business strategy to follow. A useful tool 
to achieve this goal is the PESTEL (Political, Economic, Social, Technological, Ecological and Legal) technique, 
which allows a detailed investigation of the issues that most influence in the development of business activity or 
project that it is needed to promote. 

This tool allows forecasting future trends in the short and medium term, offering to the organization a wide 
range of action and improving its ability to adapt to the changes that are anticipated. It also provides objective 
criteria to define the strategic position and provides information to take advantage of the opportunities that arise 
in certain markets. This is achieved through the description of variables that provide arguments about the behavior 
of the environment in the future. 

PESTEL technique is useful to perform a strategic analysis to define the external environment of a company, 
as it is referred in [1-4], due to the advantages that this method provides, since it constitutes a research guide of 
the context surrounding the company. Among the advantages that most stand out are the following: 

e It adapts to each case. There exist factors that can be included within others. For example, the legislature 
can be easily integrated into the political and industry can be included in economics. The ecological factor 
can also be easily included in social one. That depends on the area in which the activity of the company 
takes place and the peculiarities of its sector. 

e It helps to make decisions. This is because it permits to know about the market and the factors that 
produce no growth or decline, their potential and attractiveness, the simple identification and control of 
the present risks which in turn can be potentially determined, and finally, about the convenience or not to 
enter on it. Therefore, it is useful when it is applied in internationalization processes. 

e It has a proactive approach. It allows anticipating changes and glimpsing future trends in such a way 
that the organization will go one-step ahead and shall not have to suddenly react to the new market 
characteristics. In addition, it facilitates planning and minimizes the impact of adverse scenarios. 

e It is of broad application. Whether it is to make decisions about the foundation of a new company, the 
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opening of an office in a foreign country or region, the redefinition of the brand, a possible acquisition or 
the association with partners, in every of these situations PESTEL analysis allows knowing in detail the 
trends that will mark the future of the market. 

The aforementioned author refers that PESTEL factors serve to know the tendencies and redesign the business 
strategy. The variables that integrate these factors are the following: 

e Political variables: These are the governmental aspects that directly affect the company. This variable 
involves tax policies or business incentives in certain sectors, employment regulations, the promotion of 
foreign trade, government stability, the government system, international treaties or the existence of 
conflicts of any kind, like internal, current external or future ones. In addition, it is related to the way in 
which the different local, regional and national administrations are organized. The projects of the major 
parties on the company are also included in this section. 

e Economic variables: This variable is useful for analyzing macroeconomic data, the evolution of Gross 
National Product (GNP), interest rates, inflation, the unemployment rate, the level of income, exchange 
rates, access to resources, the level of development and economic cycles. Current and future economic 
scenarios and economic policies should also be investigated. 

e Social variables: In this variable, the relevant factors are demographic evolution, social mobility and 
changes in lifestyle. Additionally, the educational level and other cultural patterns, religion, beliefs, gender 
roles, tastes, fashions and consumption habits of society should be included. In short, it contains the social 
trends that may affect the business project. 

e Technological variables: This variable is somewhat more complex to analyze because of the accelerated 
changes in this area. It is necessary to know the public investment in research and the promotion of 
technological development, the penetration of technology, the degree of obsolescence, the level of 
coverage, the digital division, funds destined to Research and Development (R&D), as well as the trends 
in the use of new technologies. 

e Ecological variables: This variable analyses factors related to the conservation of the environment, 
environmental legislation, climate change and variations in temperatures, natural risks, levels of recycling, 
energy regulation and possible regulatory changes in this area. 

e Legal variables: This variable concerns all the legislation that has a direct relationship with the project, 
the information about licenses, labor legislation, intellectual property, sanitary laws, the regulated sectors, 
among others. 

The decision-making process has been a central issue in the study and the configurations of organizational 
structures. This structure determines the definition of the organizational units, their objectives, functions, charges, 
and associated tasks, as well as the levels of authority-subordination, and consequently, the system of formal 
relations, see [5]. 

According to [5], in order to support decision-making in business management, it is necessary to define 
variables, which identify the most important aspects that are included in the business environment and that affect 
the future business environment, as well as those variables that identify factors less decisive and irrelevant to the 
operation of a business, business unit or project. For this purpose, it is recommended to start the analysis by the 
most general factors and finish with those that are more specific or characteristic of the company. 

Once the factors of greater and less importance are obtained, it is possible to carry out a comparative analysis, 
assigning a qualification to each factor. This assignment facilitates the study of several characteristics that 
contribute to the knowledge of the environment, in particular, to know which is the most favorable or suitable 
environment for the purposes of the company. The weight assigned to each variable depends on the type of business, 
environment, among others. 

These studies are often carried out using the PESTEL technique, which is an accessible tool, easy to apply and 
widely used by companies in different sectors and of different sizes. According to [1], PESTEL serves to evaluate 
the main external factors that influence a project or business. This technique facilitates the support for making 
early decisions because it guides the direction of the company towards future scenarios in order to determine the 
development of the activity. The results obtained by using the PESTEL technique are expressed qualitatively, 
whose results require to be treated for the solution of indeterminate problems that are obtained when applying 
PESTEL. 

To solve the aforementioned drawback, it is proposed to translate the technique of PESTEL to the neutrosophic 
field. Neutrosophy is a branch of science that brings significant results when there exist problems containing 
indeterminacy. One example of the presence of indeterminacy in real life situations can be encountered when 
analysing the factors to consider for business management. 

In business management area, neutrosophy theory is useful to include for obtaining greater data interpretability. 
It is a tool for supporting decision making, taking advantage of opposing positions as well as the neutral or 
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ambiguous ones. Assuming that every idea <A> tends to be neutralized, diminished, balanced by ideas, in clear 
rupture with the binary doctrines for explaining or understanding the phenomena [6]. Neutrosophy theory has been 
successfully hybridized with other decision-making techniques and methods like, with DEMATEL method, see 
[7], VIKOR and ANP, [8], and TOPSIS technique, [9]. 

Based on the aforementioned ideas, in the present study we propose the combination of PESTEL with the 
neutrosophic recommendation models, to make this combination a neutrosophic PESTEL technique, capable of 
supporting decision-making, providing a set of options in order to satisfy the business environments expectations 
[10]. Essentially the proposal is related to a recommendation model based on the knowledge obtained by applying 
the PESTEL technique. 

The proposed model includes Single-Valued Neutrosophic Numbers (SVNN), which facilitates the use of 
linguistic terms [11]. PESTEL analysis based on a recommendation model takes into account the analysis of the 
factors, in order to support decision making for obtaining efficient business management. The neutrosophic 
PESTEL technique, which is proposed in the present work, has the possibility of treating the interdependence 
between the analyzed factors, feedback and treats the uncertainty. 

Summarizing, in this paper a neutrosophic PESTEL analysis is designed with the purpose to be applied in 
business management. This model is the basis of a proposed system of recommendation, where the PESTEL 
analysis provides the knowledge, which is stored in a database. The data in dataset are represented in form of 
linguistic terms, and the calculi are made by using SVNNs. To illustrate the applicability of the model we utilize 
an actual example. 


2 Preliminary 


In this section, a brief review of the PESTEL technique and the interdependence of its factors are provided. 
Then we summarize those neutrosophic foundations that are able to adapt PESTEL technique to neutrosophy. 


2.1 PESTEL Analysis 


PESTEL analysis is applied to aid and consider subjects like, namely, political, economic, social, 
technological, legal and environmental. It is a tool of interest to understand the increase or decline of some specific 
market and consequently, the position, potential and direction of a business. PESTEL works as a frame to analyze 
such situations, or either to revise the strategy. In others words, PESTEL measures market potentialities and actual 
situation. It allows us to understand, present, discuss and take decisions about external factors. The aspects to 
measure PESTEL are displayed in Figure 1. 





To establish 
the criteria fr 
To analyze the decision. 
problem and making 
To define the the 
mahing, 
problem 


Figure 1. Pyramid PESTEL factors. 


A recommendation model based on the knowledge acquired from the application of PESTEL analysis, has an 
integrated structure among the factors, it is modeled by a neutrosophic recommendation model and the quantita- 
tive analysis is developed from a static analysis that allows to classify and reduce the number of analysed factors. 


2.2 Neutrosophic PESTEL and recommendation models based on knowledge, to support 
decision-making 
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Decision-making has been historically studied using multiple disciplines from classical ones such as philoso- 
phy, statistics, mathematics, and economics, to the most recent ones such as Artificial Intelligence [12, 13]. The 
developed theories and models point to rational support for making complex decisions [12]. The process for solv- 
ing a decision-making problem according to [14] is shown in Figure 2. 





Figure 2. Phases for the solution of a decision-making problem ([14]). 


Knowledge-based recommendation models provide suggestions by making inferences about the desired needs 
and preferences [15, 16]. The knowledge-based approach is distinguished because knowledge is used about how 
a particular object can satisfy the desired needs. Therefore, the knowledge-based recommendation models have 
the capacity to reason about the relationship between one need and the possible recommendation that is provided. 

From the mathematical point of view, the proposed recommendation model is distinguished by X, which is 
called the universe of study. A set of unique Single-Valued Neutrosophic Set (SVNS) A on X, is an object that 
satisfies the formula given in Equation 1. 


A = {(x,Ta(X), lax), Fax): x € X} (1) 


Where, Ty:X — [0,1], 14:X — [0,1] and F,:X — [0,1] satisfy 0 < T,(x) + I4(x) + F,(x) < 3, for every 
x €A. T,(x), I4(x) and F,(x) represent the truth-membership, indeterminate-membership and false-membership 
of xin A. A Single-Valued Neutrosophic Number (SVNN) is expressed as: = (T, I, F), where T, I, F € [0,1], and 
OS T+1I+F 83. 

The models of recommendation based on sideways constructions are structures of knowledge which learn 


either by themselves or by processes of inference. Thus, they can be enriched with the use of natural language 
expressions [17, 18]. 


3 Proposed Framework 


The proposed framework to support decision making in business management using the PESTEL technique, 
with a neutrosophic environment consists of four fundamental phases, they are graphically shown in Figure 3. This 
framework is based on [17, 19], for knowledge-based recommendation systems allowing the representation of 
linguistic terms and indetermination in form of SVNNs. 
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Figure 3. Proposed model for the PESTEL analysis. 


3.1 Creation of the Database with the profiles that represent the factors of PESTEL 


Each of the PESTEL factors are represented by ai, which are described by a set of characteristics that will 
make up the profile of the factors. They are mathematically expressed by the set C = {Cy, ..., Cx, «+, Cy}. 

In order to obtain the PESTEL factors database, the profile of each PESTEL factor is obtained by SVNNs [20, 
21). 

Let A* = {Aj, A3,---, Aj,} be a vector of SVNNs, such that Aj = (a;, b;, c7), for j= 1, 2, ..., n. Additionally, 
let B; = (Bi, Biz, ++, Bim), i= 1, 2, ..., m, be m vectors of n SVNNs, where Bj; = (a;;, bij, Ci). i=1,2,...,m 
and j = 1, 2,...,n. Then, the Euclidean distance between A* and B; is defined in Equation 2, see [20]. 


1 
2 2 2)\2 

d; => (Zm2, {(ai _ aj) + (b,j = b;) + (ci _ c) \y (2) 

Where i= 1, 2,..., m. 

The Euclidean distance calculated with Equation 2 defines a measure of similarity, according to it is referred 
in [21]. 

The measure of similarity varies in correspondence with the alternative Aj. Closer is A* to the profile that rep- 
resents the PESTEL factors, greater is the measure of similarity (s;), favouring the establishment of an order be- 
tween alternatives [23]. The profile that represents the PESTEL factors can be obtained directly from experts’ 
criterion. The formula of s; is given in Equation 3. 


sj =1-d; (3) 
The evaluation of the PESTEL characteristics of the factors aj, are expressed using a linguistic scale S, 
Where S = {5}, ..., Se} is the set of linguistic terms defined to assess the corresponding characteristics of each 


PESTEL factor, cx, which is evaluated by using the SVNNs. For this end, the linguistic terms to employ are de- 
fined. Once the factors are described, they are included in the previously created database, like A = 
{a,, a rae af 

The system outputs a recommendation about the best factors for either maintain or improve the current mar- 
ket situation. The recommendation is obtained from previous experiences and strategies of the company in this 
situation, which were stored in the database. 


3.2 Obtaining profiles by PESTEL factors 


In this phase we obtain the company information related to the PESTEL factors, these preferences are profiles 
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that are stored in the database, mathematically they are expressed as shown in Equation 4. 
Po = {Diy 0) Die +» Pt} (4) 
Where Py € S. 


The profiles of the obtained PESTEL factors, which have been analyzed according to the preferences of the 
company are integrated by a set of attributes as shown in Equation 5. 
CH ACl rie ahr} (5) 


Where cy € S. 


3.3. Filtering of the PESTEL factors 


In this phase, the PESTEL factors are filtered according to the profile of each obtained factor, in order to find 
out what PESTEL factors need to be addressed for supporting decision making in a company. For this purpose, 
the similarity between the profiles of each PESTEL factor, P, and the characteristics corresponding to each PES- 
TEL factor, aj, previously registered in the Database, was calculated. Equation 6 is used to calculate the total 
similarity. 

Fy, = (Whig Vi pss Oy} (6) 

j=l1,2,...,m, vg €S. 

The function s; calculates the similarity between the values of the user profile attributes and that of the prod- 
ucts, aj, according to [24]. 


3.4. Execute recommendations of the factors of PESTEL attend for the decision making 
support 


The similarity between the profile of the PESTEL factors of the Database and each one of the characteristics 
corresponding to each PESTEL factor is calculated, see [25], these are ordered according to the obtained similarity, 
which is represented by the similarity vector denoted by D = (d,,d,...,dy). 

The best results are those that best meet the needs of the profile of the PESTEL factors determined in a com- 
pany to support decision-making. The system outputs the factors with the best performance. 

As a kind of discussion it is noteworthy to remark that our research contribution is the design of a system of 
recommendation based on PESTEL analysis for business management, as well as the extension of this technique 
to the framework of neutrosophy theory. 

This approach has the advantage that decision makers can interact with the system using linguistic terms. 
Furthermore, the system can be coded to create a Decision Support System, which shall be useful for decision 
makers. 

Nevertheless, we have to acknowledge that we could encounter difficulties that managers accept to apply these 
results in their companies, which is the main objective of our work and this is the way to validate the results. To 
overcome this difficult we should design strategies to introduce this techniques in real life. 


4 Case study 


In the present paper, we use a model of companies with specialized treatment in Cuba as the case study. These 
companies are not totally financed by the Cuban State, therefore, they aims to be self-financed in most of the 
economic aspects. 

The aspects of PESTEL study are reflected in Figure 4 
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Figure 4. Feature to attend related to the PESTEL factors for business management. 


According to Figure 4, specialists considered that one characteristic per factor are sufficient to determine the 
factors that are adequate and those that decision makers have to improve. These characteristics are the following: 
C,: Subsidies or grants, which are indicators of how the Cuban State politically supports these enterprises. 

C2: Level of inflation, which is an important economic indicator mainly for a company that sell products and 
the management success depends on fair prices. 

C3: Changes of the population level, which is the social factor that indicates the potential users constitute a 
good market for the products sold by these companies. 

C4: Incorporation of Information and Communication Technologies (ICTs), it is an important factor, because 
efficiency is consequence of the well use of ICTs. 

Cs: Climate change, because ecology is a state policy of the Cuban government, taking into account that 
these are enterprises partially supported by the Cuban State. On the other side, Cuba is affected by natural disas- 
ters, mainly, hurricanes. 

Ce: Protection and regulation of the sector, is a factor that guarantees that the rights of the enterprises shall be 
respected, and enterprises shall fulfil with their legal duties and obligations. 

For this case study, we count on a database that contains all the factors profiles and their characteristics re- 
lated to the analysis carried out with the PESTEL technique. These profiles are represented by a vector of shape 
A = {a1, Az, A3, Ay, As, Ag}. 

Where, a; corresponds to the Political Factor, a2 to the Economic Factor, a3 to the Social Factor, a4 to the 
Technological Factor, as to the Ecological Factor and ag to the Legal Factor. 

The vector that describes the profiles of the PESTEL factors and their characteristics related to the realized 
analysis, in our case study are represented in form of neutrosophic attributes. Then, the characteristic corre- 
sponding to each factor of each PESTEL of neutrosophic attributes are measured using linguistic scales, which 
are shown in Table 1. 








Linguistic term SVNN 
Extremely good (EG) (1,0,0) 
Very very good (VVG) (0.9, 0.1, 0.1) 
Very good (VG) (0.8,0.15,0.20) 
Good (G) (0.70,0.25,0.30) 
Moderately good (MDG) ___(0.60,0.35,0.40) 
Average (A) (0.50,0.50,0.50) 
Moderately bad (MDB) (0.40,0.65,0.60) 
Bad (B) (0.30,0.75,0.70) 
Very bad (VB) (0.20,0.85,0.80) 
Very very bad (VVB) (0.10,0.90,0.90) 
Extremely bad (EB) (0,1,1) 





Table 1: Linguistic terms associated to a SVNN, see [20]. 


We have P, = {MDG, VG, VVG, VG, VG, G}, see Equation 4, as the results of the characteristic evaluation by 
the specialists, which their meanings can be read in Table 1. 
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In our case study, we concluded that the Political Factor has characteristics that make it “Fairly good” for the 
achievement of adequate business management, within the framework of the characteristics of the companies 
with specialized treatment in Cuba. 

e It is obtained that the PESTEL factor related to the Economic Factor, is assessed as “Very good” 

according to the characteristic that identifies it. 

e =The Social Factor of PESTEL is evaluated as “Very very good” since there exists continuous changes in 
the population level. 

e The Technological Factor of PESTEL, with the incorporation of Information and Communication 
Technologies (ICTs), helps companies to obtain “Very good” results. 

e The Ecological Factor of PESTEL obtains “Good” results, however, in this factor it is necessary to specify 
what means the term climate change, to mitigate the deficiencies existing on the subject at the country 
and business levels. 

e Concerning to the Legal Factor of PESTEL, for organizational management in companies with the 
previously mentioned characteristics, possesses “Very good” result, given by the protection and 
regulation that exists in the business sector in Cuba. 

Having the PESTEL factors and the their characteristics, to support decision making in the interest of efficient 
business management, we calculated the similarity between the profile of the analyzed factors with PESTEL and 
the characteristics corresponding to each factor previously stored in the database. The result is shown in Table 2. 





ai a2 a3 a4 as a6 
0.43 0.80 0.41 0.83 0.75 0.33 


Table 2. Similarity between the PESTEL factors and the characteristics related to the factors. 








During the recommendation phase, the system recommends the characteristic corresponding to each PES- 
TEL factor which is the nearest to the factors profile. The obtained ranking of the PESTEL factors based on this 
comparison is the following: a, > az > As > A, > Az > Ag. 

Whether we have to give a recommendation about the more similar factors according to the characteristics of 
the enterprises for achieving an appropriate managerial step, system recommends to maintain a4 and ay, i.e., those 
that represent the Technological and the Economic Factors with the analysis of PESTEL, respectively. 

Whereas, the system does not recommend a, a3 or a6, because the results had a small level of similarity. 


Conclusions 


In the present study, an extension of the PESTEL technique was proposed to the neutrosophic environment to 
support decision-making in business management, taking into account uncertainty. The integrated structure of 
PESTEL has factors that are modeled. 

To illustrate the scope of application of the proposed model, companies with specialized treatment in Cuba was 
used as case study. These companies are affected by economic, political, social and technological factors. 

On the other hand, a study of the recommendation models was carried out to address problems encountered in 
the measurement and evaluation process of PESTEL analysis. The integrated structure of PESTEL was modeled 
by a recommendation model. The proposed recommender system compares the stored knowledge in a database , 
extracted from PESTEL analysis, with the current evaluation of the company. This assessment is facilitated by 
using linguistic terms for calculation, which allows a better communication between the decision makers and the 
system. 

Future work will focus on the development of a software tool and the use of aggregation operators to indicate 
interdependency among subfactors in the PESTEL analysis. 

Future directions will consist in exploring the hybridization of the model that we exposed in this paper with 
other decision-making techniques, with the aims to improve the results in management decision, e.g., the SWOT 
method. 

Additionally, a challenge consists in accelerating the search in the database when the number of items is big. 
Therefore, we also will explore to incorporate heuristics for optimizing the selection of the best option in the 
database, as well as to deepen the knowledge contained in the database incorporating an expert system model. 
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Abstract. This study provides a novel integrated multi-criteria decision-making approach to supplier selection problems in neu- 
trosophic environment. The main objective is to study the Analytic network process (ANP) technique in environment of neutro- 
sophic and present a new method for formulation problem of Multi-Criteria Decision-Making (MCDM) in network structure out 
of neutrosophic and present a way of checking and calculating consistency consensus degree of decision makers. We have used 
neutrosophic set theory in ANP to overcome the problem that the decision makers might be have restricted knowledge or differ- 
ences opinions of individuals participating in group decision making to specify deterministic valuation values to comparison 
judgments. We have formulated that each pairwise comparison judgment as a trapezoidal neutrosophic number. The decision 
makers specify the weight criteria of each criteria in the problem and compare between each criteria and effect of each criteria 
on other criteria Whenever number of alternatives increasing it’s difficult to make a consistent judgments because the workload 
of giving judgments by each expert. We have introduced a real life example in the research of how to select personnel mobile 
according to opinion of decision makers. Through solution of a numerical example we present steps of how formulate problem 
in ANP by Neutrosophic. 


Keywords: Triangular neutrosophic number; ANP method; supplier selection; Consistency, MCDM 


1 Introduction 

This The Analytic Network Process (ANP) is a new theory that extends the Analytic Hierarchy Process 
(AHP) to cases of dependence and feedback and generalizes on the supermatrix approach introduced in Saaty 
(1980) for the AHP [1]. This research focuses on ANP method, which is a generalization of AHP. Analytical 
Hierarchy Process (AHP) [2] is a multi-criteria decision making method that given the criteria and alternative 
solutions of a specific model, a graph structure is created and the decision maker is asked to pairwise compare the 
components, in order to determine their priorities. On the other hand, ANP supports feedback and interaction by 
having inner and outer dependencies among the models components [2]. We deal with the problem and analyze it 
and specify alternatives and the critical factors that change the decision. ANP consider one of the most technique 
that used for dealing with multi criteria decision making using network hierarchy. 

The ANP is an expansion of AHP and it’s a multi-criteria decision making technique. It’s advanced by 
Saaty in 1996 for considering dependency and feedback between elements of decision making problem. The 
analytic network process models the decision making problems as a network not as hierarchies as with the analytic 
hierarchy process. In the analytic hierarchy process it’s assumed that the alternatives depend on criteria and criteria 
depend on goal. So, in AHP the criteria don't depend on alternatives, criteria don't affect depend on each other and 
also alternatives don't depend on each other. But in the analytic network process the dependencies between decision 
making elements are allowed. The differences between ANP and AHP presented with the structural graph as in 
Fig.l. The upper side of Fig.1 shows the hierarchy of AHP in which elements from the lower level have influence 


on the higher level or in other words the upper level depends on the lower level. But in the lower side of Fig.1 
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which shows the network model of ANP, we have a cluster network and there exist some dependencies between 
them. The dependencies may be inner-dependencies when the cluster influence itself or may be outer-dependencies 
when cluster depend on another one. The complex decision making problem in real life may be contain 
dependencies between problem elements but AHP doesn't consider this, so it may lead to less optimal decisions 
and ANP is more appropriate. 
Neutrosophic is a generalization of the intuitionistic fuzzy set whilst fuzzy using true and false for express 
relationship, Neutrosophic using true membership, false membership and indeterminacy membership [3, 12]. ANP 
using network structure, dependence and feedback [4, 11]. (MCDM) is a formal and structured decision making 
methodology for dealing with complex problems. ANP fuzzy integrated with many researches as SWOT method. 
An overview of integrated ANP with intuitionistic fuzzy. Then, this research of proposed model ANP with 
neutrosophic represents ANP in neutrosophic environments. 
The main achievements of this research are: 

e Considering the significance of integrating of ANP method and VIKOR method under the environment 

of neutrosophic. 

e Recognizing a comprehensive the most effective criteria for supplier’s selection. 
The research is organized as it is assumed up: 
Section 2 gives an insight into some basic preliminaries about neutrosophic. Section 3 explains the proposed 


methodology of neutrosophic ANP group decision making model. Section 4 introduces numerical example. Lastly, 


Goal 
v v 


Criterion 1 Criterion n | 
Alternative 1 | Alternative n | 


(a) The AHP hierarchy. 


presents conclusion. 
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Criterion n a» 
( Alternativel ) ¢ Alternative n ) 


(b) The ANP network. 


Figure 1: The structural difference between hierarchy and network model. 
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2 Preliminaries 

In this section, the essential definitions involving neutrosophic set, single valued neutrosophic sets, 
trapezoidal neutrosophic numbers and operations on trapezoidal neutrosophic numbers are defined. 
Definition 1. [5, 6, 10] Let X be a space of points and x€X. A neutrosophic set A in X is definite by a truth- 
membership function T, (x), an indeterminacy-membership function I, (x) and a falsity-membership function 
Fa (x), Ta (x), I, (x) and Fy, (x) are real standard or real nonstandard subsets of ]-0, 1+[. That is Ty, (x):X—]-0, 
1+], (x):X—]-0, 1+[ and Fy, (x):X—]-0, 1+[. There is no restriction on the sum of Ty (x), I, (x) and F, (x), so 0- 
< sup (x) + sup x + sup x <3+. 
Definition 2. [5, 6, 7] Let X be a universe of discourse. A single valued neutrosophic set A over X is an object 
taking the form A= {(x, Ty (%), I, (%), Fa (x), ):xEX}, where Ty (x):X— [0, 1], I, (x):X— [0, 1] and 
Fy (x):X—>[0,1] with O< Ty (x) + I, (%) + Fa (x) $3 for all xEX. The intervals T, (x), I, (x) and F, (x) represent the 
truth-membership degree, the indeterminacy-membership degree and the falsity membership degree of x to A, 
respectively. For convenience, a SVN number is represented by A= (a, b, c), where a, b, ce [0, 1] and a+b+c<3. 
Definition 3. [8, 9] Suppose that ag , 0g, Ba € [0,1] and a, , a2 , a3 , a, E R where a, <a, <a3<a, .Thena 
single valued trapezoidal neutrosophic number, a=((a, , dp , @3 , 44); @q , 95 , Bg) is a special neutrosophic set 


on the real line set R whose truth-membership, indeterminacy-membership and falsity-membership functions are 


defined as: 
(a2—x+ Bq (x-ayz)) 
SS < < 
(az-a1) (4, SxS a) 
AG a,sx<sa 
TG (x) - Soa oy 5 (1) 
< < 
(44-43) ds 5 X'S) G4) 
1 otherwise ‘ 
(az—x+0q(x-ay)) 
eee < < 
(42-41) lagee= G2) 
CG a,sxsa 
Ig (0) = boa ores oe ss (2) 
— < < 
(a4—a3) Mag Si Sas) 
otherwise ; 
(a2—x+ Bq(x-a,)) 
ST <x< 
(42-41) RAS 8 Sip) 
CG agsx<sa 
Ce es 2  @ 


(x-a3+PBq(a4—x)) 
(a4—a3) 
1 otherwise ‘ 


(ag <x < ay) 


Where ag , 9, and Gzand represent the maximum truth-membership degree, minimum indeterminacy- 
membership degree and minimum falsity-membership degree respectively. A single valued trapezoidal 
neutrosophic number a=((a; , Az , @3 , @4); @q , 95 , By) may express an ill-defined quantity of the range, which 
is approximately equal to the interval [az , a3] . 

Definition 4. [6, 8] Let a=((a; , dz , @3 , A4); Aq , 9a, Ba) and b=((b, , by , bz , ba); Aj , 05 . Bz) be two single 
valued trapezoidal neutrosophic numbers and Y# 0 be any real number. Then, 
1. Addition of two trapezoidal neutrosophic numbers 


a a b =((a, + b,, az + bo, a3 +b, a4 +by); Aq A ap, 06 Vv 65, Ba Vv Bs) 


2. Subtraction of two trapezoidal neutrosophic numbers 
a - b =((A, - bg, Az - bz, Ag - bz, Ay - by); Ag A Ap, Og V 95, Ba V Bs) 
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3. Inverse of trapezoidal neutrosophic number 


lee. 1 1 1. al ‘ni 
aT =F > Gg) Ma Oa» Ba) where (a # 0) 


4. Multiplication of trapezoidal neutrosophic number by constant value 


YG ae ,Yaz,Ya3,Ya4); @,0¢,Ba) if (Y > 0) 
((Ya,,Ya3,Ya,z,Ya,); @%,9¢,Ba) if (Y <0) 


5. Division of two trapezoidal neutrosophic numbers 


(CF ogee aps Wa AG, Oa O5,BaVB5) if (a4 > 0, by > 0) 


by ’b3’ be 
$2 4(( 4 3, 2 4); ag nag, 05 05,BavB5) if (ag <0, by > 0) 
b by bz ba by 
(C+ 3, 2,5); ag aa5,0aVv 95, BaV Bs) if (a, <0, by <0) 
by bz bz by 


6. Multiplication of trapezoidal neutrosophic numbers 


a ((a1b, ,Agb2 ,a3b3 ,A4b4); ag A5,0¢V95,Bav Bp) if (a, >0, by > 0) 
ab = 4 ((a,b,4 ,a2b3 ,a3b2 ,A4b,); ag A 5,04 V95,BaV Bs) if (ag <0, by > 0) 
((a4b4,A3b3 ,A2b2 ,a,b,); ag Aap, 0gV95,BaVP5) if (a, <0, by < 0) 


3 Methodology 

In this study, we present the steps of proposed model we identify criteria, evaluating them and decision 
makers also evaluate their judgments using neutrosophic trapezoidal numbers. Since most previous researches 
using AHP to solve problems but AHP using hierarchy structure so not use in problems with feedback and inter- 
dependence so we presenting ANP with neutrosophic to deal with the complex problems. We present a new scale 
from 0 to 1 to avoid this drawbacks. We use (n-1) judgments to obtain consistent trapezoidal neutrosophic prefer- 


n X(n-1) 


ence relations instead of to decrease the workload and not tired decision makers. ANP is used for ranking 


and selecting the alternatives. The model of ANP with neutrosophic quantifies four criteria to combine them for 
decision making into one global variable. To do this, we first present the concept of ANP and determine the weight 
of each criteria based on opinion of decision makers. Then each alternative is evaluated with other criteria and 
considering the effects of relationship among criteria. The ANP technique composed of four steps. 

The steps of our model ANP-Neutrosophic can be introduced as: 
Step! Constructing model and problem structuring 

1. Selection of decision makers (DMs). 

2. Form the problem in a network 

3. Preparing the consensus degree 
Step2 Pairwise comparison matrices and determine weighting 

1. Identify the alternatives of a problem A = {Al, A2, A3... Am}. 
Identify the criteria and sub criteria and the interdependence between it C = {C1, C2, C3...Cm}. 


Determine the weighting matrix of criteria that is defined by DMs for each criteria W1. 


gees gh 


Determine the relationship interdependence among the criteria and weight of effect of each criteria 
on another in range from 0 to 1. 
5. Determine the interdependence matrix from multiplication of weighting matrix in step 3 and inter- 


dependence matrix in step 4. 
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6. Decision makers make pairwise comparisons matrix between Alternatives compared to each crite- 


rion. 
(hia, My 11M U1) (hia, Mr11> Mw U1) oy Cains Mint» Minw Uin) 
pa (lo4,Mo11,Mo1y U1) (lo2,M2o21,M22y) U22) ca (lons Mont» Monw U2n) (4) 
(nip Mitt» Mn1w Un1) (na) Mn21>n2w Un2) a Cnn» Mnrnt» Mnnw Unn) 


7. After making the matrix is consistent we transform neutrosophic matrix to pairwise comparisons 
deterministic matrix by adding (a, 0, 8) and using the following equation to calculate the accuracy 
and score 

S(@ij) =— La, + by + cy + di] x (2 + ag - 85 -Bs ) (5) 
Step3: formulation of supermatrix 

1. Determine Scale and weighting data for the n alternatives against n criteria W21,W22,W23,W2n 

2. Determine the interdependence weighting matrix of criteria comparing it to another criteria in range 
from 0 to 1 is defined as 

3. We obtaining the weighting criteria W, = W; x W, 

4. Determine the interdependence matrix A,,ite,jq among the alternatives with respect to each criterion. 

Step4 selection of the best alternatives 
1. Determine the priorities matrix of the alternatives with respect to each of the n criteria W,,, where n 
number of criteria. 
Then Wa; =Wy,, X Way 
Wa2 =W3,, X Wao 
Wy3 =Wa., X Wao 
Wan = Wicn xX Won 

Then Wy =[ War,Wa2, W4a3, Wan] 

2. Inthe last we ranking the priorities of criteria and obtaining the best alternatives by multiplication of 


the W, matrix by the Weighting criteria matrix W,. 
= W, xW, 


4 Practical example 

In this section, to illustrate the ANP Neutrosophic we present an example. This example is that the select- 
ing the best personnel mobile from four alternative Samsung that is alternative Al, Huawei that is alternative A2, 
IPhone that is alternative A3, Infinix is alternative A4. With four criteria, the four criteria are as follows: C, for 
price, C, for processor, C3 for color, C4 for model. The criteria to be considered is the supplier selections are de- 
termined by the experts from a decision group. 
Step 1: In order to compare the criteria, the decision makers assuming that there is no interdependence among 
criteria. The weighting matrix of criteria that is defined by decision makers is as W,= (P, P, C and M) = (0.33, 
0.40, 0.22 and 0.05) 
Step 2: Assuming that there is no interdependence among the four alternatives, (A, Az, A3, Ay), they are compared 
against each criterion yielding. Decision makers determine the relationships between each criterion and Alterna- 
tives Determine the neutrosophic Decision matrix between four Alternatives (A,, Az,A3,A,) and four criteria (C,, 
On Gt) 

C C. C3 C. 


1 2 4 
(0.3,0.5,0.2,0.5; 0.3,0.4,0.6) (0.6,0.7,0.9,0.1; 0.4,0.3,0.5) (0.7,0.2,0.4,0.6; 0.8,0.4,0.2) (0.3,0.6,0.4,0.7; 0.4,0.5,0.6) 


R = 41 | (0.6,0.3,0.4,0.7; 0.2,0.5,0.8) (0.2,0.3,0.6,0.9; 0.6,0.2,0.5) (0.6,0.7,0.8,0.9; 0.2,0.5,0.7) (0.3,0.5,0.2,0.5; 0.5,0.7,0.8) 
7 43 | (0.3,0.5,0.2,0.5; 0.4,0.5,0.7) (0.3,0.7,0.4,0.3;0.2,0.5,0.9) (0.8,0.2,0.4,0.6; 0.4,0.6,0.5) (0.2,0.5,0.6,0.8; 0.4,0.3,0.8) 


A3 
(0.4,0.3,0.1,0.6; 0.2,0.3,0.5) (0.1,0.4,0.2,0.8; 0.7,0.3,0.6) (0.5,0.3,0.2,0.4; 0.3,0.4,0.7) (0.6,0.2,0.3,0.4; 0.6,0.3,0.4) 
. 1 
S (ij) = lai +b + cy + dy] x (2 + Og - 85 - Ba) 
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The deterministic matrix can obtain by S (a;;) equation in the following step: 
C, Cy, Cy 
0.122 0.23 0.261 0.163 
R= 42 |0.113 0.238 0.188 0.10 
4310.113 0.085 0.163 0.17 


AB 
0.123 0.169 0.105 0.178 


Scale and weighting data for four alternatives against four criteria is derived by dividing each element by sum of 
each column. The comparison matrix of four alternatives and four criteria is the following: Scale and weighting 
data for four alternatives against four criteria: 


Cy C2 Cs C4 
0.259 0.319 0.364 0.268 
42 |0.240 0.329 0.262 0.164 
= 0.240 0.118 0.227 0.278 
0.261 0.234 0.146 0.291 
Wai W222 W223 W24 
Step 3: The interdependence among the criteria is next considered by decision makers. The interdependence 


weighting matrix of criteria is defined as: 


CG OC, Cz, Gy 
1 08 04 0 


C. 
te c, [0 02 05 06 
: 63 0 0 0.1 0.3 
*lo 0 0 O41 


1 08 04 

_|0 O02 O05 0.6 % 0.40}  |0.220 
0 0 01 0.3 0.22] |0.037 
0 


0 0 0.1 0.05 0.005 


So 


0.33 0.738 


Thus, it is derived that w,= (C,,Cz , Cz and C,) = (0.738, 0.220, 0.037, 0.005). 


Step 4: Interdependence among the alternatives with respect to each criterion 
a. First Criteria 
Ay A, Az A, 


(0.5, 0.5,0.5,0.5) (0.3, 0.2,0.4,0.5; 0.7 ,0.2,0.5) (0.1, 0.1,0.3,0.8; 0.5 ,0.2,0.1) (0.1, 0.3,0.2,1.0; 0.5,0.2,0.1) 
(0.5, 0.6, 0.8, 0.7; 0.7 ,0.2, 0.5) (0.5 ,0.5,0.5,0.5) (0.1 , 0.2,0.4,0.8;0.4,0.5,0.6) (0.1, 0.2,0.5,1.0; 0.5,0.1,0.2) 
(0.2, 0.7,1.0,1.0; 0.8, 0.2 ,0.1) (0.0,0.4 ,1.0,1.0; 0.3, 0.1, 0.5) (0.5 ,0.5,0.5,0.5) (0.2 ,0.3,0.4,0.7; 0.7, 0.2, 0.5) 
(1.0, 0.8, 1.0, 1.0; 0.6,0.2,0.3) (0.2, 0.5, 1.0, 1.0; 0.6,0.2,0.3) (0.3, 0.6, 0.7, 0.8; 0.9,0.4,0.6) (0.5 ,0.5,0.5,0.5) 


Ay 
2 A> 
dee ® 
Ag 


Then, Sure that the matrix be deterministic or transform the previous matrix to be deterministic pairwise 
comparisons matrix and calculate the weight of each criteria using Eq.5. The deterministic matrix can obtain by S 
(a;;) equation in the following step: 

0.5 0.175 0.179 0.22 

a _ 10.325 0.5 0.122 0.25 

"10.453 0.265 0.5 0.2 


0.38 0.354 0.285 0.5 
We present the weight of each alternatives according to each criteria from the deterministic matrix easily 


by dividing each entry by the sum of the column, we obtain the following matrix as: 


0.30 0.135 0.165 0.188 
A _ 10.196 0.386 0.112 0.214 
ct 10.273 0.198 0.460 0.171 
0.229 0.274 0.262 0.427 


b. Second Criteria 
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We present the weight of each alternatives according to each criteria from the deterministic matrix easily 
by dividing each entry by the sum of the column, we obtain the following matrix as: 


0.50 0.215 0.244 0.192 
45. = 0.216 0.503 0.161 0.175 
0.273 0.182 0495 0.197 
0.229 0.356 0.259 0.436 


c. Third Criteria 
0.43 0.27 0.30 0.22 
Acs = 0.08 0.35 0.26 0.20 
0.15 0.16 0.31 0.30 


0.33 0.21 0.12 0.27 
d. Four Criteria 


0.40 0.16 0.16 0.15 
x, ait? 0.43 0.14 0.19 
Ce "10.23 0.23 0.5 0.23 

0.18 0.18 0.18 0.42 


Step 4: The overall priorities for the candidate alternatives are finally calculated by multiplying W, and W, and 


given by and presented in Fig.2. 
















































































0.199 0.303 0.327 0.222 0.738 0.426 
-W., xW. = 0.172 0.294 0.209 0.216 3 0.220| _ |0.400 
a8 © “10.273 0.251 0.210 0.305 0.005] ‘10.507 
0.299 0.347 0.241 0.250 0.037 0.365 
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0.5 
0.4 
0.3 
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0 T T T 1 
Samsung Huawei Iphone Infinix 











Figure 2: Ranking the alternatives using ANP under Neutrosophic. 


5 Conclusion 


This research presented the technique of ANP in the neutrosophic environments for solving complex 
problem with network structure not hierarchy and show the interdependence among criteria and feedback and 
relative weight of DMs. Firstly, we have presented ANP and how determine the weight for each criteria. Next, we 
show the interdependence among criteria and calculating effecting of each criteria on another and calculating the 
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weighting of each criteria to each alternatives. We have using a new scale from 0 to | instead of 1-9. In the future, 
we will apply ANP in environments of neutrosophic by integrating it by other technique such as TOPSIS and other 
technique. The case study we have presented is a real life example about selecting the best personnel mobile for 
using that the DMs specify the criteria and how select the best alternatives. 
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